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OPTIMAL CONTROL AND SYMPLECTIC GEOMETRY
A. A. Agrachev

SISSA, Trieste, Italy; Steklov Mathematical Institute
of Russian Academy of Sciences, Moscow, Russia

agrachev@sissa.it

Symplectic approach to the optimal control was originally inspired by the
Hamiltonian form of the Pontryagin Maximum Principle but it provides a
unifying language and efficient calculations’ tools for high-order optimality
conditions as well. In particular, symplectic interpretation of the space
of Jacobi fields of the classical calculus of variations is the so called “Ja-
cobi curve” in the Lagrange Grassmannian. This notion was generalized
to certain types of singular and bang—bang extremals in our works with
Prof. Gamkrelidze many years ago. Unfortunately, our theory did not work
without a priori assumptions on the extremal while the Pontryagin Maxi-
mum Principle does work.

In this talk I am going to present a recent development of this old theory
obtained together with my student Ivan Beschastnyi. We give an effec-
tive geometrically meaningful construction of the Jacobi curve that can be
applied to all kinds of Pontryagin extremals, with regular, singular, bang—
bang, chattering, etc., segments. The construction implies both pointwise
necessary optimality conditions (Legendre, Goh, ...) and conjugate points-
type conditions and provides a simple formula for the Morse index of the
extremal.



K TEOPUU VIIPABJISIEMOCTU U OIITUMAJIBHOI'O
BBICTPOJAENCTBUSA HEJIMHENHBIX CUCTEM

(TO THE THEORY OF CONTROLLABILITY AND TIME-OPTIMAL

CONTROL FOR NONLINEAR SYSTEMS)*

C. A. Aiicarasmmes (S. A. Aisagaliev),
A. A. Kabunonganosa (A. A. Kabidoldanova)

HUT mamemamuru u mexarnuxy KasHY um. anv-Papabu,
Aamamol, Kasaxcman

serikbai.aisagaliev@kaznu.kz, kabasem@mail.ru

PaccmarpuBaercs yrpasiisieMblit IPOIECC, OMUCHIBAEMBIN OOBIKHOBEHHBIM

g depenuaIbHLIM ypaBHeHAEM BUJIA
&= A(t)x + B@)f(z,u,t), tel =ty t1],
C KPAEBBIMHU YCJIOBUAMHE
(z(to) = z0, z(t1) =x1) € So x S; = S C R*™
1py HaJM4UK Pa30BbIX OrPAHUYEHU
x(t) € G(t), Gt)={x eR" | ~v(t) < F(x,t) <o(t), t €I},

UHTEerpaJIbHbIX OI‘paHI/I‘{eHI/Iﬁ

gj(xauvx(to)vx(tl)) < Cj, ] = ]-amla

gj(xauvx(to)vx(tl)):ij j:m1+1vm2a

05, u, 1(to), 2(t1)) = / fog (@(8), ult), z(to), 2(t2)) dt,  j = T,ms,

a TaKKe OI'DaHMYEeHUil Ha 3HAYCHUd yIIPaBJICHUS

u(t) e U(t) ={u(-) € Lo(I,R™) |u(t) e V(i) CR™ npu .B. t € I}.

(1)

(6)

Bnecy A(t), B(t) — MaTpumpl ¢ KyCOYHO HEIPEPHIBHBIMU 3JIEMEHTaMHU I10-
PAIKOB N X 1, 1 X k coorBeTcTBEHHO, BeKTOop-byHKIWs (2, u, t) HenpepbIBHA

*Pabora BeIOIHEHA Ipu duHaHCOBOH nopuepxke Komurera nayku MOH PK (rpant

Ne0758/TD4).
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[0 COBOKYIIHOCTHU NIEPEMeHHBIX IpH Beex (z,u,t) € R™ x R™ x I, ynosie-
TBOPSET yCIOBUAM

If(x )IS

(
rie [(t) > 0, I(t) € Li(I,RY), ¢g = const > 0, c1(t) > 0, c1(t) € La(I,RY).
Oyukius F(z,t) = (F (x,t), ..., Fs(x,t)) HenpepblBHA 110 COBOKYIIHOCTHU
HepeMeHHbIX Ipu Beex (x,t) € R™ x I, dyaxius

<IOlz =yl V(@ u,1),(y,u,t) € R" X R™ x I,

co(lz] + [u’) +er(t),  tel,

fo(l‘a’uﬂanxlat) = (fOl(Iau7x07x17t)a .. .,meQ(l‘,U,xo,.ﬁl’t))

HeIPEPBIBHA 110 COBOKYIIHOCTH [IEPEMEHHBIX [IPH Beex (T, u, Lo, T1,t) € R™ X
X R™ x R™ x R™ x I, y/I0BJIETBOPSIET YCIOBUIM

| fo(x, u, 2o, 21, ) — foly, u, zo, z1, )| < lLi(t)|z — y
Y(x,u, xg, x1,t), (¥, u, xo,x1,t) € R" x R™ x R” x R" x I,

[ fol@, w0, 21, 8)] < eala] + [uf*) +es(t),  tel,
rie [1(t) > 0, l1(t) € Li(I,RY), ca = const > 0, c3(t) >0, e3(t) € Ly(I,RY).

IMonaraem, 9to Sg, S1 — 33JaHHbIE BBIIYKJIbIE 3aMKHYTBIe MHOYKECTBA, OIIpe-
JleJIsTIoIIe OTPAaHMYeHds] Ha HadaJgbHOEe M KOHEYHOE COCTOSIHUSI CUCTEMEL
Bextopst 1(1) = ((t),... %a(1)), 6(2) = (Ba(t),.....5u(0)), € I, smasmon-
¢sl 3aIaHHBIMA (DYHKIUSME C HEIPEPHIBHBIMA 9JIEMEHTAMH, BEIMIUHBL Cj,
j = 1,ma, — 3aMaHHBIE TOCTOSTHABIE, MHOKECTBO V (1) C R™ BBITYKJIO.

B uwacraocru, ecoim A(t) =0, t € I, B(t) = I, I, — eauauunas MaTpuna
nopsiJika n X n, 1o ypasaenue (1) umeer sug & = f(x,u,t).

Onpenenenne 1. Ilporecc, onuckiBaeMblil uddepeHInaIbHBIM YpaB-
HerreM (1), HA3BIBAETCSI YNPABAAEMOIM, ECITA CYTECTBYET yupasiienue u(t) €
€ U, xoropoe 1epeBoauT Tpaekropuio cucreMbl (1) uz touku xg € Sy B
TOUKy 21 € S1 upu bUKCUPOBAHHBIX g, t1, {1 > to, u ycaoBusax (2)—(6).

Onpepenenne 2. Tpoitka (u(t),zo,z1) € U x Sp x S HasbiBaercs
donycmumoti, eciiu pemenune x(t;tg, xo, x1,u), t € I, muddepeHnuaaIbLHOTO
ypasHenust (1) ymosaersopsier yciopusMm (2)—(6). MHoxkecTBO BCex JOITy-
CTUMBIX TPOEK 0003HaIMM depe3 X, T.e. (u(t), zg,x1) € X C U x Sy x Sj.

Takum 006pa3oM, MPOIECC, OMUCHIBAEMbIH AuddepeHnInaIbHbIM YpaBHe-
aueM (1), gBJseTcs yIpPaBJIseMbIM, €CJid MHOKECTBO Y Hemycro. Ciemosa-
TEJBHO, JJIs PEIEHns] 38191 yIIPABIAEMOCTH HEOOXOIUMO J0KA3ATh, ITO
MHOKECTBO Y HEIYCTO, U HailTh Tpoiiky (u.(t), x5, x7) € 2.
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Crassarcst CJIeIyomue 3a/1a9u.

3agava 1. Haiitn HeoOXoauMbIe U TOCTATOIHBIE YCIOBHUS YIIPABIISIEMO-
CTH JUIsl TIporiecca, onuchbiBaeMoro auddepernnanbabiM ypasHerueM (1),
upu yesosusix (2)—(6).

WMupivu coioBamu, HARTH HEOOXOAMMBIE U JOCTATOYHBIE YCJIOBUS TOTO, ITO
MHOKECTBO X HEIyCTO.

Bamaua 2. Ilycrs ¥ # @. Haiitu tpoiiky (u«(t), x5, 27) € X, T.e. naiiru
yupasiierne u,(t) € U C Lo(I,R™), KOTOpOE IEPEBOJUT TPAEKTOPHUIO CU-
cremsl (1), ncxopsingyto u3 Toukn xf = z(tg) € Sy B MOMEHT BpeMeHH tg, B
Touky x} = x(t1) € S1, t1 > to, npu sroM pemmenue x(t) = x(t; to, 3, 7, U ),
x§ € So, o7 € S1, muddepennuanapaoro ypaBaenus (1) HAXOAUTCS HA MHO-
xkectBe G(t) C R™, a Takke BIOJb permeHus: CACTEMBI (1) BBITOJIHEHBI WH-
TerpaJsbHble orpanudenus (4), (5).

Permenuio orebHbIX IPOGIIEM YIIPABISEMOCTH JIUHEHHBIX CUCTEM ITOCBSI-
mienbl paborsl [1-7]. Cieqyer orMeTuTh, 9TO B yKa3aHHBIX paboTax uccjie-
JIOBAHBI YaCTHBIE CJIy4uan OOIIell 3a/1at YIIPABIAEMOCTH U OBICTPO/ICHCTBHS
JIMHAMWYECKUX cHcTeM 0e3 (ha30BBIX W MHTErPAJIHHBIX OrpaHHYeHnil. AK-
TYaJIbHBIMU M HEPENICHHBIMU POOJIEMAMH yIPABJISIEMOCTH W OINTUMAJIBHO-
10 OBICTPOIENCTBUS ABJISIOTCS: HAXO0XK IEHNE HEOOXOAMMOr0 U JTIOCTATOIHOTO
YCJIOBUS Pa3PeInMOCTH OOl 3a/1a91 YIIPABJISIEMOCTH U OBICTPOIEACTBUS;
CO3/IaHNe KOHCTPYKTUBHOTO METOJIA ITOCTPOEHUS €€ PEIIEeHUs JJisi OOBIKHO-
BEHHBIX MM EPEHITNAIBHBIX YPABHEHMIA.

Permmenne onucannpix 3amaq 1, 2 111 HeTMHERHBIX TUHAMIIECKAX CUCTEM
[IPU HAJIMYIUH KPAEBBIX YCJIOBUU B BUJIE BBIIYKJIBIX U 3aMKHYTBIX MHOXKECTB
u ¢ (a30BBIMU U HHTETPAJILHBIMU OIPAHUICHUSIME, & TaKXKe OTPAHUIEHUSsI-
MU Ha 3HAYEHUs! YIIPABJICHUS YAAJIOCH [IOJIYIUTD IIyTEM IIOCTPOEHHS OOIIEro
pelrenns naTerpaabuoro ypasueuus Opearossma mepsoro poga. [lokazamno,
9TO KPAEBbIE 331291 YIIPABJISIEMOCTA OOBIKHOBEHHBIX MM depeHITnaTbHBIX
ypaBHeHHUil ¢ (Ha30BbIMA U HHTEIPATHLHBIME OI'DAHHYEHUSIME MOTYT OBITH
CBEJICHBI K HAYAJbHBIM 3ajadaM OITHMAJILHOTO ylIpaBieHus. Pererne 3a-
Jlavd ONITUMAJIBHOTO OBICTPO/IEHCTBUST MOXKET OBITH MOJIYyIEHO Ha OCHOBE pe-
meHnst o0Ieit 3ajadn yupaBaseMocTr. /lannast paboTa siBISIETCs TPOIOJI-
JKEHNEM Hay9HBIX MCCIIEOBAHUI, H3JI0KEHHBIX B [7-12].
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OB OCHOBHBIX OCIHUJ/IJIALIMOHHBIX CBOMCTBAX
JPOBHBIX IU®PEPEHLNAJIBHBIX YPABHEHUI
(ON MAIN OSCILLATIONAL PROPERTIES
OF FRACTIONAL DIFFERENTIAL EQUATIONS)

T. C. Anepoes (T. S. Aleroev)

Mocxosckuti 2ocydapemeenmviil CmpoumesvHvil YHUBEPCUMEM,
Mocxsa, Poccus

aleroev@mail.ru
Ilox cumBoTOM Cﬁc—aa OyzmeM moapa3yMeBaTh OIEPATOP APOOHOTO WHTETPH-
poBanus (B cmbicsie Pumana—JIuysusuis) upn o < 0 u gpobuoro mudde-
pernuposanus (B cMbicste Pumana—JInysmnsa) [1] npu a > 0.
[Tycts {7x}2 — HEKOTOPOE MHOMKECTBO JEHfiCTBUTEILHBIX YUCET, YIOB/Ie-
TBOpsiomux ycaosuio 0 < v; < 1 (0 < j < 2). Beegem o6o3naueHus

k k
or=> -1 m=or+1=Y v (0<k<2)
=0 i=0
u 1IpeaInoJIOzKuM, 9To

1 2
—:Z’Yj—lzdgzug—1>0.

e

Caenys M.M. Txpbamsany [1], pacemorpum unrerpo-muddepeHnuaib-
HBIE OIIEPATOPHI

d— (=) d—(1=7) g
(00) = (o1) =
D f(w) = s f@), D () = s f (@),
d=A=72) gm g
(02) =
Defa) = da—(0—2) dgm dgo? )

Bruepsble BBemennbie M. M. /I>KpOaristHoM Tpu UCCIeI0OBAHNN Y PABHEHUST

L(u; 70,71, 72, 4(2)) = D u(w) — (A + q(a))u(z) = 0, (1)
KOTOPOE SIBJISIETCSI OJTHUM U3 0A30BBIX YPABHEHMUIT IIPU MOJIETUPOBAHNUN HEJIO-
KaJIbHBIX (DU3UYECKUX IIPOIECCOB B cpejie ¢ ppakTaabHoil reomerpueit. O1-
HOM U3 OCHOBHBIX IPOOJIEM TP MOJIEJUPOBAHUNA TAKUX IIPOIECCOB C IIO-
MOIIBIO YpaBHEHUi APOOHOTO TOPSIKA SBJIAETCA BOIPOC 00 MAEHTU(MUKA-
MU TIAPAMETPOB 3TOr0 ypaBHeHUs. Ul B NEepBy0 0Yepeib 9TO OTHOCUTCS
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K MOPSIJIKY JPOOHOrO audepeHnaIbHOTO YPaBHEHUsI U er0 00Pa3yoIX
Y0, Y1, V2. B paborax [2, 3] aTu mpoGieMbl TOCTATOYHO YCIEITHO PEeIeHb
10 pe3yJibTaTaM HATYPHBIX M3MEPEHUN B TECHOM COYETaHUU C (PU3MIECKO
IPUPOJIOIA M3y4aeMOro IpoIecca. JTOT HOAX0 IPUMEHEH B JaHHOH! pabore
JIJISI BBIBOJZIA JPOOHOTO I depeHITnaIbHON0 yPABHEHNS, MOACIUPYIONIEro
KoJiebaHne (PPaKTaJIbHOIO OCIUJLISTOPA.

B [5] npu usydueHnn creKTpa onepaTopa

— — DB, — = _ 1 ¢ 1,1
L(u;1,1,1 0)=D = = — )" t) dt
(w1, 1, @,0) e F(a)/o (z = )" " (?)

(8=2-a)

(2)

(omeparop D(72) nepexomut B omeparop D) mpuyy =y = 1luvyy = 1—a)
JUIST YPaBHECHHS
(07

d
u”+)\dx—au:0, 0<a<l, (3)

ObLIa PACCMOTPEHA 3a/1a49a
u(0) =0, u(1) =0. (4)

Boubimoit unrepec x omeparopy DP) madanu nposiBisTs mocite paboTs
@. Maitnapuu [4]. B aroii pabore uccieayercs ypaBHeHre

1 Toou(r) - B
5 | e Tl = 0 (5)
rme w = const > 0 m 1 < v < 2, koropoe Maitnapgu Ha3Baj ApOOHBIM
OCITUJIIIIIMOHHBIM Y PABHEHUEM.

BesycitoBHo, JIpobHOE OCIIMIIISIIIMOHHOE yPaBHEHHE, UM yPaBHEHHUE JIPOO-
HOTO OCIIMJUISITOPa (KaK ypaBHEHHUe, ONICHIBAIOIIEe KOJIeOaHIe COOTBETCTBY-
fomel (bU3MIECKOl CUCTEMBI), JOJXKHO 00JIaJaTh XOTs Obl HEKOTOPBIME OC-
HOBHBIMU OCIUJIISIIIMOHHBIMU CBOMCTBAMU. YCTAHOBJIEHUIO COOTBETCTBYIO-
[IUX OCHUJUISIUOHHBIX CBORCTB (YTO B HOCJIEJICTBUM [IO3BOJILET IPABUILHO
BBIOpATh JIpoOHOE b depeHInaIbHOe ypaBHEHNE, MOJIEIUpPYIoliee KoJjeba-
HIe (PPaKTAIBHOIO OCIIIIISITOPA) TIOCBSIIEHa TaHHasi pabora. VMeer mMecTo

Teopema 1. FEcau

I<ax< 32ﬂ2+2 -
9 3 ’
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mo nepsoe cobemeennoe wucao 3adawy (3), (4) nososrcumenvroe u npocmoe,
a maxsice ocro6rot mon ne umeem y3aoe. lpu a > 2/3 ece cobemeentvie
anaverus 3adawy (3), (4) xKomnaexcHoie.

CaencrBue 1. 3adava (3), (4) obradaem 0cHOBHBMU OCUUANAUUOHHDI-
MU CEOTCMEAMU MOABKO NPU JOCTNATIOUHO MANBIT CL.

Teopema 2. Ilepsoe cobecmeennoe wucao Ay 3adavu

L(u;1,1—a,1,0):ﬁ%/j#wfmm:o, (6)

w(0)=0, w(1)=0 (7)
NOAOHCUMENDHOE, NPOCTNOE U ydoe/bemeop.ﬂem Ycaoeuro

I'2+2a)

0<A —
sAs 'l+a)’

a maxostce 0OCHOBHOT, MOH He umeem Y3406 NPU 6CET 0<a<l.

Cuentaem 01HO 09eHb BaxkHOE 3aMedanue: y oneparopos L(u;1,1—a,1,0)
u L(u;1,1,1 — a, 0) ojmHAKOBBIE TIOPSIIKK, HO Pa3HbIE 06Pa3yIoONIHe Yo, Y1,
Yo ITOTO MOPSIKA.

3akmroyenune. /lokazaHHBIE TEOPEMBI YOEIUTEILHO TOKA3BIBAIOT

a) Kakoe U3 9THUX JBYX ypaBHeHui — (3) uin (6) — ecTecTBEHHO HA3bBI-
BATh JPOOHBIM OCI[HJIISIIIMOHHBIM yPABHEHNIEM;

6) Kak CHJIbHO BJIUSIOT OOPA3YIONIHe MOPAIKA Y0, V1, Y2 HA CIEKTPAJIb-
HYIO CTPYKTYPy omeparopa L(u;Y0,71,72,¢(2));

B) Kak ydYeT IPUPOJIBI IPOIECca MOMOraeT B WIeHTUhDUKAIMU 00pasy-
FOIIUX Yo, Y1, Y2 MOPSJIKA OIIEPATOPA.

Crucok gureparypbl

1. Jocpbawsan M. M. KpaeBas 3aia4a jijis1 1uddepeHIuaabHOro onepaTopa Th-
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CCP. Cep. mar. 1970. T. 5, Ne2. C. 71-96.

2. Epoxun C.B. Maremarnueckoe MOJeJIMPOBAHME HAIPAYKEHHO-1e(DOPMUDO-
BaHHOI'O COCTOSTHUSI BSI3KOYIIPYTHX TeJI C UCIOJIb30BAHUEM METO/0B JAPOOHOTO
ncuncaenus: Juc. ... xamzg. tex. nayk. [lensa, 2016.

3. Aleroev T.S., Aleroeva H.T., Huang J.F., Nie N.M., Tang Y.F., Zhang S.Y.
Features of inflow of a liquid to a chink in the cracked deformable layer //
IJMSSC. 2010. V. 1, N 3. P. 333-347.
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BBIBOPKU U3 ONEPATOPA HAUJIVUIIETO
Y TTIOYTU HAUJIVUIIETO NPUBJIUKEHU
(SELECTIONS FROM THE BEST AND NEAR-BEST
APPROXIMATION OPERATOR)*

A. P. Asmmos (A. R. Alimov)

Mezanuko-mamemamuseckutdl darxyisvmem,
Mocxkosckuti 2ocydapemeennsill ynusepcumem um. M.B. Jlomonocosa,
Mocxsa, Poccus

alexey.alimov-msu@.yandex.ru

Hmke X — simHelHOe HOPMUPOBAHHOE IPOCTPAHCTBO, B(x, 1) n B(m, r) —
COOTBETCTBEHHO OTKPBITHII U 3aMKHYTBHII IIAp C [EHTPOM & U PAJIUYCOM 7.
Hna vmoxxectBa M C X 4wepe3 Pyx, x € X, Mbl 0003HAYMaEM OIepaTop
Merpudeckoir poeknun Ha M. st mommuOXKecTBa & # M C X Touka
x € X \ M uaspiBaercst moukol COAHEWHOCU, €CJIU CYNIECTBYeT TOYKa,
y € Pya # @ makas, aro y € Py ((1=A)y+Az) ans Beex A > 0. MuozKecTBO
M C X HasblBaeTCs CoaHueMm, ecm Kaxjaas Touka @ € X \ M ssasercs
TO4YKOH cosHednocT. COJTHETHOCTh UMEET BarKHbIE IIPUJIOYKEHUSI B 33/1a9aX
TeOMETPHUIECKO ONITUKN U UMEET CBA3b ¢ ypaBHeHusMu ['aMuibrona—Akoon
Jlayke B KOHeYHOMepHOM ciydae (cm. [1, §1]).

Ecim Q o6o3Hadaer HEKOTOpOE CBOHCTBO (HAIPUMED, “CBS3HOCTH), MbI
6y/1eM TOBOPUTH, UTO 3aMKHYTO€ MHOXKecTBO M 06JiajiaeT CBOMCTBOM

B-Q, eciu M N B(z,r) obaagaer coiicreom Q uim nycro Va € X, r > 0;
B-Q, eciun Mﬂé(x, r) obaagaer coiicreoM Q uim ycro Vo € X, r > 0.

Teopema 1. Ilycmo M — 3amrnymoe MHONHCECTNBO C NOAYHENDEPHLG-
HOT CHU3Y MEMPUYECKOT npoekyuet 6 6aHaT080M NPOCMPAHCMEE PA3MED-
nocmu ne bonee 3. Toeda M — coanue, B-cmazusaemo, B-pempaxm u
na M cywecmeyem nenpepvienan 6b00pKa U3 Mempuieckots npoeKyuu.

*Pabora BbionaHeHa npu nozuep:kke POOU (rpant Ne16-01-00295).
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MuoxkecTBo B Teopeme 1 He 00s13aHO ObITH P-BbiTyKjbiM. COOTBETCTBEH-
HO YTBEPXKJEHHE TeOpeMbl | He MOXKeT ObITh IOJIyYeHO U3 KJIACCHIEeCKO
TeopeMbl MaiiKjia O ceJleKIusix.

XOpOIIo M3BECTHO, UTO OMEPATOP HAWIYUIINErO MPUOJIMKEHUsT 00J1a1aeT
HEJOCTATOYHON YCTOWINBOCTBIO JTayKe MPHU MPUOIMKEHNN qe0bIIEBCKUMI
[IO/IIIPOCTPAHCTBAMU, HE TOBOPsI YK€ O HEJIMHEHHBbIX MHOXKecTBax. st mc-
[IpaBJIEHUs TAKOW CUTyaIlny ObLI IIPEJJIOYKEH CIIOCOO MOBBIIIEHUs] YCTONYIN-
BOCTH IIPUOJIMKEHUsI 3a CUET COMOCTABJIEHUs MOIXOJANIUM 00pa3soM IIpu-
OJIMPKAEMOMY JIEMEHTY OJIHOTO U3 €r0 MOYTH HAWIYYIIUX MTPUOJINKEHUH.
Tak MOABUIIOCH TIOHSATHE E-BBIOOPKH (£-CEIEKIINHN).

Ilycts € > 0, M C X. Orobpaxkenune ¢: X — M Ha3BIBAIOT MYAbMU-
naukamuenoll (addumuenot) e-evboprod, eciu s Beex © € X

|l —p(@)|| < (14+¢e)p(x, M) (coorBercrrento ||z — p(z)| < plz, M) +¢).

Teopema 2. I[lycmov M — 3amKxHymMoe MHOHCECNBO C NOAYHENPEDLLG-
nol cHusy Mmempuyeckol npoexyuel 6 KOHewHOMEPHOM banarosom npo-
cmpancmee. Tozda M seasemcs cosnuem, B-beckoneuno ceasno, B-cmsazu-
saemo, B-pempaxm u na M das arwb6ozo € > 0 cywecmeyem HENPEPOIBHASA
addumuenas (MYALMUNAUKEMUBHAR) E-8b00PKA.

Crucok gureparypbl

1. Aaumos A.P., Ilapvros U.I. CBA3HOCTb M COJIHEYTHOCTH B 3a/adaX HAMJIY -
I€ro U ouTH HamIydero npubmmkenns // YMH. 2016. T. 71, Ne 1. C. 3-84.
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MHO>KECTBO PA3PE3A
B CYBPUMAHOBOI1 3AJAYE HA T'PVIIIIE DHIEJIA
(CUT LOCUS IN SUB-RIEMANNIAN PROBLEM
ON THE ENGEL GROUP)

A. A. Apnentos (A. A. Ardentov),
FO. JI. CaukoB (Yu. L. Sachkov)

Hremumym npoepammnoir cucmem um. A.K. Atiramassna PAH,
Hepecaasan-3aneccruti, Poccus

aaa@pereslavl.ru, yusachkov@gmail.com

I'pynma urena G ecTh HUIBIIOTEHTHAS 4-MepHAas rpynna Jlu, cBsasHas n
oZlHOCBsI3HAas, uMerotias aiarebpy Jlu L = span(Xi, Xo, X3, X4) ¢ Tabauneit
YMHOYKEHUST

(X1, Xo] = X3,  [X1, X3] = Xy, [Xo2, X3] = [ X1, X4] = [X2, X4] = 0.

Wccnenyercst cybpumanoBa cTpykTypa Ha rpyre (G, 3a/1aHHast IeBOUHBA-
PUAHTHBIM OPTOHOPMUPOBAHHBIM periepoM X1, Xo. DTa CTPyKTypa 3a7aeT
HIJIBIIOTEHTHYIO ANMIPOKCUMAIIAIO CYOPIMAHOBOM CTPYKTYPBI OOIIET0 010~
2KeHus paHra 2 B 4-MepHOM IPOCTPAHCTBE BOIM3N TOYKH OOIIETO HOJIOXKE-
HUS.

B HeKoTOpBIX KoopAnHATaX (T, Y, 2, v) Ha rpynme G = R* auibnorentnas
cyOpHMaHOBa 33/1a9a CTABUTCS CJIEIYIOIINM 00pa30oM:

T =uy, Y = ug, Z:*U1§+U257 UZUQT’
q= (x7yaza’u) S R4a (Ul,’l,tg) S R27
q(0) = qo = (0,0,0,0), q(t1) = (x1,y1,21,01),

131
l:/ \/u? +u3dt — min.
0

Panee Obuta NOTy9eHa HapaMETPH3AIMA IEOE3NTCCKUX B 3TOH 3ajade
dysrmusaym SIkobu m IoKazaHo, YTO Te0Je3NYeCKUe TePsIoT INIoGaIbHYIO
ONITHMAJILHOCTh B HEMOJBUYKHBIX TOYKAX JUCKPETHBIX CUMMETPHUIl 3a]1a-
qn [1, 2].

O HUM 13 BaXKHBIX 00BHEKTOB CyOPUMAHOBOI reOMEeTPUHU SBJISIETCS MHO-
skecTBO paspesa Cuty, — reOMeTPUIECKOE MECTO TOUEK, B KOTOPBIX TEPAIOT
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rJ100aJIbHYI0 ONTUMAJIBHOCTh T'e0e3MIeCKUe, BBIXOIsIe U3 (pUKCUPOBAH-
HOI HavYaJILHOHU TOYKU (.

Teopema. B cybpumarosoti 3adaue Ha epynne IH2eas 3aMBIKGHUE MHO-
orcecmea paspesa cl(Cuty,) ecmov cmpamuduyuposanioe mmozoobpaszue, co-
deporcawyeecs 6 nodmnoocecmse {q € R* | zz = 0}.

Mmnozoo6pasue cl(Cuty,) codeporcum 6 mpermeprox cmpamos, 12 dey-
MEPHBIT cmpamos, 4 odnomepruir cmpama u 1 nysvmeproiti cmpam.

Jlsymeprvie cmpamov, cOCTNOAM U3 MOYEK PA3PE3QA, ABAAOUSUTCS CONPA-
orcernnvmu moukamu. Odnomeprvie cmpamo, pasbueaomces Ha dee napovi:
dea cmpama nepsoti napv. cymv anopmasvhvie mpaekmopuy (He codeporca-
wue movex paspesa), a 084 cmpama 6mopot napv, 06pa308arv, MOUKAMU
paspesa, 6 KaxcoY U3 KOMOoPvIT NPUTooum 00HONAPAMEMPUUECKOE cemeli-
CMBO ONMUMAADHBIT 2€00€3UMECKUT.

Mmnootcecmeso paspesa Cuty, noaywaemca us c60ezo 3aMulkaHus YoareH-
em 08Yxr 00HOMEPHULL cmpamos (GHOPMAALHYE MPAEKMOPUL) U HYAbMED-
noeo cmpama (Ha¥aibHot MowKY qo).

Crucok aurepaTyphbl

1. Apdenmos A.A., Cauros FO.JI. DKcTpeMasbHbIe TPAEKTOPUH B HUJIBIIOTEHT-
HOM CyOprMaHOBOI1 3a/1a49e Ha rpynne Durens // Mar. ¢6. 2011. T. 202, Ne11.
C. 31-54.

2. Ardentov A.A., Sachkov Yu.L. Cut time in sub-Riemannian problem on Engel
group // ESAIM: Control, Optimisation and Calculus of Variations. 2015.
V.21, N 1. P. 958-988.
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HAKPBIBAIOUIUE OTOBPAYKEHUS B METPUYECKUX
[TPOCTPAHCTBAX U TOYKU COBIIA/IEHUSI
(COVERING MAPPINGS IN METRIC SPACES

AND COINCIDENCE POINTS)*

A. B. Apytionos (A. V. Arutyunov)

Poccutickuti yrnusepcumem dpyorcoo. napodos, Mocksa, Poccus

arutun@orc.ru

Paccmorpensr 3aMKHYThIe HaKPBIBAIOIINE OTOOparKeHUsI, JIEeHCTBYIOIIIe
U3 OJIHOTO MOJIHOTO METPHUIECKOIO IPOCTPAHCTBA B JIPYTO€ METPUUECKOE
upocTpascTBo (Boobine rosops, HemoJHoe). JloKazaHo, 4TO [ Jo6oro
0oTOOpaXKeHus, JIEHCTBYIOIIETO B TEX K€ METPUYECKUX IPOCTPAHCTBAX U
V/IOBJIETBOPSIONIErO yeaoBuio Jlummuma ¢ koHcTanroi Jlunmmuia, MerbInei
JeM KOHCTAHTa HAKPbIBaHUs, CYIIECTBYeT TOYKa, B KOTOPOW 3HAYEHUS] ITUX
oTobpakeHuit paBHbI. JIJIsT MHOrO3HAYHBIX OTOOPAXKEHU ITPU aHAJIOTTIHBIX
[IPEJIIIOJIOXKEHUSIX JOKA3AHO CYIIECTBOBAHNAE TOYKM COBIIAJICHUS OTOOpaXKe-
HU, T.e. TOYKH, B KOTOPOI 00pa3bl 3TUX MHOTO3HAYHBIX OTOOparKeHUi Te-
pecekaioTcs. YKa3aHHbIe Pe3YJIbTaThl 0000MAIOT KAK TPUHITUI CKUMAIOIIIX
0TOOpaXKeHUil, TaK U TeOPEMY O HAKPBIBAHUM.

Crucok gurepaTypsbl

1. Apymionos A.B. HakpbiBaromme oTOOpaskeHUsI B METPUYECKHUX ITPOCTPAH-
crBax u HenojsmwkHble Toukn // JTAH. 2007. T. 416, Ne2. C. 151-155.

*UccnenoBaHue BBIIOJHEHO 3a CI€T rpaHTa Poccmiickoro HaydHoro ¢oezma (IpoexT
Ne17-11-01168).
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[MUKINYECKASI JUHAMUKA U OIITUMAJIbHBIE
[TOJIOYKEHUST PABHOBECUS B VIIPABJISIEMO
MO/IE/IN BUSHEC-IIVKJIA H. KAJTJTOPA
(CYCLIC DYNAMICS AND OPTIMAL STEADY STATES
IN THE CONTROLLED KALDOR MODEL)

A. C. AceeB (A. S. Aseev)

Daxysomem BblUUCAUMEALHOT MAMEMAMUKY U KUOEPHEMUKY,
Mocxosckuti 2ocydapemeennsili ynusepcumem um. M.B. Jlomonocosa,
Mocxsa, Poccus

anton.ser.as@gmail.com

Paccvorpum  criegyronyo MoanUNIPOBAHHYIO MOJEIb OU3HEC-TIUKIA
H. Kanjopa [1-3]:

{ Y(t) = a[I(Y (1), K(1)) — S(Y (1)),

1
K(t) = I(Y (1), K(t)) — 6K (1). .

Baech Y (t) u K (t) — BeslmunHbI HAIIMOHAIBHOTO JIOXO/Ia ¥ OCHOBHBIX (DOH-
o (kamuTasa) B MomeHT t > 0, @ > 0 — nonpaBodHblil Koadbdunuenr,
XapaKTepU3YIOIUil CKOPOCTh PEAKIIMN CUCTeMBI, § > () — HOpMa aMopTu3a-
1y OCHOBHBIX (poH10B. Bysem cunrars, uro dbyukimuu nasecrunuii (Y, K),
Y >0, K > 0, u coepexennit S(Y), Y > 0, umeror cienyonmit Bu:

I(Y)— 8K upu K <I(Y)/B,
vy = { T S0 sy )
0 mpu K > I(Y)/B,
e B3 > 0,0 <y < 1mul:[0,00) — R'— Takag mojoxuTenbHAA

IBazkIbl HenpepbiBHO auddepenimpyemas dbyukius, aro I1(0) = Iy > 0,
limy 0o [(Y) = I < 00, I'(Y) > 0 m cymectByer Takoe Y; > 0, uro
I"Y)>0,ecn Y <Y, uI"(Y) <0, eciim Y > V7.

Ipu dbyskuusx uasectuimit 1(Y, K) n cbepexennii S(Y), 3amaHHBIX
yeaopusimu (2), cucrema (1) omimuaercss or opuruHaJabHON Mojenn Kas-
zopa [2].

JokazaTesbCTBO ClIe/yonero pesyasrara cM. B [4].

_ Teopema 1. Jlaa aobvix o >0, 3 >0 u 0 <y <1 npamoyzorvhur
G={Y,K):0<Y <Y,0< K < I./B}, ede Y — aoboe wucro, ne
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MEHDULEE HEM MAKCUMAALHOLG Kopenb ypasuenua vY = I(Y), asasemcsa
uneapuanmMHbLM omuocumenvio cucmemv, (1). Kpome moeo, das aroboeo
€ > 0 cywecmeyem makas 3aMKHYMAA HENPEPLIGHAA KPUSAA €3 camone-
pecevwenuli I'c, aeorcawas 6 npamoyzosorure G U OMCMosWas om e20 2pa-
HUYbL He Boaee wem Ha €, 4mo na kpusol I'e sexmoproe noae cucmemo (1)
HAMPABAEHO CMPO20 BHYMPL 02PAHUNEHHO020 IMOTL KPUBOT, MHOHCECTNBA.

B obmem ciayuae cucrema (1) MOXKET UMETH OT OHOTO JI0 TPEX IIOJIOXKE-
HU#l PABHOBECHSI, KOTOPBIE MOTYT OBITH K&K YCTONIMBBIMU, TAK U HEYCTONIH-
BeiMu. IIpu onpenesnersom noabope dyuxumit 1(Y, K) nu S(Y) cucrema (1)
MOXKET JIEMOHCTPUPOBATH IUKJINIECKY0 JUHAMUKY (cM. [1-4]), aro MoxkHO
MHTEPIPETUPOBATH KaK BOZHUKAIONIIE B SKOHOMHUKE IIUKJIBl 3KOHOMHYECKOTO
HOJIbEMA, € TOCJIEAYIOMUME ClIafiaMy (T.e. KPU3UCAMH).

Beeznem B momubuimposannyo Mogens Kaigopa (1) noByo dbyHKImO
coepexxennit S(Y,u) = v(1 — w)Y, u € [0,1]. Yupasasromuii napamerp
u € [0, 1] xapakrepusyeT yBesuueHne NOTPeOIeHNsT Ha BeMInHy yuY .

Wcnonbayst HOBYI0 (DyHKIMIO cOepesKeHuil, IIPUXOIUM K CJIeIyomeil ynpa-
sasemoti modeau Kandopa:

{ Y(t) = a[I(Y (1)) = BE(t) —v(1 - u(t)Y (1)), 3
K(t) = I1(Y (1)) — (B + 0)K(t).

3nech yupasienue u: [0,00) — [0,1] — npoussosbHas nsmepumast GyHK-
Iy,

Beisicuum, npu kakwmx 3madenusix Y > (0 cymiecTByeT Takas oOpaTHAs
cBa3b u(Y'), aTo mpm ee mojcraHoBKe BMecTO u(t) B cucreMe (3) umerorcs
MIOJTO?KEHNsT pABHOBeCHs. [IpUPABHSB K HYJIO 00a YPaBHEHUs! CHCTEMBI (3),
nosygaeM u(Y) = 1=61(Y)/((B+6)7Y). JomycTumMoe yupasieHne J0IKHO
yaoBaerBopsTh orpanudenuto u(Y) € [0,1]. CuenoBaresnsHo, st 106010
Y > 0, yaoenersopsomero nepasenctey Y > 0I1(Y)/((8 + 6)7), coor-
BercrByomee ynpasienue u(t) = u(Y) peanusyer cocrosmme paBHOBecHsI
(}7, I?), e K = K(?) = I(?)/(ﬁ +0), B yupasisemoii mogesm Kasiopa.

CroumocTs peanusanuu yupasierus v € [0,1] Gyzem MojeaupoBaTh
npu nomomu Keajpatuanoit bynkman o(Y,u) = w(yuY)?/2, w > 0
(em. [5]), a B kadecrBe dyHKIME MrHOBeHHOH mHOse3HocTH P(Y,u) Oy-
JIEM PacCMATPUBATH BEJIMYUHY HAIMOHAJILHOTO JOXO/A C yI€TOM CTOUMOCTH
peaiu3aluy COOTBETCTBYIONIEH CTUMYJIMPYIONEH HOJUTUKH, T.€. IIOJOKUAM
O(Y,u) =Y — (Y, u).

st HaxoxK ienus onruMaJibHoro cranuonapuoro pexxuma (Y, K., u(Yy)),
makcumusupyioniero Besunauny (Y, u(Y)) B yupasisemoit mogenn Kasmo-
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pa, HEOOXOIUMO PEIIUTh CJICAYIONYIo 3aga4y (Q):
SI(Y)
(B+o)yy

Teopema 2. Jlasa 066 ONYCMUMBLE 3HAYEHUT NAPAMENPOS YNpas-
asemoti modeau, Kandopa cywecmeyem pewenue Y, 3adawu (Q). Dmo pe-
werue Yy ABAAEMCA KOPHEM YPLEHENUSA diYCD(Y,u(Y)) = 0. Pewenue Y,
Goavwe maxcumanvrozo xopua Yo ypasnenua Y = 0I1(Y)/((B+6)7). Ecau
Y1 < Ys, 2de Y1 — wopenv ypaswenus I"(Y) = 0, mo dannoe pewenue Y
eduHcmeeHHo.

(Y, u(Y)) =Y — o(Y,u(Y)) — max, Y >

JLj1st 9UCIEHHOTO MOJIETUPOBAHUST TIOJIOXKIM W = 1 1 By/1€M NCTIOIB30BATD
3HAYEHUS [IAPAMETPOB U JIOTHCTHYeCKyI0 dyHkiuio uasectunuii I(Y) us [6].
Nwmenno, monoxum o = 2.2, §=0.6, =0.5,7vy=0.5u

1

I(Y) = a 4+ e—b(Y o) +

d, a=1 b=42 c¢=1, d=06. (4

OTMeTuMm, 9TO NpU BLIOPAHHBLIX 3HAYEHUAX HapaMeTPOB B HEyIIPaBJIAeMOil
mozenn Kasopa cyrectByeT npeieibHbIX K (eM. [4, 6]).

Jlu1st HaXOXK eHNst onTUMaJIbHOTO craronapHoro pexxkuma. (Y, K, u(Yi)),
pelasi YNCJIeHHO YpaBHEHWe diYCD(Y, u(Y)) = 0, HaiizieM ero eJIuHCTBEHHBIN
KOpeHb Y, = 5.454545561 u cOOTBETCTBYIOIIME 3HATECHUS

K, = K(Y,) = 1454545448, u(Yy) = 0.733333397

u ®(Y,,u(Yy)) = 3.4545449. Ins onpe/eneHns THIA IIOJIOXKEHHUsT PABHOBE-
cust (Y, K.) paccMOTpUM COOTBETCTBYIOILYIO MATpHILy Ko6u

_ (oY) =71 —u(Ys))  —af
J(Y*’K*>—( r(y.) —B-6)
IMoncrasus Buibpannyio dyukuuio unsecruimii (Y'), noimydaem

be(—b(Y-—0)

(e 2 —u0i)) a5
pe(—b(Y-—0)

(@ + e(—b(Va=)2

J(Ye, Ky) =

—B—46
HO,HCT&BI/IB 3HaY€HUsA ITapaMeTpOB, HaXOJIUM

—0.2933332572 1.32)

T¥e, Ko) = <o.3147705942- 10°7 1.1

24



Pemast ypasuenue det(J(Ys, Ki) — AE) =0, tne E — enunnunas MaTpura,
HaxoauM cobcTBeHHble 3HadYeHust A; = —0.2933333087, Ao = —1.099999948.
CuenoBarenbHo, HaiileHHOE TIOJI0XKEHNe PaBHOBECUST — yCTOWUUBBII y3ell.

Takum 0b6pas3oM, TpU BHIOPAHHBIX 3HAUEHUSAX TapaMeTPOB W (DYHKIIUH

unsectunuii 1(Y) (cm. (4)) B cucreme (3) cyIiecTBYeT €IMHCTBEHHBIN OIITH-
MaJtbHBIH cranmonapuslii pexxum (Yi, K, u(Yy)). Ormernm, 9To HaiijeHHOE
onTHMaJbHOe ToJoxkeHne paBHoBecusi (Y, K) yCcTOiIMBO, a COOTBETCTBYIO-
mee eMy 3HaveHne MraoseHHoi nonesnocrn P(Y,, u(Yy)) Gosbine, uem mpu
HEYIPABJISIEMOM IIUKJINIECKOM JIBUZKCHUH.
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The following problem (P) arises in many fields of economics (see [1]):
/ Ot x(t), u(t)) dt — max,

#(t) = f(t,x(t), u®),  =(0) = wo,
u(t) € U(1).

Here z(t) € R™ and u(t) € R™ are values of the state and the control vectors
at time t > 0, respectively, xg € G where G is an open convex set in R",
and U: [0,00) = R™ is a multivalued mapping with nonempty values.

Assume that for a.e. t € [0,00) the derivatives f.(t,z,u) and fO(¢,x,u)
exist for all (z,u) € G x R™, and the functions f(-,-,-), f°(, "), fe(:,+ ),
and fI(-,-,-) are Lebesgue-Borel (LB) measurable in (¢,u) for every x € G
and continuous in z for almost every ¢ € [0,00) and every u € R™. The
multivalued mapping U(+) is also assumed to be LB-measurable, i.e., the
set grU(-) = {(t,u) € [0,00) x R™: w € U(t)} is an LB-measurable subset
in [0,00) x R™.

By definition, (z(-),u(:)) is an admissible pair in problem (P) if u(-) is
a Lebesgue measurable function satisfying u(t) € U(t) for all t > 0, z(-) is
the (Carathéodory) trajectory corresponding to u(-) on [0, 00) in G, and the
function t — fO(t, 2(t),u(t)) is locally integrable on [0,00). An admissible
pair (z. (), ux(+)) is weakly overtaking optimal in problem (P) (see [4]) if for
any other admissible pair (z(-), u(-)) the following inequality holds:

hmsup/o [fo(ta IE*(),U*()) - fo(tvx(t)vu(t))] dt > 0.

T—o00

Notice that in the general case the concept of weak overtaking optimality
does not assume that the improper integral J(z.(-),u.(:)) converges (i.e.,
J((+), ux(+)) < 00 is finite).
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The following regularity and growth conditions on an admissible pair
(4(-), ux(+)) are essential for establishing the normal form versions of the
maximum principle with explicitly specified adjoint variable (see [3]):

(A1) There exists a continuous function ~y: [0,00) — (0,00) and a locally
integrable function p: [0,00) = RY such that {z: ||z — z.(t)|| < ~v(t)} C G
for all t € [0,00) and

(1ot e+ 120 2w ()} S 00,

max
{z: lz—z.(OI<y(1)}

(A2) There exists a number 8 > 0 and a nonnegative integrable function
A: [0,00) = RY such that for all € G satisfying the inequality || —xo|| < 3,
the initial value problem &(t) = f(t,z(t),u«(t)), (0) = ¢ has a solution
x(¢;-) on [0,00) in G and

max Ot &, us (1), (Cot) — i (t < — xo||A(t).
o [ (0),a(G ) — . 0)] S 3]\

If (z4(+), u(+)) is an admissible pair satisfying conditions (Al) and (A2),
then the fundamental matrix solution Z,(-) of the linear system

() = =[falt, e (t), uc(®)]"2(1), 20,
with initial condition Z,(0) = I where I is the identity matrix is well defined
on [0, c0).

Let (2.(+),u«(+)) be an admissible pair that satisfies (A1) and (A2), and
assume that J(z. (), u.(-)) is finite. Then due to (A1) and (A2) without loss
of generality one can assume that there is a neighborhood Q C [0,00) x G
of the set gra.(-) = {(t,x.(t)): t > 0}, such that for all (¢,() € § there is a
solution z((,t;-) of the Cauchy problem

d:(s):f(s,x(s),u*(s)), x(t):C
on [0,00) in G, and for all (¢,¢) € © the integral

W(t,¢) = / P s2(C ), wa (5)) ds

converges. Notice that the meaning of W (t,() is the conditional value of
the capital stock ¢ at time ¢ under a given investment plan wu.(-) (see [2]).

Define the normal form Hamilton—Pontryagin function #: [0,00) x G x
R™ x R™ — R! for problem (P) in the usual way:

H(t’x’u7/¢)):fo(t7x7u)+<f(t7x7u)’w>’ tZ()? xe G’ uGRm7 wGRn'
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The following result unifies the normal form version of the Pontryagin
maximum principle for problem (P) developed in [3] with the Hamilton—
Jacobi-Bellman equation without any a priori regularity assumptions on
the value function (see [2] for details).

Theorem 1. Let (.(-),us(-)) be a weakly overtaking optimal admissi-
ble pair in problem (P) such that J(z.(+), u«(:) is finite, and conditions (A1)
and (A2) hold. Then

(i) the partial (Fréchet) derivative Wy (t, z.(t)) exists for all t > 0, and

W (t, 2. (t)) = Z.(t) /tOO Z71(8) fO(s, 24(5), ux(s)) ds, t>0.

Moreover, the vector function t — () = Wy(t,x.(t)), t > 0, is locally
absolutely continuous and satisfies the core relations of the normal form
mazximum principle for problem (P):

"/)(t) = —Ha (t7 L (t)7 U (f,), ¢(t)),

’H(t,x*(t),u*(t),i/)(t)) = sup H(tax*(t)au7w(t));
u€eU(t)

(ii) the partial derivative Wi (t, x.(t)) exists for a.e. t > 0, and

Wt(t’x*(t)) + sup {<W9L’(ta Ty (t))v f(ta Ty (t)vu)> + fo(tvﬂf*(t); U)} = 0.
u€eU(t)

Substantially, assertion (i) of Theorem 1 is a reformulation of the version
of the maximum principle for infinite-horizon problems developed in [3] in
economic terms of the function W (-,-) under the additional assumption of
convergence of J(x.(-),u.(-)). However, assertion (ii) is a complementary
fact. In particular, this assertion allows one to link the adjoint variable ¥ (-)
that appears in Theorem 1 with Michel’s transversality condition in infinite
horizon optimal problems [5].

Corollary. Assume that the assumptions of Theorem 1 are fulfilled and
problem (P) is autonomous with exponential discounting, i.e., f(t,x,u) =
flx,u), fOt,z,u) = e Pg(z,u) and U(t) = U forallt >0,z € G, u € R™,
where p € RY is not necessarily positive. Then the following stationarity
condition holds:

H(t, (1), u (1), 9 (8)) =

o

p/too e Pg(z.(s),us(s)) ds, t > 0.
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Jlok1a TOCBAIIEH B3aNMOCBSI3IM MEXKIy YCIOBUAMH JIOKAJTHHON OIITH-
MAaJIbHOCTH YIPABJISIEMON IUHAMUIECKON CHCTEMBI OTHOCUTEIHHO TAHHOTO
poriecca U HeOOXOMUMBIMU YCJIOBUSIMU OIITHUMAJIBHOCTH IEPBOTO U BTOPOTO
TTOPSIJIKOB JIJIsT 9TOTO IIPOIIECCa.

PaccvoTpuM yrmpaBiisieMyo TUHAMIYIECKYIO CHCTEMY

T = o(t, T, u), uw(t) eU nna s, t € [to, 1], (1)

rie o: R x R” x R™ — R", U — Hemycroe nojMHo)ecTtBo R™, x(-) €
S AC([ﬁQ,tl],Rn) b u() S Loo([to,f,l],Rm).
Tonoxkum U = {u(-) € Loo([to, t1], R™): u(t) € U nast n.B. t € [to, t1]}.
Huga zg € R®" u u = u(-) € U oboznaunm depe3 x(-, To,u) pelieHue
nuddepennuaibaoro ypasaenus (1) rakoe, uro x(to, xo, u) = .
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Iycrs V, Vi — orkpbitbie MEOXKecTBa B C([to, t1], R™), a V2 — oTKpbITOE
MHOXKeCTBO B Lo ([to, t1], R"™). BBegeM cremyronie MHOKECTBA:

R(zo,t1) ={z € R" | Ju € U: x(t1,z0,u) = z},
R(l‘o,tl,V) = {x c R"® | Juel: x(-,l‘o,u) ev, x(thxmu) = x}7
R(wo,t1,V1,V2) ={z € R" [ JueUNVa: (-, 20,u) € V1, x(t1, xo, u) =}

Bynem Ha3bIBaTh UX COOTBETCTBEHHO MHOXKECTBOM OJOCTNUICUMOCIIAL, MHO-
JKECTBOM N0KAALHOT 0OCTUINCUMOCTIU T MHOXKECTBOM CAAO0T A0KANLHOT 00-
CMUICUMOCTIVU.

Ecmn v = u(-) € U n x(-) = z(-,x0,u), To mapy (x(-),u(-)) 6yaeMm Ha3BI-
BaTh IIPOIECCOM (C HAYATIOM B TOUYKE Xq) i cucreMsl (1).

OxpecrrocTr ToueK z(-) u u(-) obo3Hazaem coorsercrsento V(x) u V (u).

Onpenesienue. Byjem ropoputh, 9To guHamudeckas cucrema (1) so-
KAALHO YNpasaaema (CAa00 AOKAALHO YNPABAAEMA) OTHOCUTEIBHO IPOLECCa
(@(-),a(-)), ecmm Z(t1) € int R(xo,t1, V(Z)) muas moboit okpectaoct V (T)
(Z(t1) € int R(xo, t1, V1(Z), Va(u)) misa mobsix okpectrocTeit Vi (Z) n Va(1)).

B nporusroM ciryuae napy (Z(-), u(-)) 6yjeM Ha3bBaTh A0KaAbHOM (CAG-
GVLM AOKAADHBIM) ONTMUMAALHIM TPOYECCOM Tt cucTeMsl (1).

MoTtuBupoBaTh BTOPYIO YacCTh OUPEJETEHUSI U TE€M CAMBIM yCTAHOBUTH
CBSI3b MEXKJIy VIIPABJISIEMOCTHIO M OINTUMAJIBHOCTHIO MOYKHO CJIETYIONIIMUA
IIPOCTBIMU COODparkeHusAME. PaccMOTPUM 3329y ONTHMAJILHOTO yIIPaBJIe-

HUA
t1

J(ﬂf(), U()) = \ f(t,x,u) dt — mina
& = p(t, z,u), u(t) € U, (2)
:C(to) = Xy, x(tl) =2X1.

O6braHBIM 06PA30M OLIPEJIEIISIIOTCS CHIIBHBIA U CJIabblii (B CJIyyae OTKPBITOIO
MHOXKecTBa U) JIOKaJIbHbIE MUHUMYMBI B 9TOH 3aja4e.
ConoctaBuM JAHHON 3a/1a4€e CJIEYIONYIO JMHAMUIECKYIO CHCTEMY:

T=2(,7,u), ul)el, (3)
e T = (z0,7) € R u 3(t,7,u) = (f(t,z,u),p(t,z,u)). Tomoxum

fo = (O, xo).
CHpaBe,ZL.HI/IBOCTb CJIEAYIOETr0o YTBEP2KACHUA IIOYTU OYECBHUIHA.
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IIpengoxxenune. FEcau (Z(-),u(-)) — cuavnod (caabuil) aokaivrold
munumym 6 3adave (2), mo napa (T(-),4(-)), 2de T(-) = (To(-), Z(-)), a6.rs-
emeca A0KaALHbM (CAGBO AOKAADHBIM) ONMUMAGALHOIM NPOUECCOM OAA OU-
Hamuueckol cucmemos (3).

Homoxum H(t,z,u,p(-)) =
JlJist KpaTKOCTH muIeM Py (t) =
w = (x,u).

Iycrs (Z(+),u(-)) — nporece mus cucremst (1). Jgist Kaxkaoit mapser g(+) =
= (h(-);0()) € C([to, 0], R™) X Loo([to, 11], R™) pacemorpum crieyionyio
CHCTEMY COOTHOIIEHUI OTHOCUTENBHO epemennoii p(-) € AC([to, t1], (R™)*):

—p(t) = p(t) @=(1), (4)
H,(t,z(t),u(t),p(t)) =0 JUtst .B. T € [to, 1], (5)
max H(t,z(t),u,p(t)) = H(t,Z(t),u(t), p(t)) Jutst .B. t € [to,t1], (6)

(1), p(t, 2, u)), e p(): [to, ] — (R™)"
pa(t, T(t), ut)), Pult) = @ult, 2(t), u(t)) n

Qp()la(-)a()] = —/t1wa(tﬁ(t%@(t),p(t))[q(t),q(t)] dt >0 (7)

B IIPEIIOJIOKEHAR, YTO COOTBETCTBYOIIUE IIPOU3BOIHBIE CYIIECTBYIOT U 9TO
U — orkpbIToe MHOXKeCTBO B coorHonteHusx (5) u (7).

O6osnaunm vepes A(Z,0), A (Z,0) u A(Z, 4, q) MHOXKeCTBa HEHYJIEBBIX
dyukuuit p(-), ynosiaersopsomux ycaosusm (4), (5), yeaosuam (4), (6) u
yenosusim (4), (6), (7) coorBeTcTBeHHO.

Teopema 1. FEcau A(Z,0) = &, mo dunamuneckas cucmema (1) caabo
AOKAADHO YNPpasasema omuocumenvio npovecca (Z(-),u(+)).

Teopema 2. FEcau Ap(Z,0) = &, mo dunamuueckas cucmema (1) ao-
Kaaoho ynpagasema omuocumenvro npovecca (T(+),a(+)).

O6a pesysbraTa MOXKHO CIUTATDH U3BECTHBIMU. 11epBbiil (HO B IpYTrUx TEp-
MUHAaX) cojiepzkuTes B [1]. Bropoii Mo2KHO U3BjI€Ub U3 IPUHIUIIA MAKCHMYMA
Jutst cucteMbl (1), moaydenHoro B [2]. 13 aTux TeopeM B CHILY ONpeieieHnsT 1
[IPEJIOKEHUS CIIEIYIOT COOTBETCTBEHHO KIACCHIECKIE yPaBHEHHs Dilepa—
Jlarpanzka u npuniun MakcumyMma [lonTpsruna s 3anaau (2).

Hac wmnTepecyer curyarus, KOT/ia He BBITIOJHEHBI YCJIOBHUS TEOPEMBI 1
u/wim teopeMbl 2. Beejem npocTpaHcTBO

K(@,0) = {g=q(-) = (h(-),v(-)) € AC([to,t1], R") X Loo([to,t1],R™):
h(t) = @o(t)h(t) + Bu(t)v(t), h(to) = h(t1) = 0}.
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Teopema 3. FEcau cywecmeyem makoe q € K (Z,u), wmo A(Z,u,q) =,
mo cucmema (1) aokasvho ynpasasema omuocumenvro npovyecca (Z(-),a()).

OT1croma B CHIIy ONPEIEICHNs W NIPEJIOZKEHHsT TT0Ty9aeM HeOOXOUMbIE
YCJIOBHsI CHJIBHOTO MUHUMYMa BTOPOTO MOPSAJIKa Jis 3a7a4u (2). Panee onn
ObuIN TI0JyUIeHbl B [3], HO B ciydae, Korga U(-) — KyCOUHO HeIpepbIBHAS
dyHKIHS.

PassuBasi onpeiesieHIe aHOPMAJIbHOCTH, JaHHOe BuccoM B [4], ckaxem,
4To auHaMudeckas cucreMa (1) orHocuresnsHo mpouecca (Z(-),u(-)) mmeer
nopadox anopmanvrocmu k € N, ecam pasMepHOCTb JUHEHHON 06OIOUKH
BblILyKJIOro Kouyca A, (Z(+),u(+)) pasua k.

Haszosem nponiece (Z(+), u(+)) ocobwvim, eciin koryc A, (Z(+), u(+)) U{0} ne
SIBJISIETCS OCTPBIM.

Caenyroree yTBepK/IeHIE, KOTOPOE CPa3y CIIeyeT U3 TEOPEMBI 3, YI00HO
JUUId TIPUJIO?KEHUA.

CaencrBue. [Tycmo dunamuseckasn cucmema (1) omuocumenrvho He-
ocobozo npouecca (Z(-),u(-)) umeem nopadox aropmasvrocmu 1 u p(-) €
€ A (Z(1),u(+)). Toeda ecau natidemes anemenm q € K(Z,w) makot, wmo
Q(:)g,q] < 0, mo cucmema (1) A0KAALHO YNPABAAEMA OMHOCUMENLHO
npoyecca (3(), ().

PaccMOTpUM JIMHAMHYIECKYIO CHCTEMY
iy =, 4o =u’— 1, u(t) e R s s, t € [0,T].

Jlerko nposeputb, uto A, (0,0) = {p(:) = (0,a): a < 0} u Q(p(+))[q,q] =
= 72afOT(f-Lf(t) — h2(t))dt ana moboro q¢ = ((h1(+), ha(-)),v(:)). Taxum
06pa3oM, JaHHAS CHCTéMa OTHOCHUTETHLHO Heocoboro mporecca (0,0) mveer
HOPSIIOK aHOpMaJibHOCTA 1 M B ciaydae, ecau 1 > 7, OHA COLJIACHO CJIejl-
CTBHIO JIOKAJIbHA YIIPaBJisgeMa OTHOCUTEILHO JTAHHOTO IIPOIecca.
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OB OITUMAJILHOM CTAPTOBOM VIIPABJIEHUU
ABUYKEHUEM KUJIKOCTU KEJIBBUHA-DONUTTA
(ON OPTIMAL STARTING CONTROL OF FLOWS
OF KELVIN-VOIGT FLUIDS)*
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M. A. ApremoB (M. A. Artemov)

Boponeotcekuti 20cydapemeennnitl yrusepcumem, Bopoweowe, Poccus

esbaranovskii@gmail.com, artemov_m_a@mail.ru

PaccMoTpuM 3a71a1y ONTUMAJIBHOTO YIPABIEHHsI JJisl yPABHEHUH, MOJIe-
JIIPYIONIMX JIMHAMUKY HECXKMMaeMoll BA3KOyNpyroii kuakoctu tuna Keb-
suna—®Doiirra [1, 2]:

A
@—F(’U-V)’U—VA’U—%M—FV]):]: B Qx (0,7), (1)
ot ot

V.-v=0 B Qx(0,7), (2)
v=20 Ha O x (0,7), (3)
v(,0)=u B Q, (4)
u c Uad, (5)
J(v,Vp,u) = Ajv - %HQC’([O,T];Hl(Q)) + A2l Vp — §H2L2(0,T;L2(Q)) +
+ XA3)lw — @[3 ) — inf . (6)

Bneck 2 — orpanudennas obaactb B R™ (n = 2, 3) ¢ rpanumeit 0Q € C2, T —
(PUKCUPOBAHHOE TTOJIOXKUTEIHHOE YUCTIO, ¥ — CKOPOCTH TEUEHUS YKUJIKOCTH,
P — JABJIEHUE B XKUJIKOCTHU, f — M3BECTHOE I0JI€ BHEIIHUX CHUJI, TTaPaAMETPbI
v > 0 u » > 0 XxapakTepusyoT COOTBETCTBEHHO BA3KHE U yIPYyTUe CBOW-
CTBa JKUJKOCTH, % — mapaMeTp ynupasjienus, U,q — 3aJaHHOe MHOXKECTBO
JIOIIYCTUMBIX yIpasJieHuit, J — 1eiaeBoit pyHKIMOHAI, U, g, U — 3aJaHHbIE
BeKTOp-QYHKINHU, A\;, i = 1,2, 3, — nmapamerpsl GpyHKIHOHATA J,

0< N\ <1, A+ A+ A3 =1.

*Pabora mepBoro aBropa YacTUYHO Nojjeprkana Poccuiickum ¢dongoMm dyHmaMen-
TaJbHBIX uccirenobanuii (rpant Ne16-31-00182-mour _a).
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Bameuvanue 1. B upenenbroM ciydae, Korma » = 0, ypasrenus (1), (2)
Hepexo/IAT B XOPOIIO U3BecTHBIE ypaBHenusa Hasbe—CToKCa, OMUCHIBAOIIE
JIBUKEHUE HbIOTOHOBCKOI KUIKOCTH.

ByjieM ncnosis30BaTh crangaprabie obosnadenus H () = W*2(Q) s
npoctparcTe CobosieBa BEKTOP-(MDYHKINIA, ONPEJIEIEHHBIX Ha () cO 3HAUEHMU-
avu B R™. Yepez D()) 0603Ha9MM MHOXKECTBO TJIAIKUX BEKTOP-(DYHKIUI
¢ Hocmresem, comepxmvcs B €. Bampikanme D(Q) B H'(Q) oGosnasmm we-
pes H (1)((2) BeemeM Takzke IPOCTPAHCTBO

V={ve H)Q): V-v =0}
IIpeamomoxxmm, 910
feC(0,TH L),  U.a C[VNH*(Q) (7)
veC(0,T; H (), geL*0,T;L*Q), wecH(Q). (8
Onpepnesienune 1. Byzgem rosoputs, uro (v, p, w) — donycmuman mpot-
Ka 3amaqn (1)-(6), ecim
ve CY[0,T);VNH*Q), pecC(0,T];HY(Q)/R), u € Uyg
¥ BBIIOJTHEHBI PABEHCTBA,
v'(t) + (v(t) - V)v(t) — vAv(t) — »Av'(t) + Vp(t) = f(t), t € [0,7],
v(0) = u.

MHOXKeCcTBO JIOIycTUMBIX Tpoek 3azaun (1)—(6) obosnaunm uepes M.
Onpepesenne 2. Pewenuem 3amaqdn onrumusanun (1)—(6) nazosem
TPOHKY (U, Ps, Ux) € M Taxyio, 4ro

J (Vi Pi, Us) = inf J(v,p,u).
(vep ) (v,p,u)eM (v.p,u)

CdopmysupyeM Ternepb OCHOBHOM pe3yJibTaT paboThI.

Teopema. Ilycmwv swvinosnenv, yeaosus (7), (8) u mmuoorcecmso Uyg
02PAHUMEHO U CEKBEHUUAADHO CAAD0 3amKrHymo 6 npocmpancmee V N H 2(Q)
Toz0a 3adaua (1)—(6) umeem no xpatined mepe 0dHo peweriue.

3ameyanune 2. Usyuenne cucremsl (1), (2) n pasaudsbix ee Moudu-
Karuii Hagasochk ¢ cepun crareit A.I1. Ockoukosa [1-4] n 6b110 HPOI0IZKEHO
B paborax psua poccuiickux [5-9] u sapy6exubix [10-12| aBropos. Ciemy-
€T TaKKe OTMETHUTH, UTO B cTraThe |13] paccMoTpena 3aat1a ONTHMATBEHOTO
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VIIpaBJIeHUs JJIs yPaBHEHU, MOAEIUPYIONIUX IIJIOCKOIAPAJIIEILHYIO JUHA-
MUKy Bs3KOynpyrux xuiakocreil Kenbsuna—®@oiirra. B nuccepramun [14]
HIOJIyY€eHBI PE3YJILTATEL O PA3PENINMOCTH 33/1a49U YIIPABJIEHUS II0CPEICTBOM
BHemHux cuil f jisa mogenu (1), (2) B ciaaboil OCTAHOBKE IIPU YCJIOBUSIX
MPHUCTEHHOTO CKOJbKeHnst. OnTnMaabHOe yIPaBIeHHe U yCTOHINBOCTD pe-
IIeHU} JINHeAPU30BAHHOTO OJHOMEPHOro ypaBHeHus (1) Ha reoOMeTpuIecKoM
rpadpe nccuemyrores B [15].

Crucok gureparyphbl

1. Ocxonros A.Il. O eMHCTBEHHOCTH U PA3PENINMOCTH B II€JIOM KPAaeBbIX 3a/1a
JULsl yPABHEHUH JBUXKEHUST BOJHBIX PACTBOPOB NOMMepoB // 3am. Hayd. cem.
JIOMMU. 1973. T. 38. C. 98-136.

2. Ockonros A.Il. K Teopun HecTallMOHAPHBIX TedeHUH kuakocreil Kenpsuna—
Doitrra // 3am. nay4. cem. JIOMH. 1982. T. 115. C. 191-202.

3. Oskolkov A.P. A nonstationary quasilinear system with a small parameter,
regularizing a system of Navier-Stokes equations // J. Sov. Math. 1976. V. 6.
P. 51-57.

4. Ockonxos A.Il. HauayibHO-KpaeBble 3a/1a4t JIJIsl yPABHEHUN JIBUKEHUST KU~
kocreit Kenpsuna—@oitrra u xuzukocreit Osgpoiira // Tp. MIAH. 1988.
T. 179. C. 126-164.

5. Ceupudiox I'A. O6 omHOIl MOJEIN JUHAMHUKH HECKMMAEMON BSI3KOYIIPYTOi
skugkocru // 3B, BysoB. Maremarnka. 1988. Nel. C. 74-79.

6. Ceupudiox I"A. O6 omHON MOJEIN IUHAMUKY CAADOCKUMAEMON BA3KOYIIPY-
roit »xunkocru // U3B. Byzos. Maremaruka. 1994. Nel. C. 62-70.

7. Csupuodiox I'A., Cykauesa T.I. O paspemmMoCTH HECTAIMOHAPHON 3a1a9K
JIMHAMUAKY HECXKMMAEMOl BA3KOyNpyroi kujkoctu // Mar. 3amerku. 1998.
T. 63, Ne 3. C. 442-450.

8. Apmemos M.A., Bapanosckui E.C. T'panndnbie 3a1a4u j1j1s1 ypaBHEHUN J1BU-
JKEHUsI TOJTMMEPHBIX YKUJKOCTE C HeJIMHEHHBIM YCJIOBHEM [TPOCKAJIb3bIBAHUSI
B0 TBepapix crenok // Tp. UMM YpO PAH. 2015. T. 21, Nel. C. 14-24.

9. Bapanosckui E.C. Bropas nadainbHO-KpaeBas 3ajada JJisi yPABHEHUN J1BU-
sxenns xunxocreit Kembsuna-Q@oiirra // 2KBMuM®. 2016. T. 56, Ne7.
C. 1371-1379.

10. Dou Y., Yang X., Qin Y. Remarks on uniform attractors for the 3D non-
autonomous Navier—Stokes—Voight equations // Boundary Value Problems.
2011. V. 2011(49). P. 1-11.

11. Damazio P.D., Manholi P., Silvestre A.L. Li-theory of the Kelvin—Voigt
equations in bounded domains // J. Diff. Equat. 2016. V. 260. P. 8242-8260.

12. Garcia-Luengo J., Marin-Rubio P., Real J. Pullback attractors for three-
dimensional non-autonomous Navier-Stokes—Voigt equations // Nonlinearity.
2012. V. 25. P. 905-930.

35



13. Ceupudiox I'A., Ilaexarnosa M.B. 3Bamada onTHMaJIbLHOIO YIPABJIECHUS JIJIsL
ypasaenust OckosikoBa // Hdud. ypasaenus. 2002. T. 38, Ne7. C. 997-998.

14. Kysvmun M.JO. O xkpaeBbIX 3ajad9ax HEKOTODBIX MOJEJel I'MIPOSMHAMUKI
C yCJIOBUSIMU IIPOCKAJIb3bIBaHus Ha rpanune: Juc. ... kania. dus.-Mar. HAyK.
Boporex, 2007.

15. Sagadeeva M.A., Sviridyuk G.A. The nonautonomous linear Oskolkov model
on a geometrical graph: the stability of solutions and the optimal control //
Semigroups of operators—theory and applications: Proc. Int. Conf., Bedlewo,
Poland, 2013. Heidelberg: Springer, 2015. P. 257-271.

ON AN EXISTENCE THEOREM
FOR INFINITE-HORIZON OPTIMAL CONTROL PROBLEMS

K. O. Besov

Steklov Mathematical Institute of Russian Academy of Sciences,
Moscow, Russia

kbesov@mi.ras.ru

One of the most general and well-known results on the existence of solu-
tions to infinite-horizon optimal control problems was proved by Balder [1]
for the problem

I(z,u) = /OOO Folt, (), u(t)) dt — min, (1)
z(t) = f(t,x(t),u(t)) for a.e. t € Ry :=[0,+00), (2)
2(t) € At),  u(t) €U(ta(t) forae. teRy, 3)

where
(i) A: Ry = R" is a set-valued map with (£ x B™)-measurable! graph A;
(i) U: A = R™ is a set-valued map with (£ x B"*™)-measurable
graph U;
(iii) the functions f: U — R™ and fo: U — R U {400} are (L x B"T™)-
measurable.?

LThat is, lying in the c-algebra generated in R4+ X R™ by the Cartesian products of
Lebesgue measurable subsets in R4 and Borel subsets in R™.
2That is, the preimages of Borel sets are (£ x B"™)-measurable.
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The set Q of admissible pairs (x,u) consists by definition of pairs of vec-
tor functions z, u such that z € AC} (R;), u: Ry — R™ is a Lebesgue
measurable function and conditions (2) and (3) hold.

The integral in (1) is understood in [1] in the following sense:

o - o N B © L s
/O olt) dt = / gt (1) di / g () dt,  g* = max{£g,0}, (4)

with the convention that (+00) — (+00) = 4o00. Thus, the value of the
functional (4) (equal to a finite number or +00) is defined for any admissible
pair.

Under certain conditions, Balder proved the existence of an optimal so-
lution to problem (1)—(3). Almost all of those conditions are local in time
(i.e., they must hold only at each separate instant of time or on each finite
time interval) and ensure the existence of solutions to similar problems on
finite time intervals. The only condition that regulates the behavior of the
system at infinity is as follows:

(iv) the set of functions Iy , = {fo (-, z(-),u(")) | (z,u) € Q, I(z,u) < a}
is (nonempty and) strongly uniformly integrable on Ry, i.e.,

inf sup/c GOt =0,  Cypi={te Ry |lg(t)] > h()}.

h€L1(]R+)g€FD— oh

At the same time, in many optimal economic growth problems it seems
more natural to define the value of the objective functional not in the sense
of (4) but rather in the limit sense

J(x,u) TEIEOO/ fo(t,x(t), u(t)) dt (5)
provided that the limit exists. In this case problem (1)—(3) is replaced by
the problem

J(x,u) — min (6)

subject to conditions (2) and (3).

It is clear that if the value of the functional I(z,w) is finite for an admis-
sible pair (x,u), then J(x,u) = I(x,u).

As noticed in [3], for problem (6), (2), (3) instead of condition (iv) one
can consider the weaker® condition

(v) limg o infrsrinfuecq fo folt,z(t),u(t) dt > 0.

31t is in fact weaker only for o = +oo.
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Unfortunately, in [3] a significantly narrower class of optimal control prob-
lems was considered, while for the general case only a scheme was outlined
(without statement of particular results that can be obtained by following
this scheme).

We show that Balder’s theorem indeed remains valid in almost full gen-
erality for problem (6), (2), (3) with condition (iv) relaxed to condition (v).
However, we still need a local version of condition (iv), namely,

(iv') for every T' > 0, the set of functions Fj =~ := {fo Ga(),ul-)lon |
(z,u) € 0} is uniformly integrable on [0, T].

Note that under condition (iv’), condition (v) is equivalent to each of the
following conditions:

(v/) there is a continuous function w: R2 — Ry such that w(T,T") — 0
as T, 7" — oo and

( in)f Q/ fo(t,z(t),u(t)) dt > —w(T,T") vI,T": T'>T > 0;
RIS T

(v"") there is a continuous function w: Ry — Ry such that W(T) — 0 as
T — oo and
T/

inf  inf toa(t),u(t))dt > —o(T) VT > 0.
A (x}il)eﬂ g fot,z(t),u(t)) dt > —w(T) =

Note also that one of the important corollaries to conditions (iv’) and (v)
is that the value of the functional J(z, u) is defined for every admissible pair
(xz,u) € Q and is equal to either a finite number or +oo.

In our proof, we do not follow the scheme proposed in [3] but rather show
that the result can be derived from those of Balder himself in a fairly simple
way. For more details see [2].
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PaccvarpuBaercs oqun n3 MeTomoB pemnrenns auddepeHmaIbHON TPl
(W) cOmmzkeHnsi—yKJIOHEHUsI JJIsi CHCTEMbI

&= f(t,x,u,v), uec P, veQ; (1)

sech t € T = [tg, Yo (to < ¥o), P u Q — memycrbie KommakTsl B RP u RY
coorBercTBeHHO, T € R"”, p € N, ¢ € N, n € N, pekrop-dyHKImSs

[T TXR"XPxQ@—R" (2)

HEeIIpePBIBHA IO COBOKYITHOCTH MTEPEMEHHBIX. IIpemmoraraioTcst 3a aHHbBIMT
mHOXKectBa M u N: M C T xR®" u N C T x R"; M — 1esieBoe MHO»XKe-
cTBO JUist urpoka I, dopmupyromero u(t) € P, a N onpemenser ¢dpa3oBble
orpanndenns (PO) B Buze cedenni

N{t) 2 {x € R" | (t,x) € N}, teT;

urpok II dopmupyer v(t) € Q) u 3auHTEPECOBAH B OCYIIECTBICHUN yKJIOHE-
uust (nonasanue Ha M momyckaercs Tosbko mocste Hapymerust @O). TTapa
(M, N) oupenensier IV cOamKeHUsI—yKIIOHEHUsI, sl KOTOPO#i CIpaBe jin-
Ba [1, 2| dynnamenranbuas tepema 06 anprepuaruse H.H. Kpacosckoro
u A.U. Cy66oruna B mpe/mnosiokennn 3aMkayToct M u N, a Takyke 1mpu
TPAJMIMOHHBIX YCJIOBUAX Ha cucteMy (1), BKiogaromux B cebst TpeboBaHue
JIOKaJIbHOI jinmmuiesoctu f (2) no dba3oBoii mepemennoii. Jlannas reopeMa

*Pabora BbionHeHa npu duHancoBoi nomgepxke PODU (npoext 16-01-00649).
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pacupocrpanena [3] A.B. KpsokumMckuM Ha ciydait, korja cucrema, (1) yao-
BJIETBOPSIET YCJOBUAM OGOOIIECHHON €MHCTBEHHOCTU U PABHOMEPHOH Orpa-
HUYEHHOCTH pernenuii. JIBa 9TUX yC/IOBUsl M0JIATaeM BBIIOJHEHHBIMHU.

Yepes F obo3HaUaEM CEMEHCTBO BCEX 3aMKHYTBHIX IIOJMHOXKECTB (I1/M)
T x R™, a gepes § — cemeiictBo Beex /M T X R™ umeomux 3aMKHY-
Toie (B R™) cewenus runepmiockocrsamu t = const, F C §. Cuenysa [4, 5],
onpenessiem ipu M € P(T x R™) onepaTop IporpaMMHOIO IOIJIONIECHUS
A[M], peitcrsytomuii B P(T x R™), roe P(T x R™) — cemeiicTBO BCex II/M
T xR™; ecan, kpome Toro, N € P(T xR™), T0 KOHCTPYUPYEM UTEPAIOHHYIO
nociesosarensaocts (Wi (M, N))ken,, tie Ng 2 {0} U N, ompesensienyro
YCJIOBASIMHE

(Wo(M,N) £ N) & (W (M, N) = A[M|(W._s (M, N)) Vs € N);

gyepe3 W (M, N) oboznauaem nepecedenne Bcex Muoxkects Wi (M, N), I € Ny.

OcuHoBHOe cBoilicTBo mponieaypbl. Ecm M € F u N € §, 10
W(M, N) ectb HenojiBuzKHasi Touka oneparopa A[M], upuuem

(L=AM|(L)) = (LCW(M,N)) VLeP(N).

Hakonen, W (M, N) ecrb MHOMKECTBO YCIENIHON Da3peNUMOCTH 381891
(M, N)-cOomnuxkenus: B Kiacce (MHOIO3HAYHBIX OOOBIIEHHBIX) KBA3UCTPATE-
ruit. Eciim (¢4, z.) € W(M, N), To paspemarorias 3anady (M, N)-couuxe-
HUSI KBAa3UCTPATErusl MOYKET OBITh OIpejlesIeHa KaK IPABUJIO pearnpoBaHusl
Ha 00001IeHHBIe yupaBeHns urpoka 11 (ykionucra), OCHOBAaHHOE Ha IPUH-
mune nporpammuoro (M, W (M, N))-cOanKeHusi; JaHHAs KBa3UCTPATETUsI
(kBasumporpamma [4, 5|) siBiIsieTcss HAMOOJBINEH B IOTOYEYHON YIODPSIO-
YEHHOCTH 110 BKJIIOUEHHIO CPe/iu BceX KBasucrpareruii (urpoka I), rapanTu-
pytomux (M, N)-cOnmkenne u3 no3uiun (t., Ty ).

VYeranossieno cpoiicteo 3apucumoctn (M, N) — W (M, N), umeroree
CMBICJI HEPEPBIBHOCTU CBEPXY (DPArMEeHTOB NPEIesIbHBIX MHOXKECTB (MHO-
JKECTB IIO3UI[MOHHOTO MOIJIONIEHNsI), OTBEYAIOMNX KOMIAKTHBIM HOJIIPO-
CTpPaHCTBAM MPOCTPAHCTBA MO3UIMA. [IpuBeeH TpuMep, MOKA3BIBAIOMINI,
97O “O0BITHOI HENMPEPBIBHOCTHIO YIIOMSIHYTas 3aBUCUMOCTD He 00J1a/1a€T.

PaccmarpuBaercst MopudUKaIist HTEPAIMOHHOM Iporeypsl [5], oTBeva-
I0Iasl IPUMEHEHUIO OIlepaTopa CTabUIbHOCTH (HEMOJBUKHbBIE TOYKU JIJIsI
JIAHHOTO oreparopa — crabuibHble MocThl B cMbiciae H.H. Kpacosckoro), u
00CyKIA€TCs ee TPUMEHEHNE JIJIsl PENIEHUsT 3a,/1a91 YKJIOHEHUsI ¢ OTPAaHuIe-
HHUEM Ha 4YHCJIO Iepeksodenuii hopMupyemoro yupasienus (B [6] ykasanb
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[PUMEDBI, JJIsi KOTOPBIX UTEPAIMOHHAs IIPOIEypa JIOIycKaeT 3bderTus-
Hy10 peanusanuio). Oneparop crabunbHoctu orsedacet [4, § 11] unee pere-
HUsI UTPOBBIX 33189 [IPOIPAMMHOIO yIIPABJIEHUS, B KOTOPBIX UIPOK 11 Mo-
ker HOPMUPOBATH TOJBKO IIOCTOSIHHBIE OOBIMHBIE yIpaBienus v € @, Ha
KOTOpPBIE MIPOK | MOXKET pearupoBaTh CKOIB3AIMMA pexkuMaMu. MHozKe-
CTBa YCIIEIIHO Pa3penmMOCTH 331891 COIMKEHAs B YIIOMSIHY ThIX YCJIOBHSIX
OIPEIENISIOT 3HAUCHHE COOTBETCTBYIONIEIO OIEPATOPa CTAGUILHOCTH; LIeJIe-
BOe MHO:KecTBO M 1pu ToM (BUKCHPYETCsl M MbI TOJyUYaeM OTOOpasKeHne
A[M], neticteytomee B P(T x R™). Illpu M € P(T x R™") u N € P(T x R™)
peanmsyercs nocyenoBareabHocTb (Wi (M, N))ken, s

(Wo(M,N) £ N) & (Wi(M,N) = A[M](Wg_1(M, N)) Vk € N).

IIpu M € Fu N € § B Bujie nepeceuenus: scex MHOKeCTB (Wi (M, N))ken,
umeeM [4, § 11] W (M, N). Ecin ke B 31ux ycaosusix s € N, o N\W; (M, N)
onpegnenisteT |7, § 5| MHOMKECTBO YCTIENTHON pa3pernmMOCTa 3aa9h YKIIOHE-
HUS ¢ OTpaHUYeHUAME B BUJe HepaBeHcTBa k < s Ha uncio k nepexJiodenuii
dopmupyemoro ympasienust (mpu GOPMAPOBAHIA MOMEHTOB KOPPEKITAH MC-
HOJIb3YIOTCA HEYIPEeXK IAIoNTHe My IbTH(MYHKIIMOHAIL Ha TPOCTPAHCTBE TPa-
ekropuii cucremsr (1)).
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In many examples, population dynamics under a given stationary ex-
ploitation mode converges to some stationary state. This effect could be
observed even in the simplest case of logistic model [1]. But for models with
more complicated dynamics, for example, for those that take into account
some population structure or a nonlinear law for the appearance of new gen-
eration, or else some other natural processes in population dynamics, such
a convergence could be non-obvious and needs justification (see, e.g., [2, 3]).

We consider integro-differential nonlinear models for the dynamics of an
exploited population that are advanced generalizations of the McKendrick—
von Foerster model [4]. For these models we prove the existence of a nontriv-
ial stationary solution for a given (also stationary) exploitation mode and
show the existence of such a mode which provides the maximum profit over
all admissible modes on some of the respective stationary solutions [5, 6].
The illustrating numerical examples are also presented.
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O ABYX ITOAXOOAX K HEOBXOJAMMBIM YCJIOBUAM
B BAJAYAX OIITUMAJIBHOI'O VIIPABJIEHNA
C ®AB0OBBIMU OTTPAHNMYEHUAMU
(ON TWO APPROACHES TO NECESSARY CONDITIONS
IN STATE-CONSTRAINED OPTIMAL CONTROL PROBLEMS))k

A. B. Imurpyk (A. V. Dmitruk),
. A. Cambunosckuii (I. A. Samylovskiy)
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MI'Y um. M.B. Jlomonocosa, Mockea, Poccus
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B joknase mokazaHo, UTO B ONPEIENEHHBIX KJIACCaX 3a7ad Ha OCHOBE
noxxona P.B. Tamkpenunze [1], cocrosimero B muddepeniuposanuu dha-
30BOTO OIpaHMYEHHs BJIOJb OTPE3Ka BBIXOJa Ha (pa30BYIO IPAHUILy, MOXKHO
HOJIyYUTh yCJIOBUS cTaruoHapHocTu B dhopme lybosunkoro-Munorusa [2],
BKJIIOYAs YCJIOBHS 3HAKOOIPEIEJEHHOCTH MHOYKUTENA MpH (PasoBOM Orpa-
HUYEHUN W CKAYKOB CONPS?KEHHON IIePEMEHHON B TOYKax mocaakn Ha ¢dasy.

PaccmarpuBaercs cirenyromuit 6a30BBIi KIace 3amad:

N {z = f(z,z,u), Ja=J(2(0),2(T),2(0),2(T)) — min,
. =gz, z,u), @su(t) <0, s=1,...,v, x(t) >0,

rie z € R", x € R — dazossie nepementsie, u € R™ — ynpasjieHue.
Uccnenyercsa mponece w' = (20, 2% u") raxoit, uro Tpaekropus z°(t)
BBIXOMUT Ha ba3oByIo IPaHUIy Ha HeKoTopoM oTpeske [t9,t9] C [0,77], T.e.
20(t) > 0 ma [0,29), 2°(t) = 0 ma [t9,#3] w 2°(t) > 0 ma (¢, 7). Kpome
toro, mycts 1’ HempepbisHa Ha Ay = [0,1Y], Az = [t9, 7| u mummumesa Ha
Ay = [t9,13], mpuaem @, (u®(t)) < 0 ma Ay U151 Beex S U OCAJIKA TPACKTOPUH
Ha ($Ha30BYI0 IPAHUILY U CXOJ, C HEe IIPOUCXOJAT ¢ HEHYJIEBOU ITPOU3BOHOM.

*Pabora BhImosHEeHa npu (UHAHCOBOHM moimep:xkke Poccuiickoro donma dynmamen-
TaJbHBIX uccienoBanuit (mpoekr 16-01-00585).
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Hac uHTEpecytoT ycioBusi, Ipu KOTOPBIX JIAHHBIN MPOIECC JOCTABIISIET TAK
HA3bIBAEMbIi paCIIMpeHHbIH ¢1abblil MuHMMYM B 3aja4e A (T.e. cabblii Mu-
HUMYM, JIOIYCKAIOIU TaKyKe BAPUAIMA TOYEK PA3PbIBA yIIPABJICHUS ).

Ananornuno [3] BBoguTcst HoBoe BpeMs T € [0, 1], a mepeMennasi ¢ Ha Kax-
JIOM oTpe3ke A\; paccMaTpuBaeTcs Kak HoBas ¢dasoBas nepemennas t;(7),
HOJIYUHEHHAS] YPABHEHUIO % = pi(7), tme dyukiuu p;(r) > 0 cyTh HO-
BbI€, JIONIOJIHUTENIbHBIE yrpasienns, ¢ = 1,2,3. Ha orpeske [0, 1] BBOsSAT-
cst dazosbie nepemenssie 1;(7) = z(t;(7)), yi(7) = x(t;(7)) u yupasienune
v (1) = u(t;(7)). Takum 06pa3oM, epeMeHHbIE UCXOAHON 3a1a49u “Da3MHO-
2KAroTcs” IyTeM UX CYXKEHHUsI Ha OTPE3KM A; U 3alIUCHIBAIOTCI KaK (DyHKIII
OT HOBOI'O BPEMEHH.

Bumecro dazosoro orpannvenust y2(7) > 0 paccMarpuBaercs mapa u3
KOHIIEBOT'O U CMENMIAHHOI'O OT'PaHUYEHUIT yg(O) >0, g(ra, yo, ’UQ) = 0. B urore
UPUXOJMM K CJIEIyIONeil 3aade Ha orpe3ke Bpemenu 7 € [0, 1]:

% =pif(ri,yi,vi), r1(1)—7r2(0) =0, ra(1)—1r3(0) =0,
Cj;f = pig(ri,Yi,vi),  y1(1) —y2(0) =0, ya2(1) —y3(0) =0,
B: dt;
7 = Pi t1(0) = t1(1) — t2(0) = t2(1) — t5(0) = t3(1) = T' =0,
9(r2,y2,v2) =0,  @s(v1(7)) <0, @s(vs(1)) <0,
Jpg = J(r1(0),7r3(1),y1(0),y3(1)) — min.

OrmernM, 9TO 371€Ch Yo BAPbUPYETCs JIUIIb Kak KoHcTtanTa. s 3amaqau B
dOPMYJIUPYIOTCST YCJIOBUSI CTAIIMOHAPHOCTH, KOTOPbBIE IEPENUCHIBAIOTCS B
TepMHUHAX UCXOJIHOI 3aja4un A ¢ ydJacTmeM HEKOTOPOH MephI, COCPEeI0TO-
JeHHOI Ha As, YTO COOTBETCTBYET IIEPBOMY 3Tally BapbUPOBaHUsI. 3HAKO-
OIIPE/ICJIEHHOCTDh IJIOTHOCTU U CKAYKOB 3TOIl Mepbl IOJIy4YaeTcd Ha BTOPOM
STalle ¢ MOMOIILIO BAPUAIINIL, COCPETOTOUYeHHBIX Ha Ag. JI1s 9T0TO yeTanas-
JIMBaeTCsd CIPaBeJJINBOCTb COOTHOIIEHUIT

T @) B(T) + S W) TO) = 3 M)z + [ pmdrzo. ()
i=1,2 Az

re Tpoiika W(t) = (2(t),Z(t),u(t)) ynosnersopsier na [0, 7] cucreme ypas-

HeHuit B Bapuanusx z = f.wW, T = ¢/, W Buonb uponecca w’(t), u moxa-

3bIBAETCsI, YTO HepaBeHCTBO (1) cupasemmBo st 000i 3atanHOl Ha Ay

smmunesoit dyukmun T(t) = () > 0. C nomommpio Bapuanuit Z(t), co-

CPeJIOTOYEHHBIX BHYTPH OTpe3ka As M B OKPECTHOCTSX ero KOHTOB 19, t9,
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IPOU3BOJUTCS BTOPOH 3Tall BAPHUPOBAHUS, B PE3YJILTATE KOTOPOrO JOKa-
3BIBAETCS HEOTPULATEIBHOCTD IIOTHOCTU Mepbl [t > 0 U CKAYKOB MEpPHI
Ap(t9 5) > 0 coorsercrseno.

Tem cambIM, ITyTeM TAKOTO “/IBYXITAITHOTO BAPHUPOBAHUST MOy YCHA TTOJI-
Has CHCTeMa YCJIOBHil cTarmoHapHocTh B (popme Jlybosurikoro-Mutoruma,
T.e. TIOKA3aHO [4], 9TO It JAHHOTO JOMYCTUMOIO IPOIEcca HANIyTCs JIUI-
mmnesa Gyukius ¥, (t), KoncranTa ¢, GyHKIMNA 1;95 (t), p(t), mummunesbie
Ha oTpeskax A;, i = 1,2, 3, ¢ BOBMOXKHBIME Pa3pPhIBAMU B TOUKAX 1y, t9, 1 13-
MepuMas orpanudentas ¢yukuus h(t) > 0, nopoxJaionye paciMpeHHy0
dbyukrmo Honrpsaruna H = v, f(z, , u)—Hng(z, x, u)+ 1 —he(u), Tak 9To
IIPH 5TOM BBIIOJTHEHbI YCJIOBHS AonosHsomeit Heskectroetn dpu(t)xC () = 0,
h(t)p(u®(t)) = 0, conpszKennbIe ypaBHEHNUST

1/)2 - wzf (Z :C y U )71’5939;(2073907“0);
{;z = 711)2]0;;(207990’“0) - {Exg;/c(zovxoauo) = f1,

YCJIOBHS TPAHCBEPCAJILHOCTU
{%(0) =T V(T) =T ),
Ve(0) = Tp0ys ¥alT) = =Ty,

crarmonaprocTu 1o yupasnernuto H. (20(t), 2°(t), u’(t)) = 0, zaxon coxpa-
nernst sueprum H (20(¢), 2°(¢),u°(t)) = ¢, ycroBus ckauka COMpsKEHHOM
epeMeHHON —A{/Ix (t9) = Ap(t?) =0, i = 1,2, u ycj0BUSA HEOTPUIATETHHO-
¢ty WIoTHOCTH MepHI fi(t) > 0 nouru Beiogy Ha As.

Eciu TpaekTopus cranuoHapHa, HO HE JOCTABJIACT PACIIUPEHHDINH CJia-
ObIit MEHIMYM, TO CONIPSAKEHHAS IEPEMEHHAS MOYKET UMETh OTPHIATEIbHbIE
ckauku. B pabore [4] upuBomuTcs upumep 3agadu

€\ 4 3e 9 9 )
= . - — — < =
(1 2)u +(2 1>u, U 1<0, z=u,
J=2(0)—2(3) + e(x(0) + (3)) = min, x>0,

B KOTOpOit 171t TpaekToprn ¥ = (1 —¢,0,¢ — 2) ma Ay = [0,1], Ay = [1,2],
Az = [2,3], mopoxaennoit ympasaermem u’ = (—1,0,1) ma Ay, Ag, As,
CONPsI’KEHHAasI IlepeMeHHas nMeeT cKadku —e < () B Toukax 1, 2.

IlosryuennbIe pe3ysIpTaThI IEPEHOCATCS U Ha Ooslee OOIIYIO 3aady

{ y=f(y,u), Jo:=J(y(0),y(T))— min,
p(u(t)) <0, @(y(t)) =0,
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B KOTOPOIi CKaJjisipHOe (ha30oBOe OrpaHUIEHNE OTHOCUTCS KO BCEHl COBOKYII-
HocTH (ha30BBIX IepeMeHHBIX [4], a Tak:ke Ha 3aJady ¢ TEPMHUHAJIbHBIMU
OrpaHUYEHUSIMUA TUIIA PABEHCTBA U HEPABEHCTBA.
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Let D be a fixed convex compact set in RP and n(z) be a norm on RP.
We use the following notation: = Rr \ D,

R(x,D) = — D) =mi —
(x, D) gleagn(x Y), p(x, D) Zrélgn(x Y),

P(an) = p(an) 7/)(:5)9)'

Many problems of estimating and approximating a convex compact set D
by balls have the form [1-3]

f(z) = F(R(z, D), P(z,D)) — 1’n€1§1 (1)
The solutions of some problems (1) can be obtained by solving the following
problem:

o(x,7r) = h(D, Bn(z,r)) — ;Iel]iRI}), (2)
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where
Bn(z,r) ={y € RP: n(x —y) <r},

h(A, B) = max{ilelg é&fg n(a —b), Elelg alIElg’l’L(a - b)}

Notation: Cy = Argmingegs f(x), Cy(r) = Argmingerr p(, 7).

Theorem. Let S=RP or S = D, the function F(t1,t2) be nondecreas-
ing with respect to each variable and be increasing with respect to at least
one of them. If a* € Cy then a* € Cy(r) for r = (R(z, D) — P(z, D))/2.

We find the ranges of r for which the solutions of problem (2) give the
solutions of the following problems:

e outer and inner estimation of the set D by a ball (F(t1,t2) = ¢1 and
F(t17t2) = t27 S = Rp)?

e uniform estimation of the set D by balls in the Hausdorff metric [3]
(F(t1,t2) = t1 +t2, S = RP);

e estimation of the boundary of the set D by spherical layer of the least
width and volume (F'(t1,t2) = t1+t2 and F(t1,t2) = t§ —|t2|?, S = D);

e asphericity of the set D [4] (F(t1,t2) = —t1/t2, S = D).

Solution properties of problem (2) were obtained in [5, 6] (necessary and
sufficient conditions for the solution, conditions for the solution uniqueness
and stability, variational properties).
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PaccMaTpuBalorcs HeMHeHHBIE YITPABIIsieMble CUCTEMbI, KOTOPBIE JTUHET-
HBI 110 yIIPaBJICHUIO,

g=fo)+ fily)y, yeMCR’ wueR (1)

Bnece M — obsacts, fo, f1 — TiiajKue BEKTOPHBIE M0JIsi, KOTOPbIE JIUHEITHO
HE3aBUCUMBI B KayKI0# Touke y € M.
Cucrema (1) SKBUBAJIEHTHA CHCTEME

i = go(x) + g1(x)v, reLCR? weR, (2)

ecJi cyniecTByer Takoit quddeomopdusm (3amena koopaunar) : M — L,
9T0, KaK TOJIBKO Y (t) — dasosas rpaekropus cucremsl (1), x(t) = ¥(y(t)) —
dazoBas Tpaexropus cucrembl (2), u Ha060POT, KaK TOJIBKO Z(t) — dazo-
Bast TpaekTopusi cucrembl (2), y(t) = ¢ ~1(x(t)) — dazosas Tpaekropus
cucremsl (1). Herpyasao yGenuThbest B TOM, uTo (110 KpaiiHel Mepe JIOKaIb-
HO) Takoil 3aMene (Gha30BbIX [IEPEMEHHBIX COILYTCTBYET 3aMEHA YIPaBJICHUN
Buza v = Ao(y) + A(y)u.

CyIecTBeHHbIE CBONCTBA YIPABISIEMBIX CHCTEM, TAKHE KAK ONTHMAJIb-
HOCTh DEINEHUil, YIPABJISIEMOCTh, COXPAHAIOTCS IIPU II€PEXOJe K SKBUBA-
JIHTHOH cucreme. ECTeCTBEHHO TONBITATHCS PEIIUTD Ty WA UHYIO 389y
VIIPABJICHUS JJIF YKBUBAJECHTHONU CHCTEMbI 60Jiee IIPOCTOrO BUJA, a 3aTeM
“meperecTr’”’ TOIYyIEHHOE PEITeHNe Ha UCXOIHYIO cucTeMy. [loaToMy BakKHOIT
SABJISIETCA 3aJ1a98, KJIACCU(MDUKAIINN, KOTOPAas 3aKJIIOYAETCA B CJIELyTOMEeM.
ITpuBeeHHOE MOHATHE IKBUBAJEHTHOCTH OIPEIE/ISET OTHOIIEHUE SKBUBA-
JIEHTHOCTH Ha coBOKyIHOCTH cucreM (1). Sagaua kraccndukanum 3aKI0da-
eTCsl B OIIMCAHNU KJIACCOB 9KBUBAJIEHTHOCTHU. B IIMTUPOKOM CMBIC/IE OHA BKJIIO-
JaeT B cebst, HAIPUMED, CJIETYIONIHE MO/ I3a,Ia91: HAXO0XKIEHNE KPUTEPUEB IK-
BUBAJIEHTHOCTH JIBYX CHUCTEM; MOCTpoeHue auddeoMopdu3MOB, OCYIIECTB-
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JISTIOIUX 9KBUBAJEHTHOCTD; IOCTPOEHNE KAHOHUIECKUX (POPM, T.€. TIPeJCTa-
BUTEJIEHl KJIACCOB SKBUBAJEHTHOCTHU (110 BO3MOXKHOCTH HambOJIee IPOCTOrO
BUJIA).

B [1] mpuBenena HekoTOpas KiaaccupUKATNA PACCMATPABAEMBIX CHCTEM,
COrJIacHO KOTOpO#i cucreMa (1) (Ipu Olpele/IeHHbIX YCAOBUAX DEryJsisipHO-
CTH) JIOKAJIHHO SKBUBAJEHTHA OJHON U3 CHCTEM

=0, &l =0, =1, (z!'=2?
2 =1, % =23, 2 =3, i? = a3, (3)
x3:v, acgzv, acgzv, x3=v,

i3 = H(z)v,

rie H(z) — mexoropas dbynxmus, npuaem OH [0zt # 0. Cucremsr (3), (4)
[IOTIAPHO HE SKBUBAJEHTHDI, 9TO OIPE/IEISIETCS HEKOTOPHIM KOHEIHBIM UUC-
JIOM TIeJIOYUC/IeHHBIX uHBapuanToB. OzHako cpeau cucreMm Buja (4) upu
Pa3JIMYHBIX KOHKPETHBIX (bYHKIUsIX H CyIeCTBYIOT SKBUBAJIEHTHBIE 1 HEIK-
BUBAJICHTHBIE CUCTEMBI (T.€. 9TMX MHBAPUAHTOB HE XBATAET JJIsl IIOJIHOMN
kinaccuduraiun). [IpobieMa SKBUBAJIEHTHOCTH CUCTEM C Pa3HBIMU (DYHK-
uamMu H cBOIUTCS K BOIIPOCY O COBMECTHOCTH HEKOTOPBIX cucTeM Judde-
PEHINAIBHBIX YPABHEHUIT, KOTOPbIE OTHOCATCS K TUITy CUCTEM YPaBHEHUN B
JACTHBIX [IPOU3BO/HBIX C OJIMHAKOBOM IIABHOM YacThio [2; 3, ¢. 155]. TIpu nc-

CJIEJIOBAHUU COBMECTHOCTH TAKHMX CHCTEM BBIJEJISETCS KJIACC YIIPABJISIEMBIX
CUCTEM, KOTOPBIN XapaKTepu3yeTcss HEKOTOPBIMU BEIIECTBEHHBIMUA WHBAaPU-
anramu. CucreMbl, 00pa3yIoIe TOT KJACC, Ha3bIBAOTCA C-CHCTEMaMHU.
Ompenensioress onn cieayonmm obpazom. Beegem nBa nuddepeHimainb-

HBIX OI [epa I Opa

1 1
I(H) = ——|(2H, - —(zH. H HH .
=T < o g, (Hes My & “)>
DyHKIMY, Oy YAIONECs B PE3y/IbTaTe ACHCTBUS ONEPATOPOB, 0603HATHM
yepes [ (H)(z,y,2) u I2(H)(z,y,z). Yupasiasemas cucreMa Buna (4) Ha-

sbIBaeTcst C-CHCTEMOH, ecin

I(H)(x,y, z) = const, I,(H)(z,y, z) = const.

I (H)
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Kiracent skBuBasenTaHocT C-CHCTEM OIPEJIEIIEHBI CIIELYIONUM 00Pa30M:
kaxkoit mape uucen (Cq,Cs) npu Cy > 0 COOTBETCTBYIOT /IBa KJIACCA IKBH-
BasieHTHBIX ynpasagembx C-cucrem. B knace (C1, Co)™ Bxopar C-cucrempr
Buga (4), rme dyukuusa H ymosierBopsier cucreme auddepeHiuaabHbIX
YPaBHEHUI

L(H ER) :Ca
{1( )(@,y,2) = C1 Cy >0,

IQ(H)(J?,y,Z) = iCQa

u ycaosuto H, > 0, a B kiacc (C1,C3)” Bxonar C-cucrembl Buja (4), rue
dyukus H ymoBireTBopseT TOit ke cucreMe qudhepeHnuaabHbIX ypaBHe-
vuit u ycaosuro H, < 0. Hga C-cucrem umcia C7 u Cy SABJISIIOTCS WHBA-
puantamu. Knacewt (C1,Co)t u (C1,Co)” npu C; # 0 u Cy # 0 mycTsl.
IIpusegeM HeKOTOpDBIE KAHOHUYECKHEe (POPMBI /Il OCTAJIbHBLIX KJIACCOB:

=144 zu,
g =,
nna kmacca (Cp,0)", Oy > 0;
PR g 2L
2 2
=14 zu,
y=u,
c nna kmacca (0,Co)T, Oy > 0;
s — =2
z = <x+ 5 z>u
=14 zu,
y=u,
c qutst kimacea (0,C2)7,  Ca = 0;
z = (—x—l—%z)u
T =14 zu,
=,
Y nis kacca (Cp,0)", Oy < 0;
5= ( o VG 2)
4
=144 zu,
y=u,
s kmacca (C1,0)”, Chp < 0.
- ( o=, VO 2)
z=|—e + Tz U
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IIpuBeieHHbIE PE3YABTATHI IO KJIACCH(MDUKAIINN CBSI3aHBI C CYIIIECTBOBAHU-
eM HeKOTOPbIX rpymi cummerpuit cucrem (1). duddeomopdusm p: M — M
Ha3bIBaeTCs cuMMeTpueii cucrembl (1), ecm on nepeBoauT (Hha3oBbIE TPACK-
Topu B (ha3oBbie TPACKTOPUH. BeKTOpHBIE 110J14 £, TIOPOK AAIOIIHe (JIOKAJIb-
HblE) CUMMETDHH, YJOBJIETBOPSIOT yCIOBHIO

i, &l =viy)fr,  §=0,1,

rae v;(y) — HeKoTOpble (QYHKINH, & KBAIPATHbIE CKOOKH 0603HAYAIOT KOM-
MyTaTOp BEKTOPHBIX moJjieii. COBOKYITHOCTh BEKTOPHBIX IIOJIEH, YIOBJIETBO-
PSIOIIIX STOMY yCJIOBUIO, 0bpa3yer ajaredopy Jlu.

OxkasbiBaercs, 4To Jyist cucreM (3) ara anrebpa GeckoHeunomepua. s
cucreM (4) anrebpa KOHEYHOMEPHA, [IPUYEM €e PAa3MEPHOCTb He BBIIIE 3.
Hnsa C-cucreM 3Ta pa3sMepHOCTb paBHA 3.
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NONLOCAL STABILIZATION OF A SOLUTION
TO THE HELMHOLTZ SYSTEM BY FEEDBACK CONTROL

Andrei Fursikov

Lomonosov Moscow State University, Moscow, Russia

fursikov@gmail.com

In the 2000s the theory of stabilization for a solution to the Navier—
Stokes system (NSS) near a steady-state solution by feedback control was
constructed by a number of authors (see [1] and the references therein).
In this talk some results connected with non-local stabilization for 3D
Navier—Stokes type systems by feedback control that have been recently
obtained by the author and L.S. Shatina will be discussed. We begin
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with the case when a steady-state solution is equal to zero (and, hence,
the external force on the right-hand side of the NSS is zero as well) and
boundary conditions are periodic. Although in this case in virtue of the
energy estimate the solution v(t,z) of the NSS satisfies |v(t,-)||r, — O
as t — 0 even when the control equals zero, the feedback stabilization
problem is meaningful. The point is that v here is a weak solution and
uniqueness in the class of weak solutions for the 3D NSS is not proved.
But stabilization by feedback control can be applied to the dynamical sys-
tem only, when uniqueness of solutions takes place. In other words, we
should solve a stabilization problem in the class of strong solutions of the
3D NSS, i.e., for solutions v(t,z) € V12 := Ly(Ry; V)N H(R4; V) where
VF = {v(z) € (H¥(T?))*: dive = 0, [, v(z)dz = 0}, H* is the Sobolev
space, and T? is the 3D torus. Recall that existence of a strong solution
of the boundary value problem for the 3D NSS with an arbitrary initial
condition vy € V! has not been proved yet: proving this is just the content
of the millennium problem.

Instead of the 3D NSS that describes the velocity vector field v(t, z) of a
viscous incompressible fluid flow, it will be more convenient for us to con-
sider the 3D Helmholtz system describing its vorticity w(t, z) = curlv(t, z):

N
Ow(t, ) — Aw+ (v, Vw — (w, Vv = > 8(t — tj)u;(z), divw=0, (1)

w(t, x)|t=0 = wo(x), (2)

where § is Dirac d-function, t; > 0, uj(z) € VO, and suppu; C U C T3
where U does not depend on j. Since the operator curl: V¥ — V<=1
k € N, realizes an isomorphism of the function spaces, the velocity vector
field v in (1) is uniquely defined by w. Moreover, applying the operator
curl ™! to (1), (2), we can rewrite this problem in terms of the NSS.

The stabilization problem we study here is formulated as follows:

Given wy € VY and U C T3, find t; > 0, uj(z) € VO, suppu; C U, and
N € N such that the solution w(t,z) of (1), (2) satisfies the inequality

llao(t, ) lvo < e(llwollvo)e™ (3)

(here and everywhere below || - || = || - ||vo)-
Observe that the nonlinear term in equation (1) can be written as follows:

(Uv V)w - (wv V)’U = @(w)w + BT (w)a (4)
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_ f’]r3 (w(x)a V) curl ™! W(-ﬁ) . w(x) dx

() Te@F dr

for w # 0, ®(0) =0, (5)
and B, (w) satisfies
/Tg Br(w(z) - w(z)dz =0  YweV (6)

First we delete the term B, in (1) and consider the so called Normal
Parabolic System (NPS):

Ow(t,z) — Aw — d(w)w = 0, divw = 0. (7)
For the solution w(t, z; wo) of the NPS (7), (2) the following explicit formula

is true (see [2]):
_ S(t, z;wo)
1- fot ®(S(r, z;w0)) dr’

w(ta Z; WO)

(8)

where S(t, x;wp) is the solution of the following 3D Stokes system:
OS(t,x) — AS =0, S(t, 2)|t=0 = wo(x), divwg = 0. (9)

Formula (8) allows to get a lot of important information on the NPS (7), (2).
In particular we can study the structure the corresponding dynamical sys-
tem in the phase space VY.

Let M_ := {wp € V°: solution w(t,x;wp) of (7), (2) satisfies (3)}.

Proposition 1 [2]. For each wy € VO \ M_ there exists 0 < tg < oo
such that the solution of (7), (2) satisfies ||w(t,;wo)|| = o0 as ¢ T to.

Let us consider the stabilization problem for the solution of the NPS by
the start control: Given U C T? and wy € V?, find a start control u C V'
suppu C U, such that the solution of the NPS (7) with the initial condition

w(t, x)|t=0 = wo(z) + u(x) (10)

satisfies inequality (3).

Note that by the definition of M_ and Proposition 1, the stabilization
problem (7), (10) is meaningful only if wy C VO \ M_. Besides, it is easy to
see that the problem with an arbitrary set U can be reduced to the special
case

U=U,={z = (v1,22,23) € T: z; € [-7/b,n/b], j=1,2,3}, (11)
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where b € T2 is big enough. The key step in the solution of the stabilization
problem (7), (10) is the following

Theorem 1 [3]. For each b € N there exists ug € V': suppug C Uy,
lluollvo =1, and B > 0 such that

/ O(S(t, z;u0) do > 2318 vt > 0. (12)
T3

In fact, ug is defined by an explicit formula. Let K, € V° be the cone
with the top at the origin such that [ug — v|yo = r Vv € K, N ¥ where
Y={ve V% |||y =1}

Proposition 2. 1. There exists v > 0 such that for each v € K,
/ O(S(t,x;v)de > Be 18 V>0, (13)
T3

where B is the magnitude from (12).

2. K:=—-K,CM_.

Theorem 2. For each wy € VO \ M_ there exists X > 0 such that
wo — Aug € K C M_. Hence, the control u = —\ug stabilizes the solution

of problem (7), (10). Moreover, the solution of (7), (10) with wo + u =
wo — Aug = v satisfies the inequality

lolet
4 2ol = et

[w(t, s v) < (14)

Let move on to the stabilization problem for the Helmholtz system (1).
Recall that the term 6(¢t — ¢;)u; () is equivalent to the “initial condition”
w(t,z)|i=t, = w(ty,x) + uj(z). We take t; = 0, uy = wo — Aup and begin
to solve (1). Then in virtue of (6) the solution w(t, ) will satisfy inequal-
ity (14) while it belongs to the interior of K. We take the moment when
it reaches 0K as ty. We choose ua(z) such that w(ts,-) + ug belongs to
the interior of K and is “close enough” to the line {uug, p € R_} and
llw(ta, <) + ue|| < |lw(te,-)|]. We continue the process in the same way to
find (t;,u5), j = 3,4,....

Theorem 3. It is possible to choose (tj,u;), j =1,...,N < oo, as
explained above with u; € V' and suppu; lying in (11), such that the control
on the right-hand side of (1) stabilizes the solution of problem (1), (2), i.e.,
satisfies inequality (3).
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PaccMorpuMm mpocreiinnyio 3a1ady BapHAIIMOHHOTO MUCYUCJIEHUS C KBa/I-
paTUYHBIM (DYHKIHOHAIOM

t1
J(x) = / (Ad? +2Cix+Ba®)dt — min;  z(ty) = xo, x(t1) = x1, (P)

to

rie A(-),C(+) € C([to, t1]), B(:) € C([to,t1]). Umeem

tl . .
J'(z)[h] = 2/ (Aih + Cxh + Cih + Bxh)dt,

to
tl . .
T (@), h] = JTh, h] = 2 / (AR2 4 2Chh + BR2) dt.
to
g kBagpaTuaHOro GyHKIMOHAIA YpaBHEHNE Diljepa
d

dt(A:tJrC:c)JrC’cher:O
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coenaiaer ¢ ypasaennem Akobu. [locite nuddepenimposanust o t ypasHe-
Hue Ditiepa—dKoOU IepenuchbBaeTCs B CIEAYIOMIEM BHJIE:

Ai + Ai 4 (C — B)x =0, (1)

ITpusenem reopemy s auddepenimanbaoro ypasuenus (1).

Teopema 1. ITycmo s ypasueruu (1) A(t) > 0 das arobozo t € [to, t1] u
ypasnenue umeem pewerue h(-) ¢ epanuurnvimu yerosuamu hty) = h(ty) =
= 0 u ne umeem nyaet 6 unmepsaae (to, t1). Toeda pewenue ypasrenus (1)
¢ epanunnbimu yeaosusmu x(ty) = xo, x(t1) = 1 cywecmeyem mozda u
MoK 0204, K020a BHLINOANAETCA YCAOBUE

A(tl)h(tl)xl = A(to)h(to)xo. (2)
dokazaTesbcTBo. Broimumem onpemennrens BpoHcKoOro s AByX Jin-
HelfHO He3aBUCUMBIX pemteHnit ypasaenns (1) h(-) u x(-):
h(t) x(t) . ;
t) =|; . = h(t)z(t) — h(t)z(t).
w) =[] 50| = r@ito - hterete)
Herpyzmo npoBepuTs, 9T0 OIpeIenTe b BpOHCKOTo yI0BIeTBOpSET InHE-
HOMY OJIHODOJIHOMY ypaBHEHMIO | mopsika
A+ Aw =0 <= Aw = const,

n3 KOTOPOro cjaeayer, 9To
A(to)w(to) = A(tl)w(tl) <~
A(to) (h(to)i(to) — h(to)z(to)) = A(tr) (h(t1)d(t1) — h(t1)z(t1))

— A(ﬁo)h(to)xo = A(tl)h(tl)l‘l.
Ecin uzBecrno pemenue h(-) muddepenimanbaoro ypasaenus (1), To
BTOPOE JINHEIHO HE3aBUCHMOE PEIIeHIe MOYKHO BBITUCATH HEOCPEICTBEHHO:

Aw = const <= A(hi — hx) = —A(to)h(to)zy

hi —hx  A(to)h(to)zo — (E) _ A(to)h(to)wo
h Ah?

12 AR?
= a(t) = fh(t)/t %dwcw).

Ecan nepeittn ¥ npeesny B mocjeHeM paBeHCTBe Tipu t — to u npu t — t1,

To mostyanM x(tg) = o, x(t1) = A(to)h(to)xo/(A(t1)h(t1)). O
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IIpengioxxenune. FEcau 6 xsadpamuunot sadaue (P) dynkuyus h(-) ¢
epanuaromy yeaosuamu h(tg) = h(t1) = 0 ydosaemeopsem ypasreruto
Hxo6u, mo J"[h,h] =2J(h) =0.

Ipenioxkenne T0Ka3bIBACTCS NHTEIPUPOBAHIEM O YacTaAM PyHKIMOHA-
aa J.

Teopema 2. Ilyemv A,C € CY([to,t1]), B € C([to,t1]), 6vmnoaneno
yeunennoe yeaosue Jeotcandpa. Tozda

a) eCAU BHINOAHEHO Ycuaennoe yeaosue dxobu, mo donycmumasn sxcmpe-
MAAL CYWwecmsyem, eQUHCMBENNA U JOCTNABAAET, GOCOMOMMHBLT MUHUMYM;

6) ecau ne eunoanerno ycaogue xobu, mo snavernue 3a0a4U Sabsmin =
= —00;

B) €CAU GBINOAHEHO YCAOBUE STKOOU, HO HE BLINOAHEHO YCUNEHHOE YCAOBUE
Srobu u evinoaneno yeaogue (2), mo donycmumas IKCMpemass Cywecmsy-
em (ux 6ydem dasice GECKOHEUHOE MHONCECTNBO) U 8CE OHU JOCTMABAIIOM
abCONMOMHBLT MUHUMYM;

L) eCAu BuNOAHEHO Yeaosue SKkobu, HO He GLINOAHEHO YCUACHHOE YCAO-
sue rxobu u ne eunoareno yeaosue (2), mo donycmumas IKCMPEeMars He
cyuwecmsyem u 3Haverue 3a0a4U Sapsmin = —00-

HdokasaresbcrBo. IIyHKTH a) u 6) mokasaHsl B [1].

ITyHKT B) JIOKA3BIBAETCS MIEPEXOJIOM K IpeJiesly OT OTpe3Ka [tg,t1 — €] K
oTpesKy [to,t1]. A st orpeska [tg, t1 — €] IPUMEHUM IIYHKT a).

r) BozbMeM MpOM3BOIBHYIO JOMYCTHMYIO (DYHKIMIO T, HATIPAMED JIMHE-
HyI0 QYHKIMIO, TPOXOJIANLYIO depe3 Touknu (to, o) u (t1,r1). Obosnaunm
vyepe3 h pereHne ypasHeHus Skob6u, jgist koroporo h(tg) = h(ty) = 0.
OHo cyIecTByeT, IOCKOJILKY BBIIIOJHEHO yejoBre SIKo6u, HO He BBIIOIHEHO
ycusternoe yeyoue S1ko6u. ITo upemnoxenuto J” [h, h] = 0.

TlockonmbKy /tsT KBQIPATUIHOTO (DYHKITHOHAIIA,

J"'[h,h]=0

JGE+h) = J@) + (@[] + %J”[h, n J@) + 7' (@),

TO

J@+h)—J@) =J@)[h] =2 / ! (AZh + Ch + CFh + Bih) dt =

to
tl . . .
= 2/ ((Ah + Ch)x + CTh 4 BIh)dt =
t

0
t1

t1
:2/ (Ah+Ch)d5c’+2/ (Ch+ Bh)T dt =

to to
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tl . .
= 2(Ah + Ch)%'ﬁ; + 2/ (—%(Ah + Ch)+ Ch + Bh)%’dt =

= 2(A(t1)h(t1)z1 — A(to)h(to)zo) = 2G.

IMocie MHTErpUPOBAHUSA 110 YACTIM UHTEIPAJ PABEH HYJIO, IIOCKOJbKY BbI-
pakeHue B CKOOKaX MOJ 3HAKOM HHTErpaJia 00paINaerTcsd B HyJIb, TAK KAK
dyukIMa h ynoBieTBopsieT ypaBHenuio Dittepa—dkobu. [Ipu nepexone uc-
HOJIB30Ba/IN Takke, 9ro h(ty) = h(to) =0, Z(t1) = x1, T(to) = xo.

CaenoBatenbno, J(T + Ah) = J(Z) + 2AG. Tak kak JomycTuMast KCTpe-
MaJIb He cylecTByet, To 1o TeopeMe 1 G # 0. ITosromy J(Z + Ah) — —o0
npu A — +00 WA —00, T.€. Sabsmin = —00. [

Teopema 2 B KBaJ[PATHYHO-JIMHEHHOM CJIydae COUEPKUTCH B [2].

Crucok aureparypbl

1. Tanees .M., Tuxomupos B.M. Onruvmusanus. Teopus. [Ipumepst. 3amaqan.
M.: YPCC, 2000.

2. T'anees 9.M. Meronpt ontumuzanuu. baky.: U3a-so dua. MI'Y um. M.B. Jlo-
MOHOCOBa B I. Baky, 2016.

ON HAMILTONIANS INDUCED FROM FUCHSIAN SYSTEM
AND THEIR APPLICATIONS

Gia Giorgadze
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Consider a system of linear ordinary differential equations of the form
(21 — B)X = AX, (1)

where X is a complex-valued (n-column) vector function of a complex vari-
able z, dot denotes differentiation with respect to z, A and B are constant
matrices of size n x n, and I = I, is the identity matrix of the same size.
System (1) is called a system in Okubo normal form if the matrix B
is diagonal. Certain physically interesting Schrodinger equations can be
rewritten as Fuchsian systems of Okubo form. It is known that every ac-
cessory parameter free system of differential equations of Okubo normal
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form is rigid and has an integral representation of solutions; therefore, such
systems are used to describe real physical processes (see [1]).
Consider a Schrodinger equation of the form

0¥(t)
—= =H@@)V(t 2
220 = H(yw () )
with time dependent Hamiltonian H(t) = (H;;(t)), 4,5 = 1,..., N, where
Hy =e(t), Hiz =V, Hi3=V3, ..., Hix =V,
Hyy =Vo, H3y = V3, ..., Hy1 = Vy, and H;; = 0 otherwise.

Here ¥(t) = (¥1(t),...,¥n(t)) is a wave function, V;, j = 2,...,n, are
constants, and the time dependent part € has the form e(t) = E; tanh(t/T)
with constant F; and T'.
Theorem 1 [2]. FEquation (2) is reducible to an N-dimensional Fuch-
sian system of Okubo type
d®(z)

(zIy — B) 7 = Ad(z)

with B = diag(i, —i, ..., —1).

Remark 1. Hamiltonians of the above type appear in the theory of
non-adiabatic transition. There are also Hamiltonians of other types which
permit Fuchsian reduction. Reversing the argument used in the proof, one
can obtain Schrédinger realizations for certain systems of Okubo type. In
this way one can construct Schrodinger equations with prescribed qualita-
tive properties of solutions.

In the two-dimensional case (i.e., for N = 2) this result can be general-
ized by permitting Hamiltonians of more general form. Namely, consider a
Schrodinger equation with two-component phase function

Of() _

i = HOf @), (3)
where f(t) = (f1(t), f2(t)) and time dependent Hamiltonian H(t) has the
form

_ (&) V(@)
H“”‘(5a>ea9'
Here

142 at’ /12 dt
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with some monotonically increasing differentiable function y: R — R satis-
fying y(t) — +o0 as t — to0.

Theorem 2. FEquation (3) is reducible to a system of two hypergeomet-
ric equations of the form

2

2(2—1)M+(7—(1+a+5))

dg

with appropriate constants «, B, and 7.

Since a single Fuchsian equation can always be rewritten as a system of
Okubo type, this theorem provides a reduction of equation (3) to a system
of Okubo type. For generalized hypergeometric equations, explicit formulae
for the coefficients of a resulting system of Okubo type are given in following
example.

Example. Consider the Gauss’ hypergeometric equation written as

0+ a1)(d+ ag) — %5(5+51 —1)|u=0,

where § = z-L. Introduce a vector function X(z) by Xi(z) = u(z) and

Xo(z) = (6 —l—zﬁ1 —1)X1(2). Then it can be verified that X (z) satisfies a
system of Okubo type with B = diag(0,1), A = (a;;), where a11 =1 — f31,
a2 =1,a21 = —(a1 =1+ 1)(aa—p1+1), and aze = — (1= 1) — (a1 +2).

Thus Schrédinger equations with potentials as above can be written in
Okubo form with explicitly known coefficient matrices, which enables one
to compute the monodromy and asymptotics of solutions.

Remark 2. Theorem 2 is applicable to a number of physically in-
teresting equations. In particular, taking y(t) = sinh(¢/T), we obtain
e(t) = Egsech(t/T)+ Ey tanh(t/T), V (t) = Vo, where Ey, F1, T, and Vj are
real constants. This Hamiltonian was used for analytic calculation of non-
adiabatic transition probabilities from monodromy of differential equations.
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SATAYA VIIPABJIEHUS KBAIPOKOIITEPOM
TP HAJIMYUUN ITOMEX
(THE PROBLEM OF CONTROLLING THE QUADROCOPTER
IN THE PRESENCE OF INTERF‘ERENCE)*
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PaccmarpuBaercs nBukenue BeKTopa (T, y, 2, 0, ¢) 1pu Bo3uelicTBIN BeK-
TOpa YUPABJISONMX NapaMeTpoB u = (U1, Uz, U3) ¥ BEKTOPA IOMEXU U =
= (v1, v2, v3), HOAUUHSIOIEECS YpaBHeHusM [1, 2|

mi(t) = —ui(t)vr(t) sin0(t), 6(t) = ua(t)va(t),

mij(t) = uy (t)v1(t) cosO(t) sin d(t),  (t) = us(t)vs(t), (1)

mZz(t) = uy(t)v1(t) cos O(t) cos p(t) — myg,
rae t € [0,7T], vi(t) € [04,1], 0 < 0y < 1,4 = 1,2,3, — napamerp nomexu,
usmepuMasi 1o Jlebery dyukimst, uq(t), us(t), us(t) — yupasisiomue napa-
MeTpbl, u3MepuMmsble o Jlebery dyuxmuu, 0 < uy < p1, |u;| < pj, § = 2,3,

roe m, g, 0;, pj — IOJIO2KUTE/IbHbIE KOHCTAHTbI. SaﬂaHbI Ha4vaJIbHOE II0JIO-

serme crcremsr (1): 2(0) = 2o, y(0) = yo, 2(0) = 2o, 0(0) = b, $(0) = o,
#(0) = @0, §(0) =g, 2(0) =20, 6(0)=0o, &(0)=do, (2)

1 koewnoe momoskertme: 2(T) = 0, y(T) = 0, 2(T) = zr, O(T) = 0,
¢(T) =0, #(T)=0, y(T)=0, £T)=0, 6(T)=0, ¢(T)=0, (3)

rae T — KoHeuHbIT HedpUKCUPOBaHHBIH MoMeHT Bpemenu. COOTHOIIEHMSs
(1)—(3) ompenensitor muddepeHImaIbHy0 UIPY yIPABIISIIOMEr0 UIPOKA,
PACIOPSI2KAIOIIErOCs BEIDOPOM yIpaBieHuit u;, ¢ = 0, 1, 2, Ipu HAIUYINN BEK-
Topa 1oMexu v = (v1, Vg, v3) [2, 3]. Llesbo yrpasisomero urpoka sBJseTcst
npuBeeHne hazoBOTO BEKTOPA CUCTEMBI B £-OKPECTHOCTH KOHETHOIO MOJIO-
skenus (3) mpu JioGoit gonycrumoit momexe. JIjis TOCTHXKEHUsT CBOEH 1esm

*Pabora BbionneHa npu duHancoBoii nomaepkke PH® (mpoekr 14-11-539).
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YIIPaBJISIIOMAI UI'POK pacnosaraer nHbopMmanueit 06 ypasHeHusx urpst (1),
KPaeBbIX yCaoBusxX (2), (3) u B KaxKIblii MOMEHT BpeMeHU ¢ uHMOpMAaIme
o dynkusx z(s), y(s), z(s), 6(s), ¢(s), s € [0,t], u UX NIPOU3BOIHBIX.
3a/1a9a TepMUHAJIBLHOTO YIIPABJICHUS IIPU HAJUYUHN TOMEXH COCTOMT B Ha-
XOXKIEHNN [Jis KpaeBbIxX yciaosuil (2), (3) mapamerpos T, p;, 0, j = 1,2, 3,
£ > 0, 1y1si KOTOPBIX CyIllecTByer yupasienue u = (ug, Uz, u3) B Kacce I10-
3UIMOHHBIX yUpasieHuii [2], nepesosiiiee cucremy (1) us mosoxkenust (2) B
{-0KpPeCTHOCTh KOHETHOT'O 10J103KeHus (3) 3a Bpems T’ 11pu JItoGO# J0MyCTH-
MOI pean3aluy MOMEXH, W IIOCTPOCHUH TAKOTO YIIPABICHHAA U.
PaccMOTpPEM BCHOMOTATEIBHYIO YIIPABIAECMYIO CHCTEMY

mn (1) = —aq (t) sinwy(t), wWa(t) = asa(t),
ma(t) = aq(t) coswa(t) sinws(t), ws(t) = as(t), (4)

mas(t) = aq(t) coswa(t) cosws(t) —myg,

rew; € RYi=1,...,5 t€[0,T], ai, aa, a3 — yIpap/siiomiue apaMeTpsl,
usmepumble 1o Jlebery dyukmuu t, 0 < a1 < proy, |ag] < pioi, @ = 2,3,
IJie MOJIOXKUTEJIbHBIe KOHCTAHTEL 05, pj, J = 1,2, 3, oupejenensr panee. Ilo-
TOXIM W = (W1, W1, ..., ws,Ws), w(0) = (w1(0),w1(0),...,ws(0),1w5(0)) =
= (xov %0, Yo, y(o)’ 20, 20, 907 00; ¢)0a ¢0)7 ’(U(T) = (wl(T)v wl(T)v sy wS(T)v
ws(T)) = (0,0,0,0,27,0,0,0,0,0). Beibepem a1, oz, a3 B CileyromieM Bu-
ne [1]:

r1 +mg
cos oy, (wyg) cos oy, (ws)’

Qg = —0g, (11}4 + o, (’UJ4 + wq +
.u L
+ 0g,4 (211)4+U)4 - ? +054(3w4+w4 - = —)))),
—0, (w5 + 0, (w5 + ws +

+073<2w5+w5+?2+074<3w5+w5+?2+?2)))),

TJe 1 = —Qy W3 — Az, (W3 — 27), Gz, Gzy — TOJOKUTENbHBIE KOHCTAHTHI,

—n, ecm 5 < =1,
on(§) =4 &  ecmm —n <<,
7, eciu & > 7).
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Jlemma. Ynpasaenusn o, i = 1,2,3, eapanmupyrom npusederue gaso-
6020 eexmopa cucmemuv, (4) 6 oxpecmuocmy uyeaesoltt mouku (3) u3 wa-
4aAbH020 NOAOKHCERUA (2), €CAU BUINOAHEHVL CACOYOULUE COOMHOULEHUSA:
pro1 > A2L(0)] + [2/(0) + 2:0))), pa0s > Br, B1/2 > B, a2 > B,
B3/2 > Ba, p3o3 > 71, 71/2 > Y2, ¥2/2 > 3, ¥3/2 > 4, b1 = 1/2.

Bamumenm cucremy (1) B popme ypaBHeHnit, pa3peIeHHBIX OTHOCUTEIBHO
IIPOU3BO/IHBIX:

X1 = X2, mMIe = —uyvssin(by),

Y1 =1y2, mys = uivicos(f1)sin(¢1),

Z1 = 22, MmZa = ujvy cos(fy) cos(¢p1) — my, (5)
6, = 02, Oy = usvs.

b1 = ¢2, b2 = uzvs.

HyCTb n= (151, 2,91, Y2, 21, 22, 01; 927 (72517 (7252); f(tv n, U, ’U) — IpaBad vaCTb
cucrems! ypasuennit (5), u = (uy,ug, u3), V = {v = (v1, va,v3): v; € [04, 1]},
U = {u= (ur,u2,us): u1 € [0,p1], lu;| < pj, j = 2,3}. Ana cucremsr (5)
BBIIIOJIHEHO YCJIOBUE CeJUIOBOM TOUKM B MajeHbKoil urpe [2, 4]. Paccmor-
puM paszbuenne orpeska [0, 7] Ha TOSYUHTEPBANBI [T, Ti4+1), ¢ = 0,1,..., N,
rje JJIg BCEX 4 BBIIOJHEHO YCJIOBHE T;11 — T; < 0 IIpU JOCTATOYHO Ma-
sioM 4. JIJst TIOCTPOEHNsT TIO3UITMOHHOTO YIPABJIEHnsT B UrpoBoit 3amade (1)
BOCTIOJTB3YEMCST METOJIOM YIIPABJIEHHsI CO BCIIOMOTATENLHOM cucTeMoit |2, 4],
rJie B KadecTBe BCIOMOIaTeJbHON cucTeMbl Oy/er BbICTYNAaTh cucTeMa (4).
VYupasienue u B cucreMe (5) BbIGEpeM MOCTOSHHBIM I ¢ € (74, Tit1] 1O
cxXeMe IKCTPEMAIbHOIO MpHIeuBanus [2| u3 ycioBus

max((n(;) — w(n)), f (i, (), u',v)) =

veV
= min Igleavx<(77(ﬂ) —w(n)), f(rs,n(7i), u,v)), (6)

a B yIIpaBJIeHHe IIOMEXU ¥ IOJCTABUM PEAJU30BABIIYIOCS B 9TOT MOMEHT
nomexy. CorsacHo semme 2.8.1 u3 [4, c¢. 103] B MOMEHT mpHXOjia Tpaek-
ropun w(t) (4) B f-oKpecTHOCTh KOHEYHON mosunuu ¢dba3oBbiil BekTOp 7)(t)
cucreMsl (5) okaxkercs B (£4€)-0KPECTHOCTH IeJIEBOM TOUKH, [JIe € — MaJsasi
MOJIOYKUTEbHAS BEJTMINHA.

Teopema. [lpu 6uNOAHEHUYU COOMHOWEHUT HG NAPAMEMPVL NPOUEC-
ca (1), npusedenmvir 6 aemme, CYWECMEYIOM NOZUUUOHHOE YNPABAEHUE
a(t,n(t)) v momenm epemenu T > 0 maxue, wmo npumenenue ynpagae-
HUA U, 8u0parno20 us ycaosus (6), 2apanmupyem npusedenue mpaekmopuu
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cucmemsi (5) us noaoorcenus (2) 6 L-oxpecmmuocms mowky (3) 6 momenm T
npu A1060% donycmumots nomexe.

Ha pucynke mpuBejieHbI pe3yJIbTATHI YHCIEHHOTO PacdeTa TPaeKTOPH
cucrems! (1) jqis kpaesbix yciosuit z(0) = —1, £(0) = —0.3, z(T) = 0,
#(T) = 0, y(0) = 1, §(0) = 02, y(T) = 0, §(T) = 0, (0) = 30, £(0) = 0,
2(T) = 0.5, (T) = 0, 6(0) = 0, 6(0) = 0, 6(T) = 0, 6(T) = 0, $(0) = 0.1,
¢(O) =0.1, ¢(T) = 0, qb(T) = 0, mapamerpos ps = 0.6, p3 = 0.6, £ = 0.1,
p1 =135, 0, =0.82,i=1,2,3, T = 60. [lapameTpbl TOMEXH COOTBETCTBY-
for dyrxmn v;(t) = cos(§;(t)), i = 1,2, 3, [&(¢)] < 0.57.
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MORDUKHOVICH SUBDIFFERENTIAL AND WELL-POSEDNESS
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In the present paper we continue the research started in [1] and [2]. Let
X and P be Banach spaces and h: X x P — RU {400} be a lower semi-
continuous function. Consider the problem

Pr: minimize h(z,p) over z € X

with parameter p € P. The optimal value of P, at p € P is hiye(p) =
infyex h(z,p) and x € X is called a solution of P, at p € P if h(z,p) =
hint(p) € R. A sequence {x} C X is called minimizing for P, at p € P if
limpso0 h(k, p) = hint(p)-

Let Pj, admit at py € P a unique solution xy. Define the function
Appo: P —[0,+00) as

A = inf lim inf — , e P.
hpo (p) {zr} is a minimizinlgnsequence for Py, at p lkn—l>£ ka mOH P

The problem Py, is called approzimately well-posed (AWP) at pg € P if it

admits a unique solution at pg, hiye(p) is finite for p in some neighborhood

of pp and

plig)lo Ah,po (p) =0.
If, in addition, there exists a constant L > 0 such that Ay, , (p) < L|lp—po|
for all p in some neighborhood of pg, then the problem Py, is called Lipschitz
approzimately well-posed (LAWP) at py with constant L.
We elaborate some subdifferential calculus of the optimal value (marginal)
function hine(-) provided that Pp is AWP or LAWP. Then we state some
sufficient conditions for P, to be AWP and LAWP.

Given a function f: X — RU {+oc0} and € > 0, the Fréchet e-subdiffer-
ential of f at zo € dom f :={r € X: f(x) € R} is

oFe f(xo) = {z* € X*: Vnp > 036 >0: Vo € Bs(xo)
(@, = wo) < f(z) = f(0) + (e + M)z — oll},
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where Bs(zo) = {z € X: |z — zo|| < 6}. If ¢ = 0, then ¥ f := 9P f is
called the Fréchet subdifferential.

The Mordukhovich limiting subdifferential O f(zq) at xo € dom f is the
set of * € X* such that there exist e | 0, xp, — zo with f(xr) — f(z0),
and zj — x* weakly star and x} € 0 f(xy,) for all k € N.

We use 0F*¢h(x, p) and 0% h(z, p) to denote respectively the Fréchet e-sub-
differential and the limiting subdifferential of h at (x,p) € domh with re-
spect to the norm ||(z,p)|| = ||z|| + ||p|| in X x P. We denote by 0f*h(z, p)
the Fréchet e-subdifferential of the function A(-,p) at the point . We shall
use OLh(z,p) to denote the set of z* € X* such that there exist g | 0,
(xk,pe) = (xo,po) with h(xzk,pr) — h(z,p), and z; — z* weakly star
and z} € 0 h(xy,px) for all k € N. Similarly we define 857611(30,])) and
OLh(x,p).

A function f: X — RU{+oo} is called lower regular at a point € dom f
(see [3]) whenever L f(z) = 0F f ().

Theorem 1. Let xg € X be a solution of Py at pg € P. Then for all
e>0

{0} x 8" hint(po) C 0"°h(x0,po) C 8% h(xo,po) X D2 h(wo,po)-
If, in addition, Pp is AWP at pg, then
{0} x " hint(po) C 0" h(zo,p0) C OLh(wo, po) X OF h(zo,po).

Theorem 1 correlates with the results of Thibault [5, Proposition 3.1] and
those of Ngai, Luc and Théra [6, Theorem 2.5].

The next theorem provides sufficient conditions for P, to be LAWP (and
consequently AWP).

Theorem 2. Let zg € X, pg € P and A > 0, pu,v € R be such that for
all p in some neighborhood of po and for all x € X
h(z,p) > h(zo,po) + Allz — 2o — pllp — poll,
h(zo,p) < h(zo,po) + 7P — poll-

Then Py, admits a unique solution xog at pg and Py is LAWP at py with
constant L = (u + )/ .
The rest of the paper is devoted to the infimal convolution problem.

The Moreau-type infimal convolution of two functions f,g: X — R U
{+o0} is
(fB9)(p) = inf (f(z) +9(p—2)), peX.
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The infimal convolution problem Py, at a point p € X is the problem Py,
with

ha,p) = f(z) +9(p—=), z,peX.
From now on we assume that functions f and g are lower semicontinuous,
which guarantees lower semicontinuity of h(z,p) = f(z) + g(p — z).

Theorem 3. Let x9 € X be a solution of Psq at po € X. Then for
all e >0
0" (fBg)(po) C (97 f(x0)) N (97g(po — 0))-
If, in addition, Py 4 is AWP at po, then

" (fBg)(po) C (0" f(z0)) N (9"g(po — x0)).

If, in addition, f is continuously differentiable in some neighborhood of xg
or g is continuously differentiable in some neighborhood of py — xg, then
the latter two inclusions are equalities.

Theorem 4. Suppose that xg € X is the solution of Prg alt po € X
and the problem Py g is LAWP at po with constant L. Then for all € >0

(07 f (o)) N (87 g(po — wo)) C OTEEFVE(f 8 g)(po).-

If, in addition, f and g are lower regular at points xo and py — xo respec-
tively, then fH g is lower regular at pg.

Theorem 5. Suppose that x9,20 € X, o, ,vyE€R, a+5>0, f: X —
RU {400} and g: X — R are such that for all x,z € X

f(@) = f(xo) = allz — zol|, (1)

z) — g(z0) = Bllz — 2ol (2)
z) — g(z0) < 7llz — 2. 3)
Then Py4 admits a unique solution xo at po = xo + 20 and Py 4 is LAWP
at po with constant L = (|8| +v)/(a+ B).

If, in addition, f and g are lower reqular at points xo and zy respectively,
then fH g is lower regular at pg.

g

(
g(

Theorems 3-5 improve Theorem 5.5 in [4], Theorems 3.1, 3.2 in [1] and
Theorems 3.1, 4.2 in [2].

67



1.

References

ITvanov G.E., Thibault L. Infimal convolution and optimal time control prob-
lem. I: Fréchet and proximal subdifferentials // Set-Valued Var. Anal. 2017.
DOI:10.1007/s11228-016-0398-z.

ITvanov G.E., Thibault L. Infimal convolution and optimal time control prob-
lem. II: Limiting subdifferential // Set-Valued Var. Anal. 2017. To appear.
Mordukhovich B.S. Approximation Methods in Problems of Optimization and
Control. New York: J. Wiley & Sons, 2005.

. Nam N.M., Cuong D.V. Generalized differentiation and characterizations for

differentiability of infimal convolutions // Set-Valued Var. Anal. 2015. V. 23.
P. 333-353.

Thibault L. On subdifferentials of optimal value functions // STAM J. Control
Optim. 1991. V. 29, N 5. P. 1019-1036.

Van Ngai H., The Luc D., Théra M. Extensions of Fréchet e-subdifferential
calculus and applications // J. Math. Anal. Appl. 2002. V. 268, N 1.
P. 266-290.

[TOCTPOEHUE MHOYKECTBA PA3PEIINMOCTU
B JUO®PEPEHIMAJIBHBIX UT'PAX
C [NPOCTBIMU ABU>KEHNAMU
(CONSTRUCTION OF THE SOLVABILITY SET
FOR DIFFERENTIAL GAMES WITH SIMPLE MOTION)*

JI. B. Kamuesa (L. V. Kamneva),
B. C. ITauko (V. S. Patsko)

Hremumym mamemamury u mexanuxu YpO PAH,
Examepunbype, Poccus

kamneva@imm.uran.ru, patsko@imm.uran.ru

HyCTI) JBU>KEHIE praBHHeMOﬁ CHUCTEMBbI Ha IIJIOCKOCTH OIIMChIBACTCA JIU-

HAMMKO}1 IIPOCTHIX JBuzKeHuit [1]:

T=u+w, weP, ve, tel0,9], ¢>0.

*Pabora BbinmosHena npu dunancopoil mnojguepxkke PODPU (upoekr 15-01-07909)
u nporpammel [Ipesugnyma PAH “Maremarudeckne 3aacu COBPEMEHHOU TEOPHH
yIpaBjeHus’ .
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Brech © € R? — bazoBblii BEKTOP, & M v — YIPABJISIONIIE BO3ICHCTBHS
[IEPBOI0 U BTOPOI'O MI'POKOB, KAXKJI0€ M3 MHOXKECTB P U () — BBITYKJIBIH
3aMKHYTHIIl MHOTOYTOJIbHUK UJIN OTPE30K. JlJIst 33/ TaHHOINO0 MHOT'OYTOJIbHUKA,
M C R? mepBblit HTPOK CTPEMUTCS TAPAHTUPOBATH BKiodenne x(9) € M
upu HadasbHoM yestoBuu x(0) = g, BTOPOil UIPOK — BBIIIOJHEHHE YCJIOBHsI

DopMUpOBaHUE TO3UIMOHHON CTPATerny KayKJOTO W3 UIPOKOB MOXKET
CTPOHTHCA Ha OCHOBE TOIMHOKeCTBa mpocTpancTsa urph [0, 9] x R?, B koTo-
POM 3TOT WI'POK CIIOCODEH Y/IEPKHUBATH TPAEKTOPHUIO CUCTEMBI TIPH JTFOOBIX
JIEWCTBUSX MPOTUBHUKA. TaKne MHOXKECTBa HA3BIBAIOTCA U- U U-CMAOUAL-
HOLMU MOCTAMUY [2] JJIst TIEPBOrO M BTOPOTO UTPOKOB cooTBeTcTBeHHO. CTa-
OUJIbHBIE MOCTBI OJIM3KHU IO CMBICIY K MHOXKECTBAM yPOBHS (DYHKIH IIEHBI
U MHOYXKECTBAM BBIZKUBAEMOCTH.

Cumposiom Wy 0603HAUNM MAKCUMAJIBHBIN (110 BKIIFOYEHWIO) U-CTAOUIIb-
HbIit Moct, Wo(0) — ero ceuenme mus t = 0. Muoxkecrso Wy(0) Gymem
HA3BIBATH MHOIHCECTNEOM PA3PEWUMOCTU JIJIsT TIepBoro urpoka. CraBurcs
3aia4a pa3paboTKU aJllOPUTMA, COLOCTaBIIsAomero Muoxectsy M = Wy (1)
MHOXKecTBO pazpemmmoct Wy(0) u He Tpebyromero Kakoro-iubo J0moJIHE-
TeJBHOrO pasbuenns npomexyTtka [0,1].

JlJist BBILYKJIOrO TepMUHAIBHOTO MHOXKecTBa M usBectHa [3| saBHas dbop-
MyJIa, onuchiBaomas cedenus Wy (t) MaKCUMAIBHOTO U-CTAOMIBHOIO MOCTA!

Wo(t) = (M + (—(9 —t)P)) = (9 — )Q =: Ty_(M),  te[0,9]. (1)

3/1eCh UCIIOJIB3YIOTCS OLEepanuy AAredPaniecKol CyMMBI i FeOMETPHYECKOMN
pasnoctu (paszHocru Munkosckoro) [4].

ABTOpBI 0606IIAIOT OJJUH U3 BO3MOXKHBIX AJTOPUTMOB IIOCTPOEHHS] MHO-
skectBa Wo(0) mo dopmyne (1) auist Bbimyksoro MHOxkecTBa M Ha coyudai
HEBBIIIYKJIOIO TEPMUHAIBHOrO MHOXKecTBa M. OCHOBHBIE ITAIIBI AJITOPUTMA
COCTOAT B CJIEJLYIOIIEM.

A. Tlycts M — HEBBIIYKJIbII N-yTOJIBHUAK, peOpa KOTOPOTO IepPeHyMepO-
BaHBI OT 1 JI0 N B IOPSIJIKE TOJIOKUTETIHHOT0 00X0/1a TPAHUIIBI MHOYKeCTBa M
T.e. MHOXKECTBO OCTAETCsl CJIeBa IPU 0OXO0Je TPAHUIIBI.

MpuozkecTBy M nocTaBuM B COOTBETCTBHUE YIOD#AIOYEHHBIH HabOp HOJLY-
wrockocreit My = {II;}7 ;. Ilonymnockocrs II; onpenennM Kax MOJIYILIOC-
KOCTb, COJIEPZKAIIYI0 peOpo MHOrOyToJbHUKA M ¢ HOMEPOM ¢, BEKTOP BHEIII-
Hefl HOPMaJIM K KOTODOHl fABJIsAeTcs BHENIHeil HOPMaJsblo K MHOXKecTBy M
B TOYKax i-ro pebpa. Bymem paccmarpuBarh HabOp M MOTyILITOCKOCTEH
KaK IUKJIMIeCKUil. 3aMeTnM, 9To Jobas mapa MOCAeT0BATEBHBIX TOJIY-

69



I0cKocTell B Habope M1 COOTBETCTBYET JInOO BEPIIUHE BBITYKJIOCTH, JTHOO
BEpIIMHE BOTHYTOCTU IPAHUIIBI MHOTOYTOJbHUKA M .

B. IIpasyo gactb pasercTsa (1) Gyzem paccMaTpuBaTh Kak OIpe/eJieHIe
oneparopa 1, meiictByromiero Ha MHokecTBo M 1pu 7 = o — t.

ITycrs 11, — momymiaockocTs B R? ¢ e AMHIYHBIM BEKTOPOM BHEIIIHE HOp-
masm 1) € R?. Torga HermocpeicTBeHHO U3 oIIpe ie/IeHus oneparopa T mMeeM

TT(HW) = HTI - T(U'O(n) + UO(U))7 T > 0)
e
up(n) € Arg umeigw, n), vo(n) € Arg r&a5<<v, n)-

st mpomsBostbHOi mostymockoct 11 C R? MHOMXKeCTBO
{(t,x): t €10,9], x € 0Ty_(I)}

sIBJIsIeTCs IJIOCKUM B ipocTpancTse R3 = {t, x}. Byech cumson d obosnadaer
rpanuiy Muozkectsa. CiemoBaresbno, moboit nosrymiockoeru 11 C R? coor-
BETCTBYeT eJIMHCTBeHHOe TToTypocTpancTso Ty (I1) B mpoctpanctse R?, t-ce-
“YeHre KOToporo i oboro ¢ € [0, 9] coBnanaer ¢ MHOKecTBOM Ty_ ¢ (II).

B. Broimykuibsrit MEOrOyrobHUK M IIpecTaBUM B BUIE
M = ({T,[M]: n € N(M)UN(-P)}, (2)

rae I1,[M] — omoprast K MHOXKeCTBY M IOJIYIUIOCKOCTb ¢ BEKTOPOM BHEIII-
neit Hopmaym 1) € R%; N(M) u N (—P) — MHO)KeCTBa e/UHIHBIX BHEITHIX
HOpMaJIeit K pebpam MHOTOYTOTLHUKOB M 1 — P coorBercTBenHo. Eean P —
orpesok, To N (—P) = N(P) = {v, —v}, rje BekTop v oproronasuen P.

3amernm, 1T0 noaymiockocru 11, [M], coorBeTcTByIONIIIE HOPMAJIAM 1) €
€ N(—P), aBnsmorest necyuecmeerHvmy JJid Tiepecedenns (2), T.e. Mo-
ryT OBITH yJAJeHbl U3 NpaBoit yactu (2) 6e3 M3MeHeHUsl pe3yJbTaTa Iepe-
cedennst. OHAKO TaKue MOJIYIIPOCTPAHCTBA yYACTBYIOT, BOOOIIE TOBOPS, B
[IOCTPOEHUN MaKCUMAJILHOTO U-cTabuiibHOTO MocTa Wy. [losaToMy MBI BKITIO-
YaeM UX B OIMCAHWE MHOTOYTOJbHUKA M.

s Beinykstoro muoroyroibauka M u t € [0, 9] cupaBesyinBo paBeHCTBO
(eM., Hampumep, [5])

Wo(t) = To—o(M) = ({To—+(IL,[M]): n € N(M)UN(=P)}.  (3)

B cityuaae, ecoiu BBINYKJIbIM siBJisgeTcst MHOXKecTBO M/ = R2 \ M, uzmenss
DPOJIH UTPOKOB, IMIPUXONM K CATYAIMH BBIIYKJIOIO TEPMUHAJBHOIO MHOXKE-
crBa u dbopmyite s Wy (t), anamornanoii (3).
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I. B obmeM cilydae yHOpsIOUeHHOMY CICKY My TIOJIYTITIOCKOCTel CO-
OTBETCTBYET YHOPAZOUEHHBIH ciucok mosynpocrpancts L1 = {Ty(IL;) ",
B TPeXMEpHOM IIPOCTPAHCTBE BpeMeHH U (pa30BBIX KOOPIUHAT. Bymem ro-
BODUTBH O BBIIYKJIOCTH I BOIHYTOCTH IIPOM3BOJIBHOI MAPBI IOCIEI0BA-
TEJILHBIX IIOJTyIPOCTPAHCTB B HAabope L1, €C/IH COOTBETCTBYIOMAA Hapa Mo-
JIYIIOCKOCTE m3 MHOXKeCTBa M OTHOCUTCsI K BEpIINHE BBIITYKJIOCTH WA
BOTHYTOCTH MHOTOYTOJIbHUKA M.

Cdopmupyem u3 mabopa L1 PACIIUPEHHBIH HAOOP L1 TOJYIPOCTPAHCTB,
BCTaBJIsIsl MEXKJ1y KaKJI0# BBINYKJION (BOrHYTO) IapOi 1I0CIe0BATEIbHBIX
OJIyIPOCTPAHCTB Ly, Ly, € L BBIIYKJIBIH (BOrHyThIN) HAGODP Ly(L4, Lp) do-
NOAHUTNENDHBLT NOAYNPOCTPAHCING, TIOCTPOCHHBIX HA OCHOBE BHEITHUX HOD-
Mmastelt Kk MHOXKecTBY —P (MHOXKecTBY —(@Q)). JONOJHUTENBHBIE MOJYIIPO-
CTPAHCTBA COOTBETCTBYIOT B OGOOGIIEHHOM CMBICJE CYIIECTBEHHBIM IIOJIY-
mwockocTsam I, [M] u3 npasoii wacru (2) ¢ nopmaismu ) € N (—P).

. s kaxmoro mosynpoctpanctsa L € L] BBIUUC/ISETCS 3HAYEHUE
obparnoro Bpemenu u(L; L1,9) € (0,400] (Bec), yepes KOTOpPOe HOIYIIPO-
CTPaHCTBO L CTAaHOBHTCSA HECYIIECTBEHHBIM OTHOCUTEJILHO €ro coceneil B
crimcke £1. Yaanue u3 cnucka £1 MOJIyIIPOCTPAHCTBA ¢ MUHAMAJILHBIM 3HAa-
YeHHEeM Beca, U MePeCUnTaB BeC TeX MOJIyIIPOCTPAHCTB, Y KOTOPBIX HOSIBIINCH
HOBBIE COCEJH, MOJIydaeM HOBbIA cimcok Lo. IIpofosnkas majiee KOHEIHYIO
PEKyPCUBHYIO 0OpabOTKY CIUCKA TIOJyIPOCTPAHCTB Lo, B UTOTE HAXOIAUM
CIIMCOK TIOJIyIPOCTPAHCTB, CEYE€HUs] KOTOPBIX B MOMEHT ¢ = ( SBJIAIOTCS
CyIIeCTBEHHBIME J1JIst bopMupoBaHust MHOzKecTBa Wy (0).

IIpocunTanHo HECKOJIBKO MILTIOCTPATUBHBIX IPUMEDOB.
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Paccmorpum Ha 3amannoM orpeske spement [0, T'] cieyrolnyio HeiuHeii-
HYyIO yIIpaBJisieMyIo cucreMmy AuddepeHnuaabubiX yPABHEHMI:

I(t) = o = dl(tym(t) — yru(D)I(Dk(t) — pl(t),
E(t) = (B4 O)I(t)m(t) + vau()l(#)k(t) — \k(t),
m(t) = p — BLt)m(t) —vm(t),

1(0) = lo, k(0) = ko, m(0) = mo; lo,mo, ko >0,

(1)

KOTOpasl OIUCHIBAET B3ANMOJIEHCTBIE PA3JIMIHBIX BUJOB KJIETOK YeJIoBede-
CKOT'O OPraHU3Ma [IPY MeJNKaMeHTO3HOH Tepanuu 1copuasa [1]. 3aecs [(t),
k(t), m(t) — dazosbie nepemennsie cucremst (1); lo, ko, Mo — UX HAYAIbHBIE
YCJIOBHSL; 0, p, 0, i, 3, A, V, Y1, Y2 — 38/IaHHBIE TIOJOKATEIbHBIE KOHCTAHTBHI;
u(t) — yupasiienue, NOJUUHAIONIEECS OMPAHUIECHUSIM

0 < umin < u(t) <1 (2)

Hust cucremsr (1) MHOXKeCTBO Jo1ycTUMBIX yipasiernit D(T') o6pasyior
BCEBO3MOKHBIE M3MepuMble 1o Jlebery dyuKImn u(t), KOTOpHIe IPU OYTH
Beex t € [0, 7] y1oBIeTBOPSIOT HepaBeHCTBAM (2).

Baenem obaacTnb

Q={(lmk): 1>0,m>0,k>0,l+m+k<M},

riae M — moJsiokuTeabHas KOHCTAHTA, 3aBUCSINA OT MapaMeTpoB T, O, Y1,
Y2, T cucrembl (1) U ee HaYaJbHBIX ycjaoBuit ly, ko, mg. Torma orpannyen-
HOCTb, IIOJIOKUTEJIbHOCTh U IPOJOJIZKUMOCTD pelienuii cucremsl (1) ycra-
HABJIMBAIOTCH CJIEIYIONIEH JIEMMOIA.

72



JIemma 1. ITycmo cnpasedauso exatonvenue (lo, ko, mo) € Q. Toeda das
06020 donycmumozo ynpasaenui u(t) omsewarowue emy pewenus L(t),
k(t), m(t) cucmemwvi (1) onpedeaenv na ecem ompesxe [0,T] u ydosaemeo-
parom sxatouenwo (1(t), k(t), m(t)) € Q npu scex t € (0,T].

Onupasich Ha pe3ysbTarhl U3 [1|, MBI canTaeM, 9TO B JaibHEHINX pac-
CYKJIGHUSIX BBITIOJHEHBI HEPABEHCTBA Y1 > Y2, A > fi, A > V.

Hast cucrempr (1) Ha MHOXKecTBe JoIycTUMBIX yrpasiaenuit D(T') pac-
CMOTPHUM 38189y MUHUMH3AIMA CJAETyOmero byHKIMoHaIA:

J(u) = K(T) + € / (1 — u(t))k() dt, 3)

rjae & — NOJIOXKUTENbHBIH Becosoil Koaddunuent. Ilo Hamemy MHEHH,
dyukumonan (3), paHee UCHOIB30BAHHBIN B 2], Gosiee HOAXOIUT PACCMAT-
puBaeMoMy 3a60JsieBaHnIO, 1eM byHKIMOHAJ, IPUMEHABIIHCA B [1].
CymecrBoBanune B 3asade (1), (3) onTmManbHOrO yupaBieHUS Uy (t) n
OTBEYAIIIUX €My ONTUMAIBHBIX pemeHuil L. (t), m.(t), k.(t) BeITEKAET U3
gemmbl 1 u [3, . 4, Teopema 4]. Jyisi ux aHAJIW3a Mbl IPUMEHAM I[IPHH-
i MakcumyMa [lonTpsiruna [4]. Torma nyst ynpasiieHust u. (t) 1 orBevaro-
mux emy pereHuil Ly (t), mu(t), k.«(t) cymecrByer Takas BeKTOP-(bDYHKIM

¥u(t) = (W1 (1), 95(), ¥5(2)), uro

(i) 14 (t) SABASTETCSH HOTPUBMATBHBIM PEIICHIEM COIPSKEHHOR CHCTEMBI:
i (E) = —un (£ (8) (3205 () — 3103 (1)) +

()05 (8) — (B+ O)5(8) + B3 () + pi (8),
G (1) = —u (DL (O (25 (1) — i () + M3 (0) + 61— wa (1), (4)
G5 (8) = L) (005 () — (B + )3 () + B3 (D) + v (1),
GH(T) =0, ¢3(T) =1, &5(T)=0;

~—  —

(ii) yupasiienue u, () MAKCUMU3UPYET TAMUJILTOHUAH

H(L(t), ki (), ma (8), u, 01 (1), 93 (1), 93 (2))
(H(Z,m7 kyu, 1, 2,93) = (0 — dlm — yrulk — pl)y
+ ((B+ 8)lm + yaulk — M)z + (p — Blm — vm)s — £(1 — u)k)

O IEePEeMEHHON U € [Umin, 1] s nouru Beex t € [0,7], a 3Ha4uUT, OHO
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YAOBJIETBOPAET CJIEAYIONMEMY COOTHOIICHUIO:

1, ecim L(t) > 0,
ue(t) = ¢ Yu € [Umin, 1], ecam L(t) =0, (5)
Umin ecrm L(t) < 0,

ryie bynxnust L(t) = you05 (1) — v1905 (t) 4+ £171(t) saBnserca dynknueit nepe-
KJIFOUeHN, KOTOPast OUCHIBAET C IOMOIIBI0 GopMyIibl (5) TOBeIeHne yIipaB-
JICHUS Uy ().

Tertephb BBE/IEM TOTOKUTETHHYIO KOHCTAHTY o = 5 (871 + 0(71 — 72)) 1
cremytomue OyHKITAN:

a(t) = (a+ 8)m.(t) + us(t) (V1 ks« (t) — 2l (t)) + A,
b(t) = i (t)ku () (mac(t) + (A — ) +
+ (4 0yt (t) (ama () = BL(t) + (A — p)),
c(t) = m () (am2(t) + (A — p)m.(t) — p),
d(t) = m () (a(X = v)m2(t) + A\ = p)ma(t) — p(A = ).
TaksKe, OIPe/ICTIM BCIOMOTATEIbHYIO (Y HKIIIO
G(t) = —ma(t)(BY3(t) — arpi (1)) + (A — w1 (t) +
+ &7 () (1202 (8) — (ama(t) + (A = p)) () — o).

Torya, uctoab3ys ypasaenust cucreM (1) u (4), Mbl moayanm cucreMy jud-
depennnanbubix ypasuenuii s dynkuuit L(t) u G(t):

L(t) = a(t)L(t) + mG(t),
G(t) = =b(t)L(t) — c(t)G(t) + d(t)i (1) +

+ {20 (O 2Ok (1) = 4T 1T Oma () %

X |L()((88 = ay2)2(t) + a(A = V)L (1) + 208)m? (1) - )
= (2O = W) = AA = (L) = 20, (1) + 202 ma (1) +

L () (2(0) — (A= (1) = o) | }.

Usy4aum Bo3MOKHOCTB Obpamnienus (hyHKiuu nepekitodennit L(t) B Hysib
HA WHTEpBaJje, 9TO COOTBETCTBYET BO3MOXKHOMY CYIIECTBOBAHUIO B 3aJ1a-
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we (1), (3) ocoboro pexkuma [5]. Ilpeamonaras, aro L(t) = 0 ma unTepBa-
Jie A, U3 niepBoro ypasHeHust cucteMsl (6) HaxomuM, uro G(t) = 0 upu Beex
t € A. Torna aHams BTOPOro ypaBHEHHUsI 9TOM CUCTEMBI TOKa3bIBAET, YTO Ha
uHTepBase A He0OXOIMMOE YCJIOBUE OIITUMAIBLHOCTU 0cO60ro pexkuma (yciio-
Bue Kejum) He BBIIOJIHEHO. DTO O3HAYAET, YTO ONTUMAJIBHOE YIIPABJIEHHUE
u*(t) SIBJISIETCsT PeJieitHoll yHKIwme. Feim pacecMorpers 3a1a4y MaKCHMU-
samuu dyHKIEoHaa (3), TO, MOBTOPsIsA BCE PACCYXKIEHUSI, Mbl BUIUM, ITO
cucrema (6) U3MEHHUTCsI, HO HE3HAUNTENHHO. VIMEHHO, BO BTOPOM ee ypaBHe-
HUW TI€Pe]T BBIPaXKeHUeM B (DPUTYPHBIX CKOOKax Oy/IeT CTOATH 3HAK MHHYC.
ITosToMy B cilydae BO3MOXKHOTO CyIIECTBEOBAHUS B PACCMATPUBAEMOI 34,14~
ge 0coOOTO PesKUMa COOTBETCTBYIOIIEE HEOOXOMMOE YCJIOBHUE ONITHMAIBHO-
cTu Oy/IeT BBLIIOJIHEHO B ycmiaenHoi ¢popme. Torma, ciemys paccy K IeHusIM
u3 [6], MOXKHO TOBOPUTB O HEGOJIBIIIOM YUCIIE TIEPEKJIIOUEHHH OIITUMAJBHOTO
yIpaBJIeHus Uy (t). DToT dhakT HoATBEPKIASTCS IIPOBEIECHHBIMU IUCIIEHHDI-
MU pacdeTaMu, KOTOPbIe OyyT IPEJICTABIECHBI B HAIIIEM JIOKJIAIE.
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Various topological problems concerned with quadratic mappings be-
tween real vector spaces play an important role in non-linear analysis, op-
timization theory and theory of integrable systems, to name only a few
topics (see, e.g., [1, 3]). In particular, several fruitful ideas and results in
this direction have been presented in a well-known paper of A. Agrachev
and R.V. Gamkrelidze [3], which led to a number of further important
developments partially summarized in the recent papers [1, 4].

In this talk, we present a number of recent results in the spirit of the
approach suggested in [3] that have been obtained using our results on
topological invariants of real polynomial mappings [8, 9]. The leading idea
was to elaborate upon certain known results in the natural and practi-
cally important context of stable quadratic mappings. For our purposes,
it is convenient to use the notion of stability in the sense of singularity
theory, i.e., with respect to the right—left (RL) equivalence in the C'*°-cat-
egory [5]. Along these lines, we discuss topological invariants of two classes
of quadratic mappings: stable quadratic endomorphisms and proper homo-
geneous quadratic mappings with fibres of positive dimension. In the latter
case we assume that the restrictions of such mappings onto the unit sphere
S™~1in the source space R" are stable in the above sense. Our approach
is based on several classical tools of topology and singularity theory [1, 5]
combined with the results of recent papers [4, 9, 11]. The first main result
is concerned with stable quadratic endomorphisms. Recall that in this case
the mapping degree Deg F' is defined and its absolute value (absolute degree)
is an invariant of RL-equivalence.

Theorem 1. The topological degree of a stable quadratic endomor-
phism F of R™ is equal to the topological degree of its homogeneous part.
Moreover, Deg F' vanishes for odd n and does not exceed % for even

dimension n = 2k.

Let now F' = (f1,... fm): R® — R™ be a homogeneous quadratic map-
ping which is non-degenerate, i.e., has an isolated zero at the origin. In this
case, certain topological information can be obtained by considering the
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origin O,, as an isolated singular point of the mapping F. It is well known
and easy to verify that the components of such a mapping form a system
of parameters in the local ring of the origin. In other words, in this case
the origin is an isolated singular point of complete intersection [5]. Thus its
Milnor number at the origin is defined and one can calculate it using the
results of [10].

Theorem 2. The Milnor number of the non-degenerate homogeneous
quadratic mapping F = (f1,...fm): R® — R™, n > m, is equal to
—1 |
im0 (CDPX S
This result has some immediate topological corollaries.

Corollary 1. The mapping F is not stable with respect to RL-equiva-
lence.

Indeed, the value of the Milnor number given above is always greater
than 2n, which according to well-known results of J. Mather is the maximal
possible value of the Milnor number of an RL-stable singularity for these
dimensions. Having in mind applications to the numerical range mapping
of square matrix discussed in the sequel, we present a special case of this
result concerned with mappings into the plane.

Corollary 2. The Milnor number of a homogeneous quadratic mapping
of R™ into the plane is equal to 2n — 1.

Since a homogeneous quadratic mapping is not stable, it is natural to
wonder if its restriction to the unit sphere in the source space can be stable
in some cases. Simple examples show that this is not always so, but it turns
out that generically this is the case.

Proposition 1. For a generic proper homogeneous quadratic mapping,
its restriction Fy to the unit sphere is RL-stable.

In this case, using results of [4, 11, 9] one can obtain an estimate for the
Euler characteristics of the projectivized fibres of F' defined as the fibres
of Fs.

Theorem 3. The absolute value of the Fuler characteristic of projec-

tivized fibres of a stable quadratic mapping F does not exceed %

As a concrete application of our approach, we present some results about
numerical range mappings of complex matrices [6]. Let A be a complex
n x n matrix and Wy : §?"~! — C be its numerical range mapping. This
mapping is a classical object of study in linear algebra. In particular, the
famous Hausdorff-Toeplitz theorem states that its image is convex [6]. It
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is also known that its discriminant consists of m — 1 closed curves inside
the convex domain im W [7]. However, not much seems to be known about
the topology of its fibres. We clarify the latter issue for n = 2 and n = 3.
Namely, the results presented above combined with results from [4, 11] yield
the following conclusions.

Proposition 2. For n =2, any reqular fibre of W4 is diffeomorphic to
the circle and any regular fibre of V' consists of a single point. Any singular
reduced fibre of W4 is homeomorphic to the wedge of two circles.

For n = 3, we can describe the topology of regular fibres.

Proposition 3. For n = 3, the regular fibres of W4 are diffeomorphic
to the three-torus or the unit tangent bundle of the 2-sphere.

For general n, we only have partial results.

Proposition 4. For any n > 2, there exist matrices whose reqular fibres
are diffeomorphic to the torus T™~* or the unit tangent bundle of the (n—2)-
dimensional sphere.

Such examples can be found in [7]. At the same time we have not found
an example of matrix A for which the fibres of W4 have diffeomorphic type
different from the ones given above. This gives certain evidence to the
conjecture a short discussion of which will be given in conclusion.

Conjecture. For an n x n complex matrix A, all reqular fibres of the
numerical range mapping W are diffeomorphic either to T2 or to the
unit tangent bundle of the (n — 3)-dimensional sphere.
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OBOBIIEHHAS 3AJAYA YATIJIBITMHA.
KOHCTPYKTUBHOE OINCAHUE OIITUMAJIBHOTO PEHMIEHUSI
(GENERALIZED CHAPLYGIN’S PROBLEM.
CONSTRUCTIVE DESCRIPTION OF OPTIMAL SOLUTION)

IO. H. Kucenés (Yu. N. Kiselev),
C. H. ABBakywmosB (S. N. Avvakumov)

MI'Y um. M.B. Jlomonocosa, Mockea, Poccus

kiselev@cs.msu.su, asn@cs.msu.su

Nsyuaercs momudukamnus 3agaun JaliblriHa 0 HAKMOOJIBIIEH TIOA T
obaera [4, 5]. B paccmarpuBaemoii 3aj1aue JIByMepHbIH yIIPaBJIsieMbli 00b-
€KT C IPOCTHIM JBHKEHHEM U O0JIACTHIO YIpaBJIeHUS B (POpPME IJIaIKOrO
IJIOCKOTO BBIMTYKJIOTO KOMIIAKTa C BHYTPEHHEH TOUKOit 0 JOJIKEH OIMUCcaTh
3aMKHYTYIO KPUBYIO, OXBATBIBAIOILYIO IJIOCKYIO 00J1aCTh HAUOOJIbIIEH 110~
maau. B HavabHBIN 1 KOHEYHBI MOMEHTHI BpEMEHU HAIIPABJIEHUsI CKOPO-
CTH JIBV2KEHUsI COBIIAJIAIOT U 3aJaHbl. JlJist perennst 3a/1a9u MpUBJIEKAETCS
npuniun mMakcumyma llonTpsiruaa. Onucana mporielypa MOCTPOEHHS OIl-
TUMAJIBHOTO YIPABJIEHUS B MPOTPaMMHON dopme. YKa3aH ONTHUMAJILHBIH
3aKOH ylpaBnjienus B ¢opme cunrTesa (obparTHoii casu). B Teopernueckom
aHaJIU3e UCIOJIb3YeTCs alllapaT OMOPHBIX U JUCTAHIIMOHHBIX dyHKIwmii. O1-
TUMAaJIbHAsT TPAEKTOPHsST MOXKET OBITh IMOJIydeHa W3 IOJIAPHON KpHUBOil 00-
JIACTU YIIPABJIEHUsS C IMTOMOIIBIO ITPOCTEMNINIX JIMHEHHBIX TPeodbpa30BaHuUii:
YMHOXKEHUE Ha IOJIOXKUTEILHOE YHC/I0, IOBOPOT Ha MPAMOM yros u mapali-
JIEJIbHBIN ITepeHoc. BhIoIHeHa cepusl YNCAEHHBIX SKCIIEPUMEHTOB. B Kiac-
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cuveckoii 3amaue Yamsiruaa [4] obnacreio ynpasienust U sIBASETCS KPYT,
st koroporo 0 € int U.
PaccmarpuBaercs nByMepHast 3a/1a4a ONTUMAJIHLHOTO YITPABJICHUS

i=u, xzeR? welU; 0<t<T;
2(0) = &(T) =a € R?,  &(0)/]|&(0)]| = g(c);

u(-)

L] = /O (A", w) dt — max.

— (T 2 2 .
T = (mz) € Re — (1)&30Ba51 IIepeMEeHHa, R — CbaSOBaH IIJIOCKOCTbD;

U = (Zﬁ) € R? — ynpasnenne, u € U — reoMeTpuuecKoe OrpaHHYeHHe
HA YIIPaBJIEHUE;

U e I‘(Rz) — 00J1aCTh yIIPABJIEHUS — IJIOCKUAN TVIAJKWI BBITYKJIBIIT KOM-
nakt, 0 € int U;

a € R? — 3ajaHHOe HaYAIBHOE COCTOAHME YHPABJSEMOrO OOGHEKTa, COB-
najaoiree ¢ KonedbiM cocrosiareM z(1);

T > 0 — nomjiexkamas OIPEIEJICHAIO JJIUTEJIbHOCTD IIPOLECCa YIpaBe-
Hus (OIHOKPATHBIN 00X0/1 3aMKHYTOl TpaekTopuu © = x(t), 0 <t < T);

g(a) = ($5%) — exuHnaHbBLL BeKTOD;

ap € [0,27) — 3aJaHHBIH YroI, XapaKTepu3yoIuii HallpaBieHre Haualb-
HOI (1, K&K MOXKHO [OKa3aTh, KOHEYHOI) CKOPOCTH OOBEKTA;

_ (0 1) % _ (0 -1 CA* — (10).

A= (2,3) — sarpua, 4= (3 ), A+ A = (31):

L[u] — maxcumusupyemblii (byHKIMOHAJI — YIBOEHHAs ILJIOIIAIL 00Ja-
CTH, OrpaHUYeHHOI 3aMKHyTOil Kpusoit = xz(t), 0 < t < T'; ¢ pocToM
BpEMEHHU t JBUKEHUE TOYKU Z(t) MPOUCXOAUT B MOJIOKUTEIHHOM Ha-
npasiieHnn (IPOTUB YaCOBOI CTPEJIKH).

Omnopuas byskius ¢(¢) = maxyey(u, 1)) MHoxkecrBa U u ero aucras-
MOHHAasT (PYHKIIUS UIPAIOT BasKHYIO TEXHUYECKYIO POJIb [IPU PENICHUH 3a-
maun (1). Hpeamonaraercs, aro c(ip) > 0 Vi # 0, rpagment ¢’ (¢) u rec-
cuan ¢’ () oupenesneHbl n HenpepbIBHBI Ipu Beex 1 # 0, rangc”’(¢) = 1
pu 1 # 0.

Hnst pemenns 3amaqm (1) mpuBiekaeTes TPUHIMN MaKCAMyMa [LOHTpsI-
runa [1]. Ilpu usyueHnu KpaeBoii 3a/iaun NpUHIKIA MakcuMmyMa [1-3]

t=d(As+v), zli=o =2xli=r =a, ©(0)/]|2(0)| = q(ao),

=A% (A*x + )
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UCIIOJIB3YEeTCsl TEOPEMa O IpajueHTe OMOPHON (PYHKIUN, BEKTOPHBIH IIePBBIii
uarerpaa A*x — 1 = const.

Baxknast posib oTBOJIUTCS aHAIU3Y JIBYMEPHOW TaMUWJILTOHOBON CHCTe-
MBI [3]

p=AC[D), pho=0"% pp° €R?\ {0} (2)

Pemienue 370l cHCTEMBI JIOIYCKAECT ONPEJIEIEHHOE ONMUCAHUE B AHAJTUTHAYE-
ckoit popme [11]. IIpu sTom ucnosnb3yioTCs 0600IIEHHbIE TOJISIPHBIE KOOD-
JIMHATHI, IOPOXKIAeMbIe ITapoil MHOKeCcTB U 1 U= {q € R?: ¢(q) < 1}. Tlo-
JIPOBHOE UCCIe0BAHIE MFAMUIBTOHOBOI cucTeMbl (2) ¢ raMusibroHuanoM c(p)
cozepxkures B crarbe [11]. B crarbsax [12, 13] noapo6HO nsnaraercs pere-
aue 3aa49u (1) 1 u3yden psaj KOHKPETHBIX IPUMEPOB BbIOOpa MHOKecTBa U,
NPUBEJIECHBI PE3YJIbTAThl YUCICHHBIX IKCIEPUMEHTOB. B cilydae HerJaaKoit
obsactu yupasieaust U (Hamnpumep, U — IPAMOYrOJIbHUK, TPEYTOJbHUK )
onopHasi (PYHKIUST ITOTO MHOXKECTBA MOXKET OBITH CTJIA’KEHA C yIaCTHEM
MaJIoro napamerpa criuaxkupanus [6, 2, 14]. Texuuka upumeneHusi orop-
HBIX (PYHKIUI IPH YMCIEHHOM PEIleHHH M IIOCTPOCHUM TOYHBIX PerleHuil
HEKOTOPBIX 3aJ[a4 OINTUMAJLHOIO YIPABJIECHAS PA3MEPHOCTH N > 2 Olu-
cana B [7-10]. OrmernMm, ato B [14] comepkurcsa ommcanne onbiTa pabo-
THI ¢ ONOPHBIMA (DYHKIUSIMH, PACCMOTPEHBI TIPOLEAYPBI CTIIAKUBAHNS BbI-
MYKJIBIX KOMITAKTOB, IOCTPOEHUS] T€OMETPUIECKONH PA3HOCTH, PACCMOTPEHO
GOJILIIOE KOJIUIECTBO IIPUMEPOB, PEIIeHHE KOTOPBIX COMPOBOXKIACTCS I'eo-
MeTpHryecKuMu wiunocTpanusmu (18 npuMepos, 67 PHCYHKOB); yKa3aHHbBIE
BOIIPOCHI TIPEJICTABJISAIOT METOJANIECKUIT UHTEPEC U TECHO CBI3aHBI C TEMa-
TUKOIt 3TOr0 JOKJIaJIA.
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Paccemorpum mesmmeitHy0 n-MepHYIO 33/1a9y ONTUMAIBLHOTO yIIPABJICHIS

ii:%F(m)—uixi, xi(O)inQ>0, 1=1,...,n, n=2,
JE/ 1-— U, x) dt — max,

0 < Z ) u(-)
= (x1,...,2,)" ERY ={zeR": 2; >0, i=1,...,n}, (1)

u—(ul,...,un)TGU—{UGR": w; =0, i=1,n, Zuigl},
i=1

0<t<T,

re © — BEKTOP IOJIOKUTEIbHBIX (Da30BBIX IIEPEMEHHBIX, U — BEKTOP Iepe-
MEHHBIX yIIPaBJIEHNUs, [IO[MNHEHHBIX T€OMETPUIECKOMY OTPaHUIeHNIo u(t) €
€ U C R", rie obsacth yupasienusi U sIBJISIETCS N-MEPHBIM CHMILJIEKCOM,
[ (10, 20, - - - ,xno)T € R} — HavanbHOE COCTOAHUE YHPABJIAEMOT0 00b-
eKTa, [, ¢ = 1,...,n, — HOJOXKUTEIbHDbIE KOIDMDUIINEHTH aMOPTUIAIINH,
v > 0 — xo3ddunuent auckontupoBanus, I > 0 — 3a7aHHAT JIUTENb-
HOCTBb IIpOIiecca ylpasiieHusi. B nuddepeHIualibHbIX YPaBHEHUSIX YIIPaB-

JsleMoro JpuzkeHns 3agaqan (1) yuacreyer dyukmus F(z) = a7 'xs? ... a5,

*HcenetoBanne BBIOJIHEHO Tpu puHaHCOBOH momnepxkke POPPU (mpoekt 16-31-
00177-mou_a).
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x € R%}, — mpomssozacTeennas dynkius Kobda—/yrmaca, B Koropoit 1mo-
JIOXKUTEJIbHBIE KOI(DDUIINEHTHI 3JIACTUIHOCTH €1, €2, . - . , Ey YAOBIETBOPSIIOT
YCJIOBUIO €1 + ... + &, = 1. Pa30Bble MepeMEHHbIE XapaKTEPUIYIOT YPOB-
HU Pa3BUTHUSI COOTBETCTBYIONIMX CEKTOPOB 3KOHOMHKHM, a (DYHKIIMOHAJI —
UHTErpaJIbHBIA 00beM 1oTpebienus na orpeske sBpemenu [0,7] ¢ yuerom
JIICKOHTHpOBaHus. JJaHHast paboTa IpUMbIKaeT K craThaM |1, 2].

IIpumenenre npuHIUIIa MAaKCUMyMa K 3aja4e (1) mo3Bosisier onucarh BO3-
MOXKHbBIE OCOOBIE PEXKUMBI, CPEIU KOTOPBIX HANOOJIbIINN HHTEPEC IIPEICTAB-
JII€T OCOOBIA JIy4, B/IOJIb KOTOPOI'O BBIIOJIHSIOTCS COOTHOIIEHMS

@_ul:F(x)_MQZ.“:F(QC)_M". (2)

T T2 Tn

Yuanreisast bopmyny F(x)/z; = (F(x)/x1)(x1/x), i = 1,...,n, uMeem
62(1‘3)63 (x,n)en
=) )

TE)T () 3)

M(@

r1

T
—
8
~—
~~
=]
N
~——  ——

!

8
S '
~

|
/N
|&
=]
N—
M
N
/N
&|H
[ K%
N—
m
w
/
H|&
=3
N—
o

ITosoxum
X2 x3 Tn
22 = —5 23= R et (4)
T1 Tl T1

U3 coornomenuit (2), (3) moaydyaeMm cucreMy ypaBHEHUil JJisi HAXOXKIIECHUS
HEU3BECTHBIX TOJIOKATETHHBIX BeJmanH (4):

€3 €4 En (€2 —(1—e2)y _ —
25225 . 2g (252 — 2, ) =1 — p2 = Ao,
262264 ZE" (ZES _ Z_(l_ES)) — Y = A
o 2yt 2 (23 3 = p1 — p3 = As, (5)
g2 € En—1(_€ —(1—¢
222233 Zp— (Z " Zn( n)) =M1 — fn = An
Teopema. ITpu 410661 i1, 2, - - -, fn Cucmema ypasherud (5) umeem
eduncmeenoe noaodcumenvnoe pewienue z = (2o, ..., z,) " :
k% * .
z=2"=2%(e1, . Eny 1y ey fn)s zi >0, i=2,...,n,
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npuvem

zi=1 npu A; =0, (6)
zr>1 npu A; > 0, (7)
zF €(0,1) npu A; < 0. (8)

,Z[OKaBaTeJIbCTBO. CI/ICTeMy ypaBHeHI/Iﬁ (5) yﬂ06H0 3allicaTh B BUJIE
U)(]. — 1/22) = AQ,
’U}(l — 1/23) = Ag,

— €2 €
w=25"...z," >0,

OTKY/Ia OUYEBH/(HBIM 00pa30M BbITeKatoT coorHomenus: (6)—(8). Kpome Toro,
w w
w—Aj=— = z;=—",
Zi w — Az
T.C.

we? wen wWE2 +...+en

(w—D00) T (w—An)E (w—DAg)% .. (w—Ay)e]

— €2 En
w=25°...2" =

njim
w

we (w — Ag)e2 ... (w— Ay)en

OTKYJa JJId HaXOXKJICHUSA W IOJIydaeM CKaJIAPHOE YpaBHECHUE

w =

g(w) =1, (9)
rie g(w) = w (w—~Ag)%2 ... (w—Ay)®. IIycrs A = max{maxa<;<n A;;0}.
Tak kak w — A; = w/z; > 0,1 = 2,...,n, 10 ypaBuenue (9) uMeeT CMbICI

paccMaTpUBaTh TOJIBKO Ha IIOJLYIIPAMON [A, +00). OyHKIIHS g(w) ob1aaeT
CJAEAYIOMUMU CBOMCTBAMMU:

g(A)=0; g(w) >0, w>A; g(+oo)=+o0; g'(w)>0, w>A,

OTKYyJa cJjaeayeT CymeCTBOBaHME €IUHCTBEHHOI'O ITOJIO?KUTE/JIBHOI'O KOPHSA

w = w* > A ypasuenus (9) Ha npoMexxyTke [A,+00), UTO IKBUBA-
JIEHTHO CYIIECTBOBAHUIO €MHCTBEHHOrO PEIIeHUs CUCTEeMBI ypasHeruii (5):
zF =w*/(w* — A;), zf >0,i=2,...,n. Teopema nokazana. [

Ora TeopeMa ITPUBO/IUT K ITIOCTPOCHUIO 0coboro JIyda

n. _ Lk o
Lgg={z R} : 21 =21, 20 =27 21, ..., Ty = 2, L1},
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KOTOpBIif UT'PaeT BasKHYIO POJIb I[P KOHCTPYKTHBHOM OIUCAHUN OIITAMAJIb-
HOTO DeIlleHNs] B JIByMepHOM ciyuae (cM. [1, 2]) 1 B MHOTOMEPHOM IIPU OJii-
HAKOBBIX KO3(bMUIMEHTaX aMOPTH3AIMA (CTaThs IPUHSTA K IEYaTH ).
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B paccmarpusaemoil MaTeMaTHYECKONl MOJEIM yIPABJIAIONINN JIECOM B
KaxKJIbIiI MOMEHT BpeMeHH IPHHUMAET PelleHre O PyOKe JepeBheB OIpe/ie-
JIeHHOrO Tuia (II0pojpl) U Bo3pacTa (BO3PACTHON IPYIIILI) C IEJIbI0 MaK-
CHMU3aIMKA TPHOLLIH. 1IpH IJIAHUPOBAHUM JICCO3ATOTOBKH YIPABJIAIONINAI

*Pabora mepBoro aBTOpa BBINOJHEHA NPU HOJJEPXKKE HaydHON nporpammbl “Future
Forests” I1IBenckoro ¢doHga CTpATErMIecKOro MCCIELOBaHUs OKPY2KAIOIeil Cpeasl, a
Tak>ke nporpammsl “Tropical Futures Initiative (TFI)” Mexx1yHapoHOro HHCTHTYTA
npuksagaoro cucremuoro anammsa (IIASA). PaGora Broporo aBropa BBIIOJIHEHA DU
dunancosoii nopgepxkke PODU (npoekr 15-01-08075a).
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OPUEHTUPYETCsI Ha TEHOBbIE IPOTHO3bI U yYUTHIBAECT SKOHOMUYECKUE 3aTPa-
TBI. B pabore 115 perennst TUCKPEeTHO-BPEMEHHON 3a1a9i ONTUMAaJILHOIO
VIpaBJIEHUs], BOSHUKAIONEH B MOJE/N, IPUMEHSETCS TPUHITAI MAKCUMyMa,
JI.C. Hourpsruna |1, 2]. s nocrarodno obiieil ocTaHOBKY 3312491 060c-
HOBAHO YCJIOBHE ONTUMAJILHOCTH, OTBEYAIOIIEe YIPABJICHUIO DEJIEHHOTO TH-
na [3]. Pemerne mosyueHo B KOHCTPYKTHBHOM BHjE, 6e3 GOJIBIINX BBIYHUC-
JINTEJIbHBIX 3aTPAT, COILY TCTBYIOIINX 33 aYaM BBICOKOIl pa3MEepHOCTH.

C mosurnuii jiecoBelleHnsl PacCMaTpUBaeMasl IOCTAHOBKA 3aJa4d MOYKeT
OBITH KJTaCCHUIUPOBAHA KaK TUHAMUIECKAs TOPOTHO-BO3PACTHAS MOJIETb.
[TycTh KaxKabIH THIT WHAUBHUIYAJBHBIX JPEBOCTOEB PACIIOJIOXKEH B sTUeiKe ¢
momepoM 4, ¢ = 1,..., N. Ha mpaxTuke sgdeiika COOTBETCTBYET HEKOTOPO-
My 060COOJIEHHOMY yYacTKy Jieca C JPEBOCTOEM OJIHON TOpojbl. JlepeBbs
B KaxJIOll siueiike pasburel 110 Bodpacty a € [0, A]. O6o3HAIMM CUMBOJIOM
x;(a,t) wiomaap JepeBbeB B sUeiike ¢ BO3PACTHON IPYIIILI @ B MOMEHT Bpe-
menu ¢t € [0,7T]. B momenu paccmarpuBaercs auckpernoe Bpems. Hlar 1o
BpeMeru At U mar Mo BO3pacTHBIM rpynaM Aag 3a1ai0TCs COOTHOTTEHUSIMU

ajH:ajJrAa, thr1=tx +At, j=1,... M -1, k=1,..., K —1,

rpe M — KoJM4ecTBO BO3PACTHBIX Tpymi, K — KOJUYECTBO BPEMEHHBIX
orpeskoB, At = Aa. s KaxKIoro Tuia gepeBbeB uMeercs (paxTop, Ie-
peBogIMil uX B GuoMaccy (IpeBecumy) B 3aBHCHMOCTU OT Bodpacra. O6o-
3uaqnM ero cuMBosioM f;(aj;) > 0. CumBosnom u;(aj, i) € [0, 1] obo3naxmM
YIPaBIILIOIee BO3AEHCTBHE, T.€. JOJIO JIeCa TUIA § BO3PACTa @;, KOTOPast
BBIPYHAeTCsi B MOMEHT BPEMEHH t.

V106HO TIpeICTABUTH IIEPEMEHHBIE B BEKTOPHOI hopme:

zi(t) == (mi(ar, th), -, wilans, tr)

wi(ty) = (uiar, tr), - wians, tx))
Jumnamuka IpeBOCTOs 3a/IaHa, BIPAKEHHEM
@i(te1) = (L + M- Dg(ui(tr))) - zi(te), (1)
rie matpunbl L, M € Mat s« as onpejiesieHsl CaeayomuM 00pasoM:

0 0O ... O 0 1 1 ... 1 1

1 0O ... 0 0 -1 0 0 0
Lo— 0 1 ... 0 0 . M= 0 -1 0 0

0 0 0 0 0 0 0

0 0 1 1 0 0 -1 -1
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Omneparop Dg npeo6pasyer BeKTOp Y = (Y1,Y2, - -->Yn) . B MATPHILY

Dg(Y) = diag{yla Y2,..., yn}

Wurepnperarus JUHAMAKNA TaKOBA: ILJIOMIAIHL JIECA, OCTABITIETOCS ITOCTIE
BBIPYOKHM B BO3PACTHOII IPyIIe a; B II€PHOJT BpEMeHH ty, B CJIe1yIoNuil Bpe-
MEHHOI IepHOJ, ty41 IEPEXOJUT B BO3PACTHYIO IPYIILY aj41; B IOCIeTHel
BO3PACTHON IPYIIIIE IO/ AKKYMYIUPYETCsl; BCE BBIPYOIEHHbBIE IO IN
3aCayKUBAIOTCs — JIECOBOCCTAHOBUTEHHBIE MEPOIIPUATUS 00sA3aTEIbHBI.

JpeBecuna, 3aroToBJIECHHAST B MOMEHT BPEMEHU l, BHIUUCIISETCS TAK:

N
H(t) =) B; -Dg(ui(t)) - zi(te).

=1
MHO>KeCTBO JOMYCTUMBIX YIIPABICHUIH 33 aHO CJIEIYIONIM 00pa30M:
U(ty) = {{u}!(tr) € Matarxn |0 < ul(ty) <1}

OTMeTnM, 9TO TIO CMBICTY 38491 B KAyKIBI MOMEHT BPEMEHN BCE KOM-
HOHEHTHI BEKTOPA &;(t)) CYyTh HEOTPUIATE/LHBIE THUCIIA.

OyHKIMS SKOHOMUYIECKUX 34TPAT COCTOUT U3 CJIEIYIONIUX CJIATaeMBbIX:
Cl — py6ka, CF — npocraska, C* — mnocamka. CymMMapHas CTOMMOCTD
YIPaBJIAIONINX BO3JIEHCTBIN U 3a/1aHa BLIPAZKEHUEM

N M

Clu,te) == > [CHay) + CF(ay) + CF (a;)]wi(ag, tr)ui(ay, te).

i=1 j=1

IIpu u3BecTHOI IUHAMUKE [IeH Ha fpeBecuny p(ty ) HIPUObLIb BbIYUCIIAETCSI
o hopmyite

1(ty) := p(te) H (tr) — C(u, tg). (2)

3a/lada ONTUMAJILHOTO yIIPABJIECHUS. 3aJaHbl JUHAMUKA JPEBOCTOS
;(tg+1) (1), naganbpuoe pacupenenenue x;(t1), dakrops 6uomaccs 3; u
dbyuximst npubsutn I1(t;) (2). Tpebyercs cpey JOIMYyCTUMBIX yIPaBJIeHMUH
u,;(t)) HafiTn onTUMaJILHOE yupaByeHue u;(ty ), MAKCUMU3UPYTOIIee TUCThIH
JICKOHTUPOBAHHBIH JIOXOI;:

K
= 1I
maxq J ;pk (tk) ¢ (3)
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rie pr — dakTop JuckoHTHpoBaHuUsi. COrJIACHO YCJIOBUSM IPUHIIUIIA, MaK-
cumyma IToHTpsirnHa [2] onTuMasbHOe ynpasieHue ; B KayKIblii MOMEHT
BpeMeHH k := tj MAKCUMU3UPYET KaXKyI0 KOMIIOHEHTY BEKTOPa-CTPOKH:

ma{ (px(p(F) - B — CF) + Au(k + 1) - M) - Deg(o(k)) - De(us(k)) ). (4)
Baech A;(k + 1) — pemnenue conpsizKeHHOTO ypaBHEHHUS,

Xi(k) = pi(p(k) - B — CT) - Dg(ai(k)) +
+Ai(k +1) - (LT + Dg(a (k) - M7T), (5)
MK +1) =0,

pu 9ToM JuHaMuKa &;(k) omnpenensiercss ypasaenueM (1) u &;(1) := x;(1).

BaxKHO OTMETHTD, 4TO ycoBHE (4) HE TO3BOJISET SIBHO OIPEJIETUTD KOM-
noHeHTy BeKTOpa U;(k) B ciydae, KOrjia nepes Heil CTOMT MHOXKHUTEIb, PAB-
HbIH Hys10. [Ipy pelneHnn IPUKIaIHBIX 337849 MUNUYHOU SIBJISIETCST CUTYa~
sl OTCYTCTBUS HYJIEBbIX 3HAUEHUI B BEKTODE

(pr(p(k) - B — CT) + Xi(k + 1) - M)

JUtsi pesiefiHbIX yupasienuit. CrpaseinBo ciieiyolee yreepxKienue [3].

Teopema. B munuunoli cumyayuu pewenue (G, &) 3adavu (1), (3) mo-
orcem 6oimsb noayserno usd yeaosud (5),

masc{ (pr(p(k) - B7 — C1) + Xife+ 1) - M) - Dg(ui(k)}. (6)

Yenosus (5), (6) O3BOIAIOT OJJHO3HAYHO OIPE/IETUTH ONTUMAJIBHOE YIIPa-
BJIeHHE U. DTH YCJIOBUs JI€XKAT B OCHOBE AJITOPUTMA, PEAIM30BAHHOIO B
cpesie porpammupoBanust Python. PesysnbraTsl KOMIBIOTEPHOTO MOEIIN-
POBaHMs MOATBEPXKAAIOT 3DHEKTUBHOCTD NPE/JIOKEHHOTO HOXOIA.
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MOJEJb PABPABOTKU NCYEPITAEMOI'O PECYPCA
(MODEL OF EXHAUSTIBLE RESOURCE EXTRACTION)

A. B. Kynesckuii (A. V. Kulevskii)
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Mocxosckuii 2ocydapcmeernnuts yrnusepcumem um. M.B. Jlomonocosa,
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Pabora nocssiiiena SKOHOMIIECKOH TeMe: MOJICINPOBAHIIO OIITHMAIBHBIX
06'beMOB JIOOBIIM HCUIepHaeMbIX (HEBO30OHOBIISIEMBIX ) pecypcoB. TakoBbIME
HA3BIBAIOT TPUPOJIHBIE PECYPCHI, C(DOPMUPOBAHHBIE B OKPYKAIOIIeil cpejie
B TeYeHHEe MHOTHX JIET, BOCCTAHOBJIEHHE KOTOPBIX HEBO3MOXKHO WJIN UJIET
HECPABHUMO MeJIeHHee oTpebsenus. [Ipuvepamu Takux pecypcoB CoryKaT
HCKOIIAEMOe TOILINBO U ChIphe JJIst Hero (HedTh, yToib, Ta3) 1 MUHEPAJIbHbIE
pecypchl (Py/Ibl METAJIIOB, JIPATOIIEHHbIe KaMHH ). YeM 6oJIbIIe pecypeoB J0-
OBITO ceifIac, TeM MEHBIIE JTOCTYITHO B OYAyIIeM, BeIb O0Iee NX KOJTHIECTBO
MOYTH Hem3MeHHO. IIporecc moObIYN M3ydaeTcss W30JUPOBAHHO, Oe3 ydueTa
uHO# JearensHocru. Mogens n3noxena B [1, m. 10.1].

1. Omucanune mozesau. B 3ajade UCIONB3YIOTCS ClIeIyONe 0603Ha-
JeHUS:

R(t) > 0 — obmuit Tekynmii (He JOOGBITHIN) 3aHaC UCUEPIIAEMOTO PECyPCa;
Ry > 0 — Kom4ecTBo pecypca B HadaJbHBIA MOMEHT Bpemenu t = 0;
E(t) — koummuecTBO pecypca, J100bIBaeMOe B €JMHUILY BPEMEHH;

p(t) > 0 — pbIHOYHAS [eHA eMHUIBL JOOBITOrO PECypCa;

r > 0 — kK03hDUIUEHT TUCKOHTUPOBAHUS;

C(t) > 0 — 3arpaTsl Ha 106bITY (Cce6ECTOUMOCTD) €MHUIIBI PECYDCA.

B momenu dbupma (orpacib) q06biBaeT U IPOJaeT JOOBITHI Pecype Kak
CBOIl eIMHCTBEHHBIH NPoAyKT. IHTeHCHBHOCTD 00BIYN pecypca E — BHYT-
pennee yupasjenne. OCBOeHNE HOBBIX MECTOPOXKJIEHUI CUUTAETCS HEBO3-
MOXKHBIM, [IOITOMY IPOIECC JOOBIYM ONMUCHIBAETCS ITPOCTON J€TEPMUHUPO-
BaHHON MOJIEJIBIO C JIMHEHHBIM OOBIKHOBEHHBIM JTi(depeHITHaTbHBIM yPaB-
HEHUEM

R(t) = —E(t), R(0) = Ry.

Dupma BeIOUpaeT crpareruio go0brau F(t) ¢ 1eJbl0 MaKCUMU3UPOBATH
CBOIO OOIMYIO JTUCKOHTUPOBAHHYIO MPUOBLIL HA KOHETHOM TOPU30HTE ILJIAHU-
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posarus [0,7T], T < +o0. ImenHO niesieBast byHKIUST UMeET BHL

T
J(E,T) :/ e " p(t)E(t) — C(E(t),R(t))] dt — max,
0 T,E(-)
e obiast cebecronmocts eauHuIpl pecypca C(E, R) 3aBUCAT OT MHTEHCUB-
HOoCTH 7OOBIYM U 3anaca pecypca. Konkperssiii suy C(E, R) MoxeT GbITH
Pa3JIMYHBIM, IPU 9TOM HeoTpunareiabias dyukuus C(E, R) HelpepblBHa U
BBITIOJTHEHBI YCJIOBUS % >0, % < 0, 10 KOTOPBIM ¢e6ECTONMOCTH, BOOOIIIE
rOBOPSI, BO3PACTAET KaK B IIPOIECCe JOOBIUN, TaK U ¢ POCTOM HHTEHCUBHOCTH.
IToBesieHMe PHIHOYHOM IIEHBI €MHUIBI JOOBITOrO pecypca p(t) camraercs
HAIlEPeJ M3BECTHBIM U HE 3aBUCAIIUM OT JIEATEIbHOCTH PACCMATPUBACMON
dupmer. R(t) — dasosaa nepemennas 3agaun. Crparerust noberan E(t),
t € [0,T], aBisieTcs yIpaBIISIONMM [IAPDAMETPOM 3aJa4u, YIOBJIETBOPSIIO-
mum orpaandenusm 0 < E(t) < Epax. 3a7aHH0e MAKCUMAJIbHOE 3HAUYCHHE
MHTEHCUBHOCTU JOOBIIH i,y > 0 olpesiesisieTcss TEXHUIeCKUME 1 (bUHAH-
COBBIMU OrpaHudeHusIMU. MOMEHT OKOHYAHUsI IIPOTiecca pa3spaboTKI MEeCTO-
poxaenus T > 0 MoxKeT ObITh KaK Hallepe]] 33JJAHHBIM (YTO COOTBETCTBY-
eT MaKCUMH3AIUU [PUObUIN K KOHKPETHOMY CPOKY ), TaK U POU3BOJLHBIM
(bupma crpeMuTcs 1OJIYyYATH B IPHUHIKAIE MAKCUMAJIBHYIO OTIATY OT Me-
CTOPOXKJICHHS ).

TTonyuaem 3a/1a4y ONTUMAIBLHOTO YIPABJICHUA: HANTH ONTUMAJIBHYIO WH-
TE€HCUBHOCTDb 1009 E*(t) (yupasjenue) u onTUMaJIbHBIA MOMEHT 3aBEp-
nreHus npotecca paspaborku T* (upu nedbukcuposannom T'), COOTBETCTBY-
IOIIe OUTUMAJIbHOE U3MEeHeHHe 3alaca pecypea R*(t) (Tpaekropus) u Max-
cuMaJIbHBIH pasmep npubsutn J* = J(E*, T*) (dyuKimona).

2. JIuneiinast mozmesib 6e3 3aTpar Ha moObIvy. PaccmarpuBaercs
mogiests ipu C(E, R) = 0:

R(t) = —E(t), R(0) = Ro,
R(t) >0, tel0,T],
E(t) €U =[0,Ema], tel0,T], (1)

T
J(E,T) = / (B E(t) dt — max .

0 T,E()
Baeck Ry > 0, r > 0, Fyax > 0 — 3a1aHHBIe KOHCTAHTBL. Yipasienue F(-)
usmepumo, E(-) € L2[0,T]. Moment T' > 0 paccmaTpuBaeM Kak (bHKCHPO-
BaHHBIM, Tak U HedukcupoBanubiM. Pyukims p(t) > 0 3amana. Chopmyiu-
PyeM OCHOBHbBIE Pe3YJIbTAThI /st 3aaadu (1).
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Teopema 1. B sadaue (1) npu moboti dynxyuu p(-) € L?[0,T] u npu
mobom purcuposanmnom T > 0 cywecmeyem onmumasvroe YnpasieHue.

JIemma 1. Pasencmso R(T) = 0 — neo6rodumoe yciosue okoHuaHUus
ONMUMAALHO20 Npoyecca npu HePurcuposarrom T > 0.

JIemma 2. Ilpu c60600nom T > 0 u nocmosnnot p(t) = py > 0 onmu-
manvhoe pewenue 3adawu (1) umeemn sud

T
max
E* (t) Emaxv te [Oa T]a R* (f,) RO - tEmax; te [07 T]a
0, te (1,771, 0, te[l, T,

pOEmax —rT
Jr=JE"T)=—"(1—e"").
(B, 77) = P (1 o=
Jlemma 3. Ecau npoussedenue e~ "'p(t) empozo monomonno ybueaem,
Pynruua p(t) Juddepenyupyema u T ceobodnoe, mo onmumanbroe peuie-
nue 3adawy (1) umeem eud

T
max
E* (t) Emaxv te [Oa T]a R* (f,) RO - tEmax; te [07 T]a
0, te (1,7, 0, te[l, T,

T
J* = J(E*,T*) = Emax/ efrtp(t) dt.
0

Bameuyanne. Ilo cmeiciy 3azaun (1) B jgemMax 2, 3 MOKHO CUATATH
T =T.

3. Mopgensb ¢ 3aTpaTaMu Ha JOGBITY, HE 3aBUCSIINIMHA OT pecypca.
3xaech 3arpars! Ha j00b11y Buga C(E, R) = C(F) ne 3aBucar ot R:

R(t) = —E(t), R(0) = R,
R(t) >0, tel0,T],
E(t) €U =0, Bmax], te€[0,7T], (2)

J(E) = e " [p(t)E(t) — C(E(t))] dt — %?3{

(=)

92



IMapamerper E(+), Ro, 7, Fmax, p(f) HOJIHOCTBIO aHAJOTUYHBI TTApAMETPAM
samaqn (1). @yuknus C(FE) venpepwisaa Ha U, MomernT T > 0 pukcHpoBaH.
Cdopmynmupyem OCHOBHBIE Pe3yJIBTATHI JJIst 3a1a4u (2).

Teopema 2. Ecau gynxyus C(F) nenpepuena u evinykaa wa U, mo 6
zadaue (2) daa moboti dynxuuu p(-) € L0, T cywecmeyem onmumanvhoe
YNpasAeHue.

Teopema 3. B sadaue (2) das npoussoavnoti dyrwyuu p(-) € L?[0,T)
u weadpamunnoti gynwyuu C(E) = co + c1E + caE?, 2de ¢g > 0, ¢1 > 0,
co > 0, ONMUMAALHOE YNPABAEHUE CYWELCTEYEM, U eIUHCTEEHHO.
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OPTIMAL CONTROL OF SYSTEMS WITH EVOLVING DYNAMICS
Yuri S. Ledyaev

Western Michigan University, Kalamazoo, USA

ledyaev@umich.edu

This talk is dedicated to a new class of problems of optimal control sys-
tems under uncertainty. We start with problems of optimal control of sys-
tems in which uncertainty is modeled in terms of some scenarios of evolution
of system’s dynamics.

It is assumed that the set of such possible scenarios is finite and it is
known along with probabilities of realization of such scenarios. We consider
the problem of design of optimal control procedure which minimizes the
mathematical expectation of the cost functional.
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The significant difficulty in study of such problems lies in the fact that
scenarios can bifurcate at some moments which requires the use of feedback
control or of some non-anticipating strategy concept.

We demonstrate how to derive optimality condition for such optimal non-
anticipating strategy in the form of some non-standard maximum principle.

The main component of this maximum principle is a new form of adjoint
system which is significantly different from the classical one in Pontryagin
maximum principle.

Of course, the use of non-anticipating strategies as control procedures is
not very practical in applications and feedback control is preferable. The
another new aspect of this work is the use of the new maximum principle
and an adjoint system of equations for a design of optimal feedback control.

Certainly, such optimal feedback controls are discontinuous functions of
a state vector. Important aspect of an implementation of discontinuous
feedback control is its robustness properties with respect to small measure-
ment errors of state vector and small perturbations of the dynamics. We
discuss this aspect of an implementation of optimal discontinuous feedback
to demonstrate its robustness.

OPTIMAL SOLUTIONS IN A NEIGHBORHOOD
OF A SINGULAR EXTREMAL FOR A PROBLEM
WITH TWO-DIMENSIONAL CONTROL*

Lev Lokutsievskiy, Larisa Manita, Mariya Ronzhina

Steklov Mathematical Institute of Russian Academy of Sciences,
Moscow, Russia
National Research University Higher School of Economics, Moscow, Russia
Lomonosov Moscow State University, Moscow, Russia

lion.lokut@gmail.com, lmanita@hse.ru, maryaronzhina@gmail.com

We consider an optimal control problem that is affine in two-dimensional
bounded control. We study a behavior of solutions in a neighborhood of a
singular extremal. Optimal singular solutions and solutions with accumula-
tions of control switchings (chattering solutions) are very typical for control-

*This research was supported in part by the Russian Foundation for Basic Research
under grant no. 17-01-00805.
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affine problems. Singular solutions for a single-input control problem with
bounded control is well studied. It was proved that in the case of the general
position there exists at least one parametric family of chattering solutions if
the Hamiltonian system dimension is no less than 7 [1, 2]. Singular solutions
for problems with multidimensional control have been studied much less.

In the present work we consider an optimal control problem that is affine
in two-dimensional bounded control. Let

_ OH . O0H

. _ o4 _oH 1

=55 V=g (1)

be the Hamiltonian system corresponding to the problem with
H:HO(wi)+u1H1(xaw)+U2H2(xaw) (2)

where © € R”, ¢ € (R")*, u = (u!,u?) € U C R?, and U is some ellipse.
The functions H; (i = 0,1,2) are assumed to be smooth. The optimal
control function 4(t) satisfies the maximum condition

@ = argmax H(x, ¢, u). (3)
uelU

Definition. A point (2°,1°) € R?" is called a singular point of second
order if the following conditions are satisfied at (2°,°):
1) The functions

H;, (adHy)H;, (adH;)(ad Hy)H;,
(ad H;)(ad H;)(ad Hy)H;, 1=1,2, 7,k,01=0,1,2,

vanish at the point (2°,4°). The set of the differentials of these functions
at (2°,4°) has constant rank.

2) The bilinear form

By; = ad H(ad Ho)* H; | i,j=1,2,

zo’wO)v
has rank 2 and is symmetric and negative definite.

3) All other commutators of the fifth order from the functions H; (j =
0,1,2), which are independent of the aforementioned ones, vanish at the

point (20, 4°).
Consider the following model problem:

o0
/ |2(t)||? dt — int,
0
i=u, Judl <1, 2(0)=2%  @(0)=4".
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Here x,y,u € R? and |-|| means the standard Euclidean norm of R2. This
problem can be considered as the Fuller problem with two-dimensional con-
trol.

It is known [2, 3] that (z(¢),#(t)) = 0 is a unique singular solution for
the problem (4). For any point (z°,5°) we have the following:

(i) a unique optimal solution hits the origin in finite time 7'(2°,y") and
the optimal control function 4(t) does not have a limit as ¢t — T'(2°,4°) —0;

(ii) if 2° and y° are parallel then optimal trajectories are chattering tra-
jectories;

(iil) there exists a one-parameter family of optimal solutions that repre-
sent logarithmic spirals; they approach the origin in finite time with count-
able number of rotations.

Let (2°,4°) be a singular point of the second order of the control Hamil-
tonian system (1)—(3). We prove that in the neighborhood of (z°,%) the
behavior of optimal solutions for (1)—(3) is determined by optimal solutions
of (4). Using the technique developed in [4], we show that for the problem
under consideration there exists optimal spiral-similar solution which attains
the singular point in finite time making a countable number of rotations.
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VIIPABJIEHUE ITIOJIHBIM TOKOM U ITOJIOXKEHUEM
TPAHUIIBI TIJTABMBI B YCTAHOBKAX TOKAMAK
(PLASMA CURRENT AND BOUNDARY
POSITION CONTROL IN TOKAMAK)*

A. A. JIykbaauna (A. A. Luk’yanitsa)
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Vupassienne IBOJIIONNEN IA3MbI ABJISETCA OJHON M3 BAXKHEUIIUX IIPO-
O6JIeM TEPMOSIJIEPHOTO CUHTEe3a. B KavdecTBe CUCTEMBbI, ONMUCHLIBAIONIECH IBO-
smoruio wia3Mbl B ycraHnoBkax TOKAMAK, HaMu ncosib30Baiach CaMoco-
rJIacoBaHHAasi MOJIeJb, peanu3oBaHHas dnucyaeHHbIM KogoMm SCoPE [1]. dust
VIIPABJEHUS TPAHUIEH IJIA3MBI HY?KHO IPABUJIBHO TON0OPATh TOKU B Ka-
TYIIKaX MTOJOUJAJIEHOTO MAarHUTHOTO TI0JIs, a JJIs YIIPAaBJIEHUs IOJHBIM TO-
KOM — TOK B COJICHOHJE. 3aJlada yIPABJICHUS OIMMCHIBACTCS CJIEITYIONUM
Pa3HOCTHBIM yPaBHEHUEM

{ Ti41 = Axt + Butv (1)

o = Tinit,

KOTOPOE IIOJIyYAeTCd IIyTEM JIMHEapU3ali yPaBHEHMI 9BOJIIOIUN PaBHOBE-
CHs IJ1a3Mbl OTHOCUTEIBLHO BEKTOPA X¢, KOMIIOHEHTAMHI KOTOPOI'O SABJISTFOTCS
OTKJIOHEHHsI BEJIMIMHDBI TOKA U TIOJIOXKEHUSI TPAHUIBI OT TpebyeMbIX. 31ech
A un B — kBajgpaTHble MATPUILI PA3MEPOM COOTBETCTBEHHO 1 X 1L U 1M, X M,
x;y € R™ — BekTOp HAOOpPa KOHTPOJIUPYEMBIX IEPEMEHHBIX, a u; € R —
yupasienue. sl yupasienust cucteMoit, onucbiBaeMoit (1), xoporo 3ape-
komentoBal cebst kourposuiep LQR (Linear—Quadratic Regulator) 2], koro-
pBIfl TIO3BOJIET MOCTPOUTD MOCIEI0BATEILHOCTh BEKTOPOB YIIPABJICHUS Uy
HA OCHOBE MUHUMUBAIMH CJIELYIOMEro (pyHKIIMOHATIA:

N

Z(az?@xt + U?Rut),

t=0

D(u) =

N =

rie @ = qfl u R = rI — jpuaroHajibHble MaTpuIllbl, a N — YHCJIO IIaroB
yrpajenus. Ha KaXX10M OTHOCUTEILHO MAJIOM ITPOMEXKYTKE BPEMEHU MO-

*Pabora BbIMOIHEHA IPU (PUHAHCOBOI IOAAEPXKKE IIPOrpaMM (DyHIAMEHTAIBLHBIX HC-
caenoBanuii [Ipesuguyma PAH Ne43 u Ne17.
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JeJib IJIa3Mbl MO2KHO CHUTATb KBaBI/ICTaL[I/IOHa.pHOfI 1 CBECTU IIOUCK YIIpaB-
JIEHU K IIOUCKY MaTpUIIbl YCUJICHUA K:

Uty = *thv

rjae
=(R+ B'PB)™'BTPA,

a Marpuiia P oIydaeTcs U3 pelreHns JUCKPETHOrO ajarebpandeckoro ypas-
Henusd Pukkarn

P=Q+A"PA—-ATPB(R+ B*PB)"'BTPA.

Ilpu qmuTebHOMN TPOTOIKATETHLHOCTH PA3Psia MOTPEITHOCTH OT 3aMEHbI
YPABHEHUI 3BOJIOIAN PABHOBECHs JIMHEAPU3O0BAHHBIMU ypaBHeHUsMU (1)
MOXKET MPUBECTH K HAPYIIEHWIO YyCTOWYMBOCTH paspsja. JLis CHUXKeHus
sroro adpderra HaMu OBbLT IIPEJJIOXKEH METOJ, aAlITHBHOM ITOJICTPORKH KO-
adbdunmenTos cucremsl (1) B mpolecce yupasJeHus, CyTh KOTOPOro 3aKJII0-
qaeTrcs B caeayiomeM. Ilycrs K mary mo Bpemenn M HamMu OBLIO TTOCTPOEHO

VIPAaBJIEHUE U1, .. .,Up, 10 KOTOPOMY OBLI HOJIyYeH HAOOD YIPaBJISEMBIX
apamMeTposB X1, . .., Ty . s 6osree TOUHOrO omnpeiesieHnst KoadPUINEHTOB

ypasHenust (1), KoTopble Mbl 0603HAUNM Uepe3 A U B, BOCIOIb3yeMcst Me-
TOZIOM HANMEHBINNX KBaIPATOB, BBE/s CJIELYIONNI KBAIPATHIHBIN (DyHK-
IIMOHAT:

M
T(A ,§ = Z A:Em,l +§um,1 fxm)Q. (2)
m=1

IMponuddepennuposas (2) 1o AuBu IPUPABHSB IPOM3BOJHBIE K HYJIIO,
[OJIY IMM CJIEJIYIONLYIO CUCTEMY JIMHEHHBIX aJreOpandecKux ypaBHEHMI:
CA+DB=V,
S 3)
DA+ GB =W,

KOTOpast MOXKET OBITh JIErKO pa3pelleHa OTHOCUTeJbHO A 1 B MeToaoM uc-
kJouenus Laycca. 3mech ObLIM BBEIEHBI CJIEAYIONne 0003HAUEHHS:

M
C = me 15 D= Zumflxmfla G = Zum 1

m=1 m=1 m=1

V= me 1Tm, W = Zum 1Tm-

m= m=
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Tenepp npu BHIMHUCIECHUE OYEPEJIHBIX yIpaBjiennii BMecto marpun, A u B
UCIONIB3YIOTCsl JnHeltHble KoMOuHammn «A + (1 — a)A uaB+ (1- a)B
Jist mapameTpa <, KaK [IpaBUJIO, UCIIOJIB30BAJIOCh 3HaueHne « = 0.5.

IIpemtoKeHHBIIT MeTO T, TTO3BOJINIT TOIYIATDh PEIleHne TaKe B TeX CJIyda-
X, ¢ KOTOPBIMH HE CIIPABJISIINCH MTOAIPOTPAMMBI 3 OOBITHO TPUMEHIEMOM
15t 3tux neseit oubamoreku SLICOT, ocHOBaHHOI Ha N3BECTHBIX OHOITOTE-
kax uncjaeHHbix ajaroputMos BLAS u LAPACK. C nomombio paspaboTaHHO-
ro MeTo/1a ObLIN TOCTPOEHbI onTuMaJIbHbIe yipasienust st TOKAMAKos
¢ mapamerpamu ycranoBoK MAST, T-15 u crposierocst Mex Iy HAPOIHO-
ro peakropa-tokamaka ITER. B wactmoctu, mma ycramosku T-15 Bpems
yAepKaHUS IJIa3MbI IIPEBBICUJIO B TTOJITOPA Pa3a BpeMsI, JOCTUTAEMOE Ty TeM
VIIPaBJIEHUsI C TIOMOIIBIO TPAIUEHTHOTO METO/IA.

Crucok gureparTyphbl

1. Batiues @.C. MaremaTudeckoe MOJIEJIUPOBAHUE IBOJIIOIUNA TOPOUIAIBHOMN
miasmbel. M.: MAKC Ilpecc, 2011.

2. Kwakernaak H., Sivan R. Linear optimal control systems. New York: Wiley-
Intersci., 1972.

BAﬂA‘IA TEPMMHAJIBHOI'O VIIPABJIEHNA B CUCTEME
C O'PAHMYEHUWEM HA ®A3OBBIE IITEPEMEHHBIE
(THE PROBLEM OF TERMINAL CONTROL IN A SYSTEM
WITH RESTRICTION ON PHASE VARIABLES)*

JI. H. JIykpsinoBa (L. N. Luk’yanova)

Dakxyavmem SviHUCAUMEALHOT MATNEMAMUKY U KUOEPHEMUKU,
Mocxosckuii 2ocydapcmeernnuts yrusepcumem um. M.B. Jlomonocosa,
Mocxkea, Poccus

1ln@cs.msu.su

B pabore paccmarpuBaercs yupasisiemas cucrema, [1—4]
I+ af = u, z,u €R™, te]0,T], (1)
C KpaeBbIMHU yCJIOBUSIME

z(0) = o, z(0) = o, x(T) = ar (2)

*Pabora BbioaHeHa npu dunancosoi noggepkke PH® (npoekrt Ne14-11-00539).
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nu (baBOBBIl\H/I OI'paHUYCHUAMU
lot) = bl > 1, k=1,...,m, (3)

roe x,u,br € R, by # xo, by # xp, by # bj, k # j, u(t) — mapamerp
yupasierusd, ||u|| < p. U3yvaercsa Boupoc cylnecTBOBaHUs OIPAHUIEHHOTO
0 HOpME YIPABJICHHUS, 11 KOTOPOTO COOTBETCTBYIONMAS TPACKTOPHUS yPaB-
Henus (1) ymoBierBopsieT KpaeBbiM ycsioBusaM (2) ¢ (a3oBbIM OrpaHUYEHH-
eM (3), 1 noJsTyJeHNe ONeHKH CHU3Y JIJIsl PACCTOSIHAS OT TPAEKTOPHH JIO TOUEK
dazoBoro orpannvenns. JlJist 3a/]aHHBIX KPAEBBIX YCJIOBUH (2) MPUBOISTCS
PE3yJIbTATHl BBIYUCICHAA TPHOJINKEHHOTO 3HAYCHNS YIIPABICHHSA

u(t) = argmax{ min ~ min |z(¢) — ka} 4)
lu* (&) [|<p k=1,...,m t€[0,T]
JJTsl TECTOBBIX 3HAUEHNH KpaeBbIx ycsosuii (2) u dha3oBbix orpanndennii (3).
Ipeayaraemblii moaxo/ K pemternto 3agaun (1)—(3) cocrour B BBHIGOPE
yupasienns u(t) cucremsl (1) B BUzE

u(t) = a(t) + v(t), (5)
rae
_ e—a(T-1) _e—aT
ﬂ(t) = T _(;l—e:“T + 1_)%a2aT T —To — %xo ) (6)
v(t) = 2(T + t(2aT — 6) — 3at?)¢, (7)

& e R, €|l € 0, 0 — noJI0KUTEIBHAST KOHCTAHTA. BBINIOJIHEHNE KPAEBbIX
ycaoBmii Jyist TpaekTopun ypasHenus (1) npu yupasienun (4), (5) npose-
pAeTcd HenoCpeICTBEHHON IOJICTAHOBKOMA.

Ipu t € [0,T] u yupasnenuu (5)—(7) tpaekropus (1) nmeer BH

- 1 _ e—at ‘ zlie—at n 1_e—2at
(t) = 2o +ito () +G(0) i + (T 1)E, (8)
B a + 2a
rae
1— —aT
G(T) =TT — T — L.ﬁo.

a

O6oznaunmM yepes3 @i (t) pasHOCTD MEPBBIX TPEX CJIArAEMbBIX IPABO YacTH
Beipazkenud (8) u by. O6ocHoBanue cyuecrsoBanus Bekropa &, ||€]| < o, maa
KOTOPOTO IIpU BCeX ¢ = 1,...,m BBIIOJHEHO (3), U aJI'OPUTM HAXOXKIECHUS
TAKOT'0 BEKTOPA COJEPKATCH B Cleryiomeii semme [1, 2.
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Jlemma 1. Ilycmv ¥ — KoneuHomepHoe AuHelHoe Cemeticmeo PyHk-
Yul, PACCMAMPUBLEMBIT U aHaAuMUYeckux Ha ompeske I = [0,T]; W —
n-meproe 8eKmMoproe e8KAUI0OBO NPOCPAHCMEO ¢ GUKCUPOBAHHOT 6 HeM
opmozonaavroti cucmemoti Koopdunam; w= (w, ... w*)eEW; e;, i=1,...

..,n, — edununnbidl sexkmop ocu w'; I' — xyb, onpedeasemvlii nepaceH-
cmeamu

lw'| < d, i=1,2,...,n, d>0.
Tozda cywecmeyem makoe NOAOHCUTNEALHOE YUCAO Y, %O OAA 1100020 6eK-
mopa o(t) = (pi(t), ..., PR(t)), Komnonenmo: Komopozo npunadaescam 3,

natidemca maxot xky6 T' C T co emopornot 27, wmo sexmop (v(t)—by) € W,
3a0a6aeMmvltl PAGEHCMEAMU

vi(t) — bl = L (t) — o't (T —t), i=1,...,n,
npu
tel, a=(al,...,a") el k=1,...,m,
ydoeAEMBOPAETN, YCAOBUIO
[o(t) = bil| = +t*(T —¢).
IIpuBesieM ONEHKY CHU3Y JIJIsl PACCTOSIHHsI OT TPACKTOPUU JIO IPEIIsT-
crBwii [1, 2].
JIemma 2. Vnpasaenue (5), evibpannoe das 3adawu (1), (3) ¢ napa-

mempom & coeaacro aemme 1, zapanmupyem caedyiowyio ouenKy cHu3y
das pacemosmus ||z(t) — bi:

Iy, t € [0,4],
Jmin flo(t) =bill > U(t) = § #*(T = 1), teh,T—ta,
l2, te [T —t2,T],
2de
{1 = min ||=’U0*bi||.;, to = min ||xT—bi||,;,
i=1,....m 3([|2oll + £) i=1..m 3(lerl + £)
I — IIIEO*bz‘H’ Iy |z — bl
i=1,...,m 6 i=1,...,m 6
Tlostoxxum
ey = ol Il ol -y s,
2a
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IIpennonoxenune. p > o1(T) + p1(T).

OrneHka CHU3Y JIJIsi PACCTOSIHUS OT TPAEKTOPUH JI0 BEKTOPOB by, k = 1,. ..
..., M, IPUBEJICHHASI B JIEMMe 2, sIBJISIETCS TapaHTUPOBAHHOM IIPU JIOOBIX
JonyCcTaMbIX b, k = 1,...,m. Beraucienust yupassienns (4) u coorser-
CTBYIOIIUX TPACKTOPHII 110 aJrOPUTMY HAXOXKJIEHUS BeKTOpa & 1eMMBbI 1 110-
Ka3bIBAIOT, 9YTO TPAEKTOPUU MOT'YT UMETh CYIIECTBEHHO HOJIbIIee YKIOHEHWE
oT by, k=1,...,m, 9eM OIeHKa JIEMMBI 2.
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IIpuBeneM pe3ysbTaThl BBIYUCIEHUs] TpaekTopuit 3agaqun (1)—(3) npum
yupasiernu (5). Ha pucyHkax mokasaHbl TpaeKropun cucreMmbl (1) st
r€R? ap =(-2,2,3), as = (2,-1,4), a3 = (-2,-2,2), 2(0) = (-5,1,2),
2(T) = (6,-1,1), T =3, a = 2, &(0) = (1,1, —1), &(T) = (0, —1,1). Jlessrii
coorBeTcTByeT m = 2, npaBbiit m = 3. Ilokazanbl TpaekTopun, OTBEYAIO-
mue Bekropam &1 = (cos(87/5),sin(87/5),0), & = (cos(7n/5),sin(77/5),0),
& = (cos(97/5,sin(97/5), sin(27/5)), &4 = (cos(n/5,sin(w/5),sin(27/5)),
&5 = (cos(4m /5, sin(47/5), sin(37/5)). Ilpu &3, €4, {2 TPAEKTOPHHU TIEPECEKa-
0T €IMHUYIHBIE OKPECTHOCTH TOUEK a1, G2, a3. BeKTOPHI &1, £5 BHIOPAHBI TIO
anroputMmy jleMMbl 1. IIlapbr emuEITHOTO pamnyca HA PUCYHKAX MTPUBEIEHBI
JUTST MJLTIOCTPAITAN PACCTOSTHAST OT TPAEKTOPHHU JI0 TOYEK A1, A2, G3.

Asrop 6aaromapur npodeccopa M.C. Hukoabckoro 3a o6cyKieHne pa-
OOTHI.
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PARALLEL FAIR—TAYLOR ALGORITHM
FOR DYNAMIC GENERAL EQUILIBRIUM MODELS

Nikolai Melnikov, Arseniy Gruzdev
Lomonosov Moscow State University, Moscow, Russia

melnikov@cs.msu.su, gruzdev@cs.msu.su

Dynamic computable general equilibrium (CGE) models are widely used
for estimating the effects of demographic and technological changes on en-
ergy use and carbon dioxide (COg) emissions (see, e.g., [1]). The equilibrium
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Figure 1. Speedup of the model runs for different SSPs.

is described in the framework of the Arrow—Debreu theory, which leads to
a systems of nonlinear equations.

The solution to the dynamic general equilibrium model is described by
a large-scale system of nonlinear equations. The Krylov methods (see,
e.g., [2]) become increasingly more popular than the stationary iterative
method of the Gauss—Seidel type [3].

In [4], we suggested a parallel version of the Gauss—Seidel method that
uses the block structure of the nonlinear system, which describes a dynamic
general equilibrium model. We implemented the parallel algorithm in the
one-region model and showed that its computation time is comparable to
the Krylov methods.

To demonstrate the effectiveness of the parallel algorithm, we use the
PET model calibrated to reproduce major outcomes for the socioeconomic
scenarios from the Shared Socioeconomic Pathways (SSP) database (see,
e.g., [6]). The PET model is a forward-looking CGE model with tree types
of agents: consumers, producers, and government. Consumers maximize
their lifetime utility function taking prices as given. Producers maximize
profits supported by the prices. Government redistributes capital through
taxes and transfers. International trade is described by the Armington
model [5]. Prices are determined by the markets clearing conditions for
production factors, intermediate and final goods. The first-order optimality
conditions for the agents and supply-equals-demand conditions for markets
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form a system of nonlinear equations that determines the general equilib-
rium. The algorithm for calculating the equilibrium has been implemented
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Figure 2. Timing for iterations.
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Figure 3. Timing of year-blocks.

using OpenMP and tested at the Lomonosov supercomputer [7].

To study strong scalability of the parallel algorithm, we need to increase
the computing power while keeping the total problem size constant. This
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is achieved by running the model with the same initial approximations and
same set of numerical parameters (for each SSP) with increasing number of
threads. Figure 1 shows that the speedup of the parallel algorithm grows
almost linearly as the number of threads grows from 1 to 12 (for calculations
with more threads, see [8]).

Figure 2 shows that, for the number of threads from about one to ten,
there is a visible monotone decreases in timing of the iteration as the algo-
rithm converges. This effect can be explained if we look at the timings of
different year-blocks of the inner loop (Fig. 3).
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HEKOTOPBIE OIITUMU3AIIMOHHBIE 3AIAYYN VIIPABJIEHUSI
[IYYKAMU TPAEKTOPUIT. TEOPEMBI CYIIIECTBOBAHM I
ONTUMAJIBHOTO VIIPABJIEHUSI
(SOME OPTIMAL CONTROL PROBLEMS
FOR PENCILS OF TRAJECTORIES.

EXISTENCE THEOREMS FOR OPTIMAL CONTROL)

M. C. Hukosasbckuii (M. S. Nikolskii),
E. A. Beasiesckux (E. A. Belyaevskikh)

Mamemamuueckuts uncmumym um. B.A. Cmexaosa PAH,
Mocxksa, Poccus
Poccutickuti yrnusepcumem dpyorcoo. napodos, Mocksa, Poccus

mni@mi.ras.ru, belchiki@mail.ru

B monorpadun [1] u apyrux paborax M3ydaroTcs 3aJady yIPABJICHUS
[Iy9IKaM# TPACKTOPHIl YIIPABIISIEMOT0 00BEKTA CJEIYIONIEr0 TUIIA.

B eBkmmmoBoMm apudmerndeckoM mpocTpaHcTBe R™ paccMaTpUBaeTCs
JIBUZKEHHUE yIpaBJiseMoro obbekra suma (cp. [2])

z = f(x,u), (1)

raex € R (n > 1), u € U, U — HemycToil KOMIAKT U3 €BKJINIOBA IIPOCTPAH-
cra R" (r > 1). B xayecTBe JOIyCTUMBIX yIpPABJEHUH PAaCCMATPUBAIOTCS
uamepumbie 110 Jlebery dynkuun u = u(t) € U, t > 0. Henuneiinas ysk-
must f(x,u) npeamosaraeTcs HEPEPBIBHON 110 COBOKYIHOCTH EPEMEHHBIX
U HEIPEPBIBHO i depeHnupyeMoil 1o KOMIIOHeHTaM BekTopa = Ha R™ X U.
IIpennonaraercst Takxke, 9ro Ha R™ X U BbIIOJIHSIETCS HEPABEHCTBO

(, fz,u)) < e(1+ |zf?),

rJe CUMBOJI (-, -) O3HAYAET CKAJSIPHOE NPOM3BEICHUE BEKTOPOB, CUMBOII | - |
O3HAYAET JJIMHY BEKTOPA, ¢ — HEOTPUIaTeIbHAd KOHCTaHTa. OTHOCATEIHLHO
HauasbHOro cocrosauus x(0) = xo npeanosnaraercs, 9ro o € My, rne My —
HEeIyCcTOoi KOMIakT u3 R”.

MHOKeCTBO JIOIIYCTUMBIX YIIPaBJICHHI Ha PACCMATPUBAEMOM Jajee OT-
peske [0,T] (T > 0 — koncranTa) obosHauuM uepes U. Ilape o, u(-), Tae
xo € Mo, u(-) € U, MOXKHO COIIOCTABUTH AOCOJIIOTHO HEIIPEPLIBHOE PEIIeHNe
x(t, zo, u(-)) ypaBuenns (1) wa A = [0, T]. IIpu nansom u(-) € U MHOKECTBO

107



dyusxnuit Ha A

M) = |J 2 w0,u()

o€ Mo

obpasyer Iy4oK Tpaekropuii ynpasigemoro obbekra (1). Ha muoxkecrse
nyukoB M (u(-)), tae u(-) € U, MOXKHO paccMaTpUBaTh PA3JIHYHBIE OITH-
MU3AIIOHHBIE 33Ja4i. TaKoro Pojia 3aJadi MHTEPECHBI, HAIPUMEp, €CJId
HAYAJLHOE COCTOAHUE T YUPaBJsieMoro o0bekTa (1) M3BeCcTHO HEeTOUHO, HO
M3BECTHO, 9T0 T € My, roe My — 3aganHOe MHOXKECTBO 13 R™.

B monorpadum [1] paccMOTPeHBI HEKOTOPBIE 3381491 YIPABJIEHHS Ty IKa-
MU TPaeKTOpHil, CBA3aHHBIE C 3aa9aMH yIIPABJICHH ITyYKAMI 3aPAKeHHBIX
yactu,. Takue 3318491 IPeACTABISIOT HHTEpeC, HAIIPUMeD, IPH IPOEKTHPO-
BaHUM YCKOPUTeJIeHl 3apssKeHHBIX YaCTHIL.

3/1ech MBI OCTAHOBHMCS Ha, OJHOM M3 ONTHMU3AIMOHHBIX 3244, PACCMOT-
pennbix B [1]. Ha muOXecTBe mydxoB M (u(+)), rae u(-) € U, paccMorpum
MUHAMH3HPYEMbIil MHTErpaIbHbBIA (DYHKIIMOHAJ BHIA

T
1wo) = [ [ sty @)
0 JIM.,
rue ¢(t,y) — nenpepoiBHas Gyukuusg na A X R™,

Mt,u(~) = U ﬂf(t,ﬂfo,u(')),
zo€ Mo

t € A. B (2) cHauaa BBINOIHSAETCS HHTEPUPOBaHKE B cMbIcse Jlebera 1mo
Yy € My (), a norom unTerpuposanue B cmbicie Jlebera o ¢ € A. Ilpemo-
Jaraercs, 9To Mepa JleGera KommakTa Mg MOJI0KATENBHA.

B Hacrosimedi pabore oIy YeHbl JOCTATOYHBIE YCJIOBUS, IPA KOTOPHIX Cy-
IIECTBYET ONTUMAJILHOE YIIPABJICHHE B PACCMATPUBAEMOI OIITUMU3AIIMOHHON
3azade Ha MuHuMyM yunkimonana I (u(-)) (cM. (2) Ha MHOXKeCTBe ILy9IKOB
M(u(-)), toe u(-) € U. DT JoCTATOUHBIE YCIOBHS, IOMUAMO YK€ CJIEIAH-
HBIX [PEJIIOJIOKEHUIA, COCTOAT B TOM, 94TO BeKTopHas dbyukuus f(x,u) B (1)
UMeeT CIeNUAabHBIA BUL

f(x,u) = g(z) + B(z)u, 3)

rje BekTopHasd GyHkuus ¢(z) u marpuunas dyukuus B(z) pasmepHOCcTH
n X T HenpepbiBHO auddepernupyeMbl Ha R™, a U — BBIIYKJIbIH KOMIAKT.

B nopsaxe 06001mennst MOXKHO pacCMOTPETh MAHUMHU3UPYEMBbIi (DyHKITH-
onas Buga (cp. [2])

Li(u() = I(u() + I2(u(-),
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rjie

I(u(’)) = /M h(y) dy,
T,u(-)

upuueM dyukimst h(y) HenpepbiBHa Ha R™ 1 MHTErpaJl IOHUMAETCS B CMbIC-
ste JleGera.

Hust 3aaun MuanMusanun dbyHaknunorada I; (u(-)) Ha MHOXKeCTBe Iy YKOB
M(u(-)), tme u(-) € U, cymecTBoBaHNe ONTHMAILHOIO YIPABJICHUS MapaH-
TUPYeTCs IPU TeX Ke YCJIOBUAX OTHOCUTeJNbHO f(z,u), ¢(t,y), 0 KOTOPhIX
6110 cKazano Beime (cM. (3)), ¥ yCIOBHU BBIMYKJIOCTH KoMIakTa U.

OTMernM, 9TO IpPU JOKAZATEIHCTBE TEOPEM MbI UCIOJIL3YEM HEKOTODbIE
pesynbraTsl u3 [3].
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CHUHTE3 OIITUMAJIBHOI'O VIIPABJIEHUS B SAJAYE

XUMHNOTEPAIINN 3JIOKAYECTBEHHBIX OITYXOJIEN

(OPTIMAL FEEDBACK IN A MATHEMATICAL MODEL
OF CHEMOTHERAPY OF MALIGNANT TUMOURS)>k

H. T'. HosocesnoBa (N. G. Novoselova)

Hremumym mamemamuru u mexarury um. H.H. Kpacoscrozo
VpO PAH, Examepunbype, Poccus

n.g.novoselova@gmail.com

B pabore m3ygaercss MmaremMaTndeckas MOJEIb XUMHOTEPAINN 3JI0KATe-
CTBEHHBIX OITyXOJIeHl JIJTsT HEMOHOTOHHOMN (DYHKIINN TEPAINH, OIMUCHIBAONIEH
crereHb dOPEKTUBHOCTU BO3AEHCTBUST XMMUOTEPAIEBTUIECKOTO CPEJICTBA
Ha kyerku. Ha ocHoBe npuanuna makcumyma JI.C. Tloarpsiruna [1] onucano

*Pabora BbioaHeHa npu duHancoBoi nomgepxke PODU (npoext 17-01-00074).
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IIOBEJICHUE SKCTPpeMalel B 3a1a4e onTuMasbHoi xumuorepanuu. [locrpoena
onTHMaJsbHAs MO3UIMOHHASI CTpaTerus [2] s paccMaTpuBaeMoil Mojen
TepaInu.

Beegem cieyrorme 0603HATEHISA: 1M — TIHUCIIO 3I0KATECTBEHHDBIX KJIETOK;
h — KOJIMYeCTBO XMMHOTEPAIIEBTHYECKOTO CpelcTBa (JIeKapCTBa), CIocob-
HOro ybuBaTh Kjerku omyxoun; f(h) — dyHKIMs Tepanuu, OMuChIBAIONIAA
BO3JIEHCTBYE JIEKAPCTBA Ha KJIETKH OIYXO0JIH; 1(t) — KOJMIeCTBO XUMUOTEDa-
[EBTUYECKOTO CPEJICTBA, BBOJIMMOIO B OIYXOJb B €JIUHAILY BpeMeHH (yIpas-
JIeHUe).

IIpomecc B3anMOAENHCTBUS KIETOK OMYXOJIH U XUMHUOTEPAIEBTHIECKOTO
CPEJICTBA OIMCBHIBAETCS CJIEyIOINeil N3BeCTHON MOJIeIbIo (3], rue BpeMst us-
MeHsiercst B npegenax t € [0,T7:

dm

= = —m,f(h)7 m(to) = my

o (1)
= = —ah +u(t), h(ty) =ho, «= const>0,

rie T — PpUKCHPOBAHHBIN KOHEYHBII MOMEHT BPEMEHH,
to € [0,T], 0<my < M, 0<hy <L,

M — MakcuMaJabHOE KOJIMYECTBO 3JI0KAYECTBEHHBIX KJIETOK B OPraHU3Me,
COBMECTHMOE C 2KM3HBIO, L, — MAKCHMAJILHOE KOJIMIECTBO XUMUAOTEPAIIEBTHU-
YEeCKOI'0 CPEJICTBA B OpraHu3Me — IIPeAeIbHbIN JOIyCTUMBIA HOPOI' MHTOK-
CHUKAIIH.

IIpenmonaraercs, 9TO0 KOJUYIECTBO XUMHOTEPAIIEBTUYIECKOTO CPEJICTBA,
BBO/IMIMOI'O B OIIYXOJIb B €JIMHUILY BPEMEHHU, OI'PAaHUYECHO:

0 <u(t) <Q. (2)

PaccMOTpEM HEMOHOTOHHYIO HENpPephLIBHO gauddepeHnupyemyo QpyHK-
’ _ df(h)
mmo repamuu f(h) Takyio, uro ee npoussopnas f'(h) = =5~ mmeer Tpu
Pa3INYIHBIX JIHCTBUTEILHBIX KOPHS

0<h1<h2<h3§L, f’(hz):O

ITpeanonaraem, uyro dyukuus repanuu f(h) obiaagaer ciepyomumMu CBOi-
CTBaMHU:

Al. Eciau h < hy, 1o f'(h) > 0, a ecitu h > hs, To f'(h) <O0.
A2. 0<ahi<Q,i=1,2,3;
A3. f(h1) = f(hs).
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PaccMoTpuM B KauecTBe JOIyCTUMBIX yIIPABJICHUI N3MEepPUMbIe (DYHKIUN
u(+): [to, T] — [0, Q]. Herpy/iHO yBUIETH, UTO IPU CIEIAHHBIX [IPEIIOTIO0KE-
HUSIX pereHus cucTeMbl (1) MpooszKuMBL JO MOMEHTa BpeMenn 1.

3a/1aua ONTUMAJBHON TEPAITUE COCTOUT B IMTOCTPOEHNH JIOITYCTUMOTO YIIpa-
BJICHUS, MUHAMU3UPYIOMIET0 TEPMUHAIBHYIO (DYHKIMIO TLIATHI:

U(ma h) = mQ(T;thmOa hOvu()) - In(lI)l, (3)
rae m(-) = m(-;to, mo, ho,u(-)) — pemenue cucrembl (1) ¢ HAYAIbHBI-

Mu yeouamu (tg, Mg, hg), BEIPAGOTAHHOE MO BO3IEHCTBUEM JIOTTyCTHMOTO
yupasienus u(t).

IIycts B paccmarpupaeMoii 3azade (1)—(3) ewmosHsirorest yeaopust Al,
A2, A3. PaccmorpuM ciay4ait, korga dyukmus f/(h) yaoBieTBopsieT yciao-
BHIO

{f'(h) <0, h € (hi,h2)}U{f (h) >0, h € (ha,h3)}. (4)
B JIpyrux BO3MOMKHBIX CJIydasX HccJejgyeMasl 3a7ada MOCTPOEHHs OITH-
MaJILHOTO CHHTE3a CBOJUTCA K 3aJlade C OJHUM WJIM JBYMsSI KODHSAMHE JIJIst
dyuxun f’'(h), kotopast 6el1a pemena B pabore [3].

JloKa3aHbI CJIETYIONINE YTBEPKICHH.

Teopema 1. ITycmv h(ty) = ho > hs. Ecau hoe=®T=t0) > hg
mo ynpasaenue u’(t) = 0, t € [to,T], AGAAEMCA ONMUMANLHILM; €CAU
hoe=*(T=%) < ha. Mo ONMUMANDHOLM YNPABAEHUEM ABAACTNCA

{0, te [to,tl], h(tl) = h3,

u®(t) =
ahsg, te [tl,T].

(5)
Teopema 2. ITycmov h(tg) = ho < hy. Ecau R(to, ho) < hy, 20de

T
R(to, ho) = e_o‘(T_tO) (ho + Q Ga(T_tO)dT) 5

to
mo ynpasaenue ug(t) = Q, t € [to,T], AGAAEMCA ONMUMANLHDIM; €CAU
R(to, ho) > h1, mo onmumasvhoe ynpasierue umeem eud

B Q, te [to,tg], h(lfg) = hl,
vell) = {ahl, t € [ta, T). ©)

Teopema 3. I[Iyemw h(ty) = ho: h1 < hg < hs. Tozda 6 obaacmu
I' = (hy,h3) x [to, T] onmumanrvroe ynpasaerue u’(t, h) umeem eud

(1. h) = 0, hi<h<uz(t), )
Wit h) = Q, x(t) <h < hs,
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ede z(t) — aunua Panxuna—I1ozonuo [4]:

dx(t) () — s2(t) . _
dt (t) QSQ(t) 781@)7 te [OaT]v (T) h27
_ (. @
510 =6l ~ 16O 5= (- L)) - 60
&1 = &1(t) = z(t)e” Y, t] = min(¢y,T) > t,
& (t1) = ha, hy < &(T) < he;
& = &(t) = z(t)e 20 — %(e‘o‘(t;_t) - 1), t5 = min(te, T) > t,

&a(t2) = ha, ho < &(T) < hs.
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[IPUMEHEHUE PETVJISAPHOCTU ABOVHOI'O
I[IPEOBPA3BOBAHUS JIATIJIACA K OBIIUM CBOMCTBAM
UHTEI'PAJIBHBIX [TIPEOBPABOBAHUN DPYPHE
(APPLICATION OF REGULARITY OF THE DOUBLE
LAPLACE TRANSFORM TO THE GENERAL PROPERTIES
OF THE INTEGRAL FOURIER TRANSFORM )

A. B. ITaBsos (A. V. Pavlov)

Kagedpa svicwet mamemamuru (MTY) MUP3SA, Mocksa, Poccus

loginli@umail.ru

Paccmarpusaercst HOBBII Kitace byHKImiA, J1BoiiHOe peobpasoBanue Jla-
1aca OT KOTOPBIX aHAJUTUIHO B OTKPBITOH OKpecTHOCTH Hysst [1-3]| (Teo-
pema 1).

CojiepKaHueM CJIEJICTBUST | SBJISIETCS BO3MOXKHOCTb AHAJUTUIECKHU ITPO-
JIOJIKUTH IIpeobpaszoBanue Jlamiaca 9eTHBIM WM HEYETHBIM 00pa30M C IIpa-
BOIl Ha JIEBYIO YaCTh IIJIOCKOCTH JIJisi HEKOTOPOI'O €CTEeCTBEHHOI'O KJIACCa
dyukuuit [1-3]. Jannoe cieicTBre IPUBOAUT K HOBOMY KJIACCY Ipeobpazo-
Bamnnit Jlammaca, YeTHBIX WM HEYETHBIX BO BCEH KOMILIEKCHON IIJIOCKOCTH.

W3 Teopembr 1 BbITEKaET B3aNMHAasI T€PECTAHOBOYHOCTH KOCUHYC- W CHHYC-
npeobpaszoBanuit Pypbe ¢ TOTHOCTHIO JI0 3HAKA, UTO IMPUBOJUT WK K PABEH-
CTBY HYJIIO olleparopa moTeHImaa HeoToHa, WM K ero TOXK1eCTBEHHOCTU
B PA3HBIX CUTYAIIUSIX.

IIpuBouTcst MapaOKCATBHBINA (HAKT O PEryassPHOCTU U OTHOJUCTHOCTH
JIBOMHOTO Tpeobpa3oBanus Jlamiaaca B OTKPBITONW OKpecTHOCTH HyJsd. U3
JAHHOTO (baKTa BEITEKAeT, 4To mpeobpasosanue Jlammaca B Buge R ™(2)
coxpaHsieT OOBIKHOBEHHOE CBONCTBO deTHOCTH: IpeobpasoBanue Jlamiaca
YETHO MPU HEYETHON BHyTpeHHEH (DYHKIMM ¥ HEYETHO IIPU YETHOMN, 9TO
upuBogut 1, 2] K 0YeBUAHOMY UCYE3HOBEHUIO JIEHICTBUTENLHON YacTh 1pe-
obpaszoBanus Jlamaca Ha MHUMOIT OCH.

Teopema 1. Iycmo dynkyus So(—z) peeyaspna 6 nexomopol obaa-
cmu G(S), codeporcawetc omxpoimyro oxpecmmnocms wyas {z: |z| < b} C
C G(S), b > 0. U3z nenpepusrnocmu gdynruuu So(t) npu scex t € [0, 00)
u yeaosua |So(p)| - p|? < ¢ = const, |p| — +oo, ¢ < o0, caedyem,
umo gymryuu RY(2) = Ry(2), Ri(2) = [J et dt [[7 e So(x — a)da,
LLSo(z — a)(-)(z) = [, e~ dt [;° e " So(x — a) dx pezyanpro 6 omxpoi-
mot oxpecmuocmu wyas z: |z| < 2a npu aobom a: 0 < 3a < b.
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Hdoka3zaresbcrBo. Ilepeoe cnaraemoe L(p) B unrerpase [3, 5]

/ e?t dt/ e Sy (x) do =
0 —o0
:/ ePt dt/ e Sy (x) dacf/ e?t dt/ e Sy (x) d
0 —o0 0 —a

peryussipo B obiacru peryssipaoctu dbyskiun So(—p), comepxkaieil B cebe
0 YCIIOBUIO TEOPEMBI OTKPBITYIO OKPECTHOCTH HyJist [p| < b, b > 3a. Bropoe
cJlaraeMoe paBHO — fooo eP—ai)t gy fooo €' Sy(z — a) dr; mcxomublil HHTErpa

/ ePt dt/ e Sy (z) dr = / [SO—(QC)} dz, Rep < 0,
0 —0 —oo L Pt

peryussipes upu Bcex p: Imp € (—a,+00), a > 0.

Ocraercs 3aMeTHTD, 9TO 00JIaCTh COBMECTHOM PEryJIApHOCTH JBYX HCXOI-
HBIX YHKIMI BKIOUaeT B cebsi OTKPBITYIO OKPeCTHOCTH Hyss. ([lanHast
PEryJIIPHOCTD SIBJISETCSA OOIIEN3BECTHBIM (DAKTOM U IIPOBEPEHA, HAIIPUMED,
B paborax [3, 4, 6].) O

Caencrue 1. Ouesudnvim caedemeuem meopemn, 1 (6 ee ycaosuar) u
aeero nposepaemozo paserncmes L(—z) = [Ry(—z)£ Ry (2)], |z| < 2a,a > 0,
ABAACTNCA YEMHOCTL U HEUETHOCTL danmo2o npeobpasdosarua Jlanaaca
npu coomeememeerto wewemnol uau wemnot So(x — a) = Si(x) (awbas
Pynruua Si(x), ouesudno, npedcmasuma 6 ude Hexomopol cdeunymot
Pynruuu So(x — a) npu awbom a); Pynkyus L(p) cosnadaem ¢ nepevim
CAARAEMBIM GOLPAINCEHUA JOKAZAMENLCNEA eopembl 1.
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CALCULATION OF SUBDIFFERENTIALS
FOR SEMIREGULAR FUNCTIONS™
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In the study of non-smooth continuous functions f: X — R! at a local
minimum at some point o € X the necessary extremum condition takes
the form of inclusion 0 € Jc¢ f(zg), where Oc f(xo) is the Clarke subdiffer-
ential [1, 2]. In more complicated problems of mathematical control theory
sometimes it is necessary to calculate subdifferentials of Clarke’s type [2, 3].
However, the calculation of these subdifferentials for non-smooth and non-
convex functions is not a very simple task. In this paper we obtain fairly
simple formulas for the calculation of various directional derivatives, and
consequently subdifferentials, including the Clarke subdifferential for a class
of nonsmooth semiregular functions that contains functions representable as
the difference of two locally Lipschitz continuous convex functions.

Let X be real Banach spaces. We denote by B,.(xo) the open ball of radius
r > 0 with the centre x¢ in the space X. As usual, the classical directional
derivative of a function f: X — R! at the point z¢ in the direction u € X
is defined by the following expression:

f(wo,u) == 1;?3 AH(f (w0 4+ Au) — f(x0))-

For a locally Lipschitz continuous function f: X — R! at the point zg
in the direction u € X let us consider M-derivatives D7, f(z0)(u), where
M € {U,L,C, AL, MP}, with U standing for “upper” [4-6], L for “lower” [4,
5, 7], C for “Clarke” [1, 2, 4], AL for “asymptotic lower” [4, 7], and MP for
“Michel-Penot” [8, 4].

*This work was supported by the Russian Foundation for Basic Research (project
no. 16-01-00259a).
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The M-subdifferential of a function f: X — R! at the point 2y € dom f
(for any M € {C,MP, AL}) is the subset of the dual space X* defined by
the formula

i1 f(wo) ={pe€ X* | (p,x) < DY, f(zxo)(zx) Vz € X}.

Definition 1. For a continuous function f: B,(x¢) — R! which has fi-
nite classical directional derivatives at the point zg € X, we define functions
g and ¢ by the formulas

9(x) = f(zo) + f'(wo, 2 —w0),  ¢(2) := f(z) — g(2); (1)
that is, the function f in the neighborhood B, (xg) of the point z( is repre-
sented as a sum of its quasilinear part g and a remainder ¢.

It is obvious that the functions g and ¢ at the point xy have classical
directional derivatives and, moreover,

g (zo,u) = f'(zo,u), o' (zo,u) =0  VYue X.
Hence for all © € X the following inequalities hold:
D¢ f(a0)(w) > Dy f(0)(w) = Dy g(ao) (w) = Dig(ao)(w) > f(wo,u),
Dyp(0)(u) = 0,
from which, in particular, the inequality 0 < Dg ©(xo)(u) follows for all

u € X, which is equivalent to the inclusion 0 € 9 ¢(zo).

Definition 2. A continuous function f: B,(xg) — R! is called semireg-
ular at the point x¢ € X if it has finite classical directional derivatives along
any vector at the point zg, the corresponding function ¢ defined by (1) is
Lipschitz continuous in some neighborhood of the point g and the equality
O (o) = {0} holds, that is, D¢ (x0)(u) = 0 for all u € X.

Here are some subclasses of semiregular functions:

1. Any positively homogeneous Lipschitz continuous function is semireg-
ular at the point 0 € X, as ¢(u) = 0.

2. A function which has finite directional derivatives along any vector at
the point xy and for which the corresponding function ¢ from (1) is convex
and bounded in some neighborhood of the point zq is semiregular.

3. A convex function f is semiregular at the point z( if the equalities
' (zo,u) + f'(xg,—u) = 0 hold for all u € X. In particular, every convex
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function f that is Gateaux differentiable at the point z( is semiregular at
this point.

4. For a non-convex function f: X — R! to be semiregular at the
point xg, it is sufficient that it is strictly differentiable at the point z¢ € X.

At the same time a non-convex differentiable function may not be semi-
regular. For example, a function f: R! — R! of the form f(z) = 2 sin%
for  # 0 and f(0) = 0 is differentiable, but it is not semiregular at zero.
Here f/(0,u) = 0, ¢(x) = f(z) and DE¢(0)(u) = |u| for all u € RL.

We also show that not every Lipschitz continuous function which is Clarke
regular at some point is semiregular at this point.

Theorem 1. Let f: B.(x9) — R! be a semiregular function at the
point xg. Then all M-derivatives of the function f coincide, that is,
VM € {C,MP, AL}

Dirf(wo)(u) = Slell))((f’(xmu +w) = f(wo,w))  VueX,

which is equivalent to the coincidence of all subdifferentials (‘%'f(xo) =
3Kr4pf(ﬂfo) = aKLf(ﬂfo)-

Theorem 2. Let a function f: X — R! be a difference of two con-
ver functions f1 and fo that are semiregular at the point g, that is,
f = fi— fo. Then all M-derivatives of the function f coincide, that is,
VM e {C,MP, AL}

Dy f(wo)(u) = Slél?((f/(ﬂfoau +w) = f(wo,w))  VueX,

which is equivalent to the coincidence of all subdifferentials 5‘8‘ flxo) =
3§pr(ﬂfo) = aj{Lf(ﬂfo)-

A complete description of the results obtained in the report is presented
in [9], where examples of computing the subdifferentials for the difference
of two convex functions are also given and an example of a convex function
that is not semiregular at some points is demonstrated.
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WITH CONTROLS FROM A BALL)

M. M. Iloranos (M. M. Potapov)
MI'Y um. M.B. Jlomonocosa, Mockea, Poccus

michaelpotapov@hotmail.com

PaccemarpuBaercs ynpasisieMblii mporiece, IMHAMAKA KOTOPOT'O OIICHIBA~
erca byuxmueii y = y(t, x), ABIAIONIENCS PEIIEHuEM CJIeLyoIeil HadabHO-
KpaeBoii 3a/1a4un /1J1s1 BOJITHOBOT'O yPaBHEHUSI:

Yt = Yoo —q(2)y,  0<t<T, 0<z<I,
Ylz=0 = uo(t), Ylomt = w1 (t), 0<t<T,
Yle=o = 0, Ytlt=0 = 0, 0<x<l.

Buauenust T > 0, I > 0 u koapdbunment ¢(x) € C[0,1], g(x) > 0, upexmmo-
JIAraroTCs 3a7aHHbIMU. ['parnanble yupasiaenus u = (ug(t), u(t)) Beibupa-
rorcst w3 poctpancrsa Cobomesa H = H(0,T) x H'(0,T) u we mo/mKmnt
BBIXOJIUTD 34 IIPEJEIIBI apa 3aJaHH0r0 paguyca R > 0:

we Br={ucH||ullxz <R}
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Ienpio yupab/eHust sABJSIETCS NEPEBOJ CHCTEMBI B 3aJaHHOE COCTOSHHE
f%(x) € HY(0,1) ¢ 3amannoit ckopoctbio f1(x) € L?(0,1), npuuem cienats
9TO TpebyeTcs 3a HaMMeHbIIee BpeMs. B 3amade GbICTPOAEHCTBUS AJIs JIIO-
00i1 Hamepes, 3aIaHHOI IeJIeBOi naphl [ = (fo(:v), fl(:v)) e F=HY0,l) x
x L2(0,1) umercs nanvenbimee spema goctmxkumoct Ty = Ty (f) memn f:

To=if T, y(T0)=f(), w(lz)=[(z), 0<z<l,
a Tak»ke U HEKOTOPOe JIOIYCTHMOe YIIpaBJieHue u, € Bp, momx neficTBueM
KOTOPOTO IeJib [ JIOCTUTaeTCsl 3a ONTUMAJIbHOE BpeMst Ty.

B nmammnoit pabote mpeoyKeH IUCACHHBIN AJTOPUTM, KOTOPBIA M0 MpH-
OJIM>KCHHBIM JAHHBIM f er, ||f* fllF < 4, u coorBercTBYIOIIEMY YDPOBHIO
morpemmaocTr § > (0 BhIpabaThIiBaeT TPUOIUKEHHBIE DPEIIeHUs] T.>0u
Uy € H 3amaum ObICTpOAEiicTBYS, 00/IaJaI0IINe CXOAUMOCTHIO

T, —T.| =0, ||ty — uillz =0

K ee TOYHBIM perreHusM npu § — 0 U aCUMITOTHIECKOM YTOYHEHUH Mapa-
MEeTPOB KOHEYHOMEPHON aIllPOKCUMAINH, KOTOpasl UCIOJIb3YeTCs PU BbI-
qucsenun dha3oBoit Tpaekropun y(t, ). IlpemnaraemMplii 31€Ch METOJ U €ro
TEOpeTHIECKOe 0DOCHOBAHNUE IIPEJICTABIISIOT COOON HENOCPEICTBEHHOE Pa3-
BUTHE PE3yJIbTATOB pAbOTHI [1], HOIyYeHHBIX [IjIsi AHAJOIUIHON 3a/1a4u, B
KOTOPO#l OrpaHnveHnsl Ha yIPaBJIeHUs OTCYyTCTBOBaJud, T.e. R = oo. Kak
u3BectHO [1, 2|, B paccMarpuBaeMbIx 3/1€Ch (DYHKIMOHAJIBHBIX KJIACCAX IIPU
R = oo auist sio6oii e f € F' coorercrytoee 3Hauenue Ty ( f) Bpemern
EeicTpojeiicTBus siBasiercst jpokpurudeckum: T4 (f) < T, = I, a ecau oHO
okasbiBaercd B Tounocru Kpurudeckum: Ty (f) = T, = [, To onrumasabHoe
10 GbICTpOEicTBHIO yupaBieHue Uy (f) He obsa3aTenabHo cynecTByeT. B Ha-
IeM cjrydae, Korja 3aadenue R > 0 koneuno, spemsi 6oicrpogeiicrsust Ty (f)
MOKET OKa3aTbesa u cBepxkpurudeckum: Ty (f) > T = I, HO HE3aBUCUMO OT
€r0 3HAYEHUSI ONTUMAJIBLHOE 110 BPEMEHNU YIIPABJIICHHE Uy 00S3aTEIHHO CYIIe-
CTBYET, €IMHCTBEHHO U Jyis cBepxKpurudeckux 3uadenuit Ty (f) > T, = |
BpeMeHU OBICTPOEHCTBHS OHO 0OsI3aTEILHO HAXOJUTCS Ha TPAHUIE IIapa:
|lts||r = R. D10 CBOICTBO, HA3BAHHOE CEOUCTNEOM HACHULEHUA HOPMbL, OBI-
JIO OTMEY€eHO B HesiaBHeli pabore [3], B KOTOPOii aJropuTMUIECKHE U BBIYHC-
JINTEJIbHBIE aCIIEKThI MPOOJIEMBI OBICTPO/IECTBUSI HE 3aTParuBaJIiCh.
IIporieiypa npubIMzKEHHOTO PEIIeHuUs 3a/1a91 OBICTPOEHCTBH O€3 orpa-
HudeHni u3 [1] aBjsiercs B HaIlIEM AJrOPUTME OJHUM U3 MOJIyJIeii, a OCHOB-
HOIT MTEePAIMOHHDIN MPOIECC MMONCKA BPpeMeHN OBLICTPOACHCTBUST OCHOBAH HA
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cjreaymomeM ero npeJacTaBJICHNN:

L(f) = jut - inf [lAru—flr =0, (1)
tne Ap: H = F, Aru = (y(T,-),y:(T,+)), — oneparop yupasienus. dro-
OBl IPAKTHYECKN PACIIO3HABATD, PABHA WM HE PABHA HYJIIO HUKHSS TDAHb
HEBSA3KH B yCJ0BHA (1), HCIIOIB3yeTCs: BO3SMOKHOCTD 3aMEHBI B 9TOM YCJIO-
BUM HOPMBHI || - || 7 Ha GoJtee cabyio HopMY || - || B HEKOTOPOM rusib6epToBOM
upocrpascTtee G, B KOTOPOE MMeIeecsi IPOCTPAHCTBO F BKJIAIbIBAETCSI
KoMIakTHO. OJIHUM M3 BO3MOXKHBIX TAKUX BAPUAHTOB SIBJISIETCS, HALIPUMED,

G = C[0,1] x H=Y(0,1).
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AN ANTHROPOMORPHIC SUB-RIEMANNIAN MODEL
FOR IMAGE RECONSTRUCTION AND PATTERN RECOGNITION

Dario Prandi, Jean-Paul Gauthier
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In his beautiful book Jean Petitot proposes a sub-Riemannian model for
the primary visual cortex of mammals. This model is neurophysiologically
justified. Further developments of this theory lead to efficient algorithms
for image reconstruction, based upon the consideration of an associated
hypoelliptic diffusion. The sub-Riemannian model of Petitot (or certain
of its improvements) is a left-invariant structure over the group SE(2) of
rototranslations of the plane. Here, we propose a semi-discrete version of
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this theory, leading to a left-invariant structure over the group SE(2; N),
restricting to a finite number of rotations. This apparently very simple
group is in fact quite atypical: it is maximally almost periodic, which leads
to much simpler harmonic analysis compared to SE(2). Based upon this
semi-discrete model, we improve on the image-reconstruction algorithms
and we develop a pattern-recognition theory that leads also to very efficient
algorithms in practice.

YUCJIEHHBIE METO/bI PEILIEHUSA
OIHOM 3AJAYN OIITHUMAJIBHOT'O YIIPABJIEHUS
(NUMERICAL METHODS FOR THE SOLUTION
OF AN OPTIMAL CONTROL PROBLEM)

C. II. Camconos (S. P. Samsonov)

Mockosckuil 2ocydapcmeennnii yrusepcumem, Mockea, Poccus

samsonov@cs.msu.su

Pabora mocssitena pacCMOTPEHUIO YUCIEHHBIX METO/IOB PEIIeHUs] JTNHEH-
HBIX 33/1a9 ONITUMAJILHOTO yIipaBjenust. Mlcrnoan30Banue JIMHEHHOCTH ypaB-
JISTEMOI CUCTEMBI TI03BOJISIET ITOCTPOUTH 3P PEKTUBHO PAbOTAIOIIIE TIC/IEH-
HbIE AJITOPUTMBI. Pa3paboTKe YUCIEHHBIX METOIOB JIJIsl JIMHEHHBIX 33189
ONTUMAJILHOTO yIIPaBJIEHUs IIOCBSINEH TeJiblil psijt pabor. Cemyer, 0HAKO,
3aMeTUTh, ITO B OOJBINMMHCTBE OIyOJTUKOBAHHBIX PabOT MCCIIEIYETCS TOIb-
KO CXOJIMMOCTH METOJIOB U 33J1aeTCsl KAKON-TO KPUTEPHUil OCTAHOBKHU BBIUUC-
JIEHUI, KOTOPBIN obecrednBaeT “OJau30CTh’ BBIYUCISIEMbBIX BEJIUYUH K HC-
KOMBIM, HO HE TapaHTuUpyeT 3aJiaHHONi TOYHOCTU. OOBIYHO HCIOJIb3yeMble
YUCJIEHHBIE aJITOPUTMBI TPEOYIOT YHUCIEHHOTO PEINIeHUs] HEKOTOPBIX 3a/1a4
u3 Teopun AuddEPEHITNATBHBIX yPABHEHUH, JTUHEHHO ajrebpsr u 1.7, Of-
HAKO BBIYUCJIATEIbHBIE TOTPEITHOCTH PENIEHNsT ITUX BCIOMOTATEIHHBIX 3a-
Jlad MOT'YT OKA3aThCsl BEChbMa 3HAUMTEIbHBIMU, TIO9TOMY OOJIBINON HHTEpEC
[IPEJICTABJISIIOT TAKUE YUCIEHHBIE METOJIbI, JJIs KOTOPBIX YAAeTCsl TOJIY YU Th
OIIEHKY TOYHOCTH BBIYUCJIEHUI C yYeTOM BBIUUC/IUTEBHBIX TOTPEITHOCTEI.

JlaHHBII JTOKJIA/] KAK pa3 U IMOCBSINEH YUCJIeHHBIM METOIAM, PEIIAIOIM
JIMHEHHBIE 33190 ONTUMAJILHOTO YIPABJIEHUSI C 3aJAaHHON TOYHOCTHIO U C
YUETOM BBIYUCJIUTE/BbHBIX IorpentnocTei [1].
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SIMULTANEOUS CONTROL OF ENSEMBLES
OF NONLINEAR CONTROL SYSTEMS
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Over the last decade there is a growing interest with regard to the control
of ensembles (parameterized families) of nonlinear control systems

i’ = 2% u), 0ecOCRY, (1)

by a single 0-independent control u(-). Such problem arises for example,
when one seeks for a control, which may compensate a dispersion of param-
eters.

One of notable examples is the Bloch model in NMR spectroscopy, seen
as a bilinear control system in SO(3) with a parameter subject to disper-
sion. Partial controllability results for this model have been obtained by
N. Khaneja and S. Li, who also suggested applying the Campbell-Hausdorff
formula for “generating higher order Lie brackets ... which carry higher
order powers of the dispersion parameters.”

An alternative problem setting amounts to finding for a control system
& = f(z,u) a “simultaneous control” u(t) which (approzimately) drives an
ensemble of points x(0), 6 € ©, to a target z(0). In our presentation we opt
for L,-approximate controllability: [g [lz(T;0) — z(0)||? df < €P.

In a recent publication [1] with A. Agrachev and Yu. Baryshnikov we
aimed at introducing a Lie algebraic (“geometric control”) approach to the
controllability of (1).

We started with finite ensembles (finite ©), to which Lie rank criteria of
exact controllability can be applied after proper modification. We proved
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that the property of global controllability for a finite ensemble of control-
linear systems is generic and, as an example, established global controllabil-
ity by means of a single scalar control for a finite ensemble of rigid bodies
with generic inertial parameters.

For continual ensembles (1) achieving exact controllability would require,
in general, infinite-dimensional set of control parameters. Instead we fix the
dimension of control and study Li-approximate controllability.

In the setting we first considered a model example of “controlling the
holonomy” for an ensemble of 2-distributions in R3, where we get necessary
and sufficient conditions for approximate controllability. We proceed then
to a general ensemble of r-distributions (control-linear systems) on a man-
ifold, for which we formulate sufficient approximate controllability criteria
in terms of the Lie algebraic span. This is a version of the Rashevsky—Chow
theorem for control-linear ensembles.

In what regards the “simultaneous control” of ensembles of points z(6),
the controllability criteria are similar in spirit to the previously mentioned
results, but the formulations and the proofs differ. We establish genericity
of the property of exact global controllability for finite point ensembles, and
advance with a formulation of a version of the Rashevsky—Chow theorem
for continual point ensembles.
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NHTETPUPYEMBIE CUCTEMBI
C IEPEMEHHOU JAUCCUIIAIIUEN HA KACATEJ/IbHOM
PACCJIOEHUH JIBYMEPHOI'O MHOTI'OOBPABW
(INTEGRABLE VARIABLE DISSIPATION SYSTEMS ON THE
TANGENT BUNDLE OF A TWO-DIMENSIONAL MANIFOLD)*

M. B. HTamoauu (M. V. Shamolin)

Hremumym mexarnuxu MI'Y um. M.B. Jlomonocosa, Mockea, Poccus

shamolin@rambler.ru, shamolin@imec.msu.ru

Bo mmHormx 3ajiavax JUHAMHUKN BO3HUKAIOT MEXAHUYECKUE CUCTEMBI C
IIPOCTPAHCTBAMH TIOJIO2KEHUH — JIBYMEPHBIMU MHOT0OOpa3usMu. Pa3oBbIMU
MIPOCTPAHCTBAMH TAKUX CHCTEM €CTECTBEHHBIM O0pPa30M CTAHOBATCA Kaca-
TeJbHBIE PACCTOCHN K HUM. TaK, HaIpuMep, u3ydeHne MpoCTPAHCTBEHHOTO
MasITHUKA Ha C(PEePUIEeCKOM IMapHUpPE B MOTOKE CPEIbl MPUBOJUT K TUHA-
MHUYECKOW CHCTEeMe Ha KaCcaTeJIbHOM PACCIOEHUU K JIByMEpHOU cdepe, mnpu
3TOM MeTpHKa CIEeINaJIbHOTO BU/Ia Ha Heil MHAyIMPOBaHa JOIIOJHATEIbHON
rpyumnoii cummerpuii [1]. B nanHoMm ciaydae guHaMudecKkue cucTeMbl 00Jia-
JAIOT IIEPEMEHHOIT JUCCUTIalieil U MOJIHBINA CIUCOK IIePBBIX UHTErPAJIOB CO-
CTOUT W3 TPAHCIEHIECHTHBIX (PYHKIN, BBHIPAKAIONIIXCSI Ie€pe3 KOHEIHYIO
KOMOMHAIMIO 3jieMeHTapHbIX (yHKmit [1, 2]. M3BecTen Takxke Kiaacc 3a-
Jad O JIBU2KEHUU TOYKHU II0 JBYMEPHOIT IOBEPXHOCTH, IIPU 3TOM MeTPUKa Ha
Hell MHIYIITPOBaHA €BKJIUIOBON METPUKON BCEOOBHEMITIONIETO TPOCTPAHCTBA.
B pabore mokazaHa WHTErpUPyEeMOCTb HEKOTOPBIX KJIACCOB TUHAMUIECKUIX
CHCTEM Ha KacaTeJIbHBIX PACCIOEHUAX K JIBYMEPHBIM MHOroobpasusam. [Ipn
9TOM CHJIOBBIE TIOJI 0013 IAl0T TaK HA3LIBAEMON MEPEMEHHOU TUCCUTIAIII-
eii [1, 3] u 0606IAIOT paHee PACCMOTPEHHBIE.

VYpaBHeHHNsI Teoe3nYeCKUX U UX IepBble MHTerpajbl. Kaxk us-

BECTHO, B CJIydae IBYMEDHOIO PHMAaHOBAa MHOroobpasms M2 ¢ koopamHa-
. i

ramu (o, §) u adpdunnoii cszuocroio I' ; (@, B) ypaBHEHHS Teoe3UTIeCKIX

sl Ha KacarembHoM paccaoenun T, M2{¢, f; a, f} mpumMyT crremyrormuit
Buz, (auddepennupopanue GepeTcs 10 HATYPAJIBHOMY IIAPAMETDY ):

&+ T2, (o, B)2 + 2025 (v, B)aB + [4(a, B) 3% = 0,
B+T8 (a,B)d? + 2F§B(a, B)af + Fgﬁ(a, 8)52 = 0.

*Pabora BbloaHeHa npu duHaHcoBo# nogaepxke PODU (npoekr 15-01-00848-a).
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Paccemorpum 3amery KOOpAMHAT KacaTeIbHOTO IPOCTPAHCTBA (v = Ry2z1+
+ Roza, B = R3z1 + R4z2, KOTOPYIO MOXHO 00paTuTh: z1 = T1¢ + TQB,
29 = T3é+T4f3, upu stom Ry, The, k= 1,...,4, — dyuruum or «, 5. HazoBem
9TU YPABHEHUS HOBHLMU KUHEMAMUYECKUMY coomHnouterusmy. CpaBem-
BBI TOXKJIECTBA

4 =& {To — LS, — Tol8,} + 6B{Tip + Too — 21118 — 21500 1} +
+ 2 {Top — TiTG, — Tol', ),

by = 6% {Tso — T3T0, — Tul, } + 6B{Tsp + Taa — 213005 — 2410 .} +
+ BTy — TsTGs — Tul'y, ),

rae Tka = 5‘Tk/8a, Tkg = é)Tk/é)ﬂ, k= ]., cee ,4.

PaccMoTpuM g0cTaTOMHO 06Kl CIydail 3ajaHus KHHEMATUIECKIX COOT-
HOIICHU{T B CJICIYIONEM BUIE: & = —2a, 3 = z1f(a), tne f(a) — rmaakast
bynxmua. Ecsm semommenst ceofictsa L'y, (a, 8) = ' 5(a, B) = I8 (a,B) =
= Fg s(a, B) = 0, To cncTeMa, SKBUBATICHTHAA YPABHEHAAM I€0/IE3MTECKNX,
MOXKeT OBITh IPUBEIeHa K CJIeIyIomeMy BUILY:

& = —Z2,
22 = Fgﬁ(av B)fz (a)zf,
) dln|f(« (1)
2= 2F§ﬁ(a7ﬁ) + % 2122,
B =z f(a).
Ipennoxkenmne 1. Ecau 6c100y cnpasedauso paserncmeso
o dln|f(a
Fa(a, 8)f2(0) + 20 (0, ) + TN — g 2

mo cucmema (1) umeem anasumuveckul nepevli unmMe2Pas CALIYIOULE20
suda:

D1 (29,21) = 27 4 22 = C? = const. (3)

Ilpennoxkenune 2. FEcau @yHnryus Fgﬁ(a,ﬁ) ABAAEMCA  PYHKUUET
AUWD O

7 5(a, B) = T% 5(a), (4)
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mo cucmema (1) umeem nepsoui unmeepas caedyroueeo uda:

Dy(z1;0) = 21Po(cr) = Cy = const, (5)

Bo(a) = f(a) exp{z/: () db}.

4]

Ecom Bemosmeno cpoiterso (4) u dyrxmus ['g4(a, §) Takxe apasercs
bynxmueit b o: Gs(a, 8) = I'gg(a), To B cncreme (1) moasisercs
HE3aBUCHAMASA TOJCUCTEMA TPETHEro MOPSAIKA, COCTOAMAA U3 HEPBBIX TPEX
ypasenuit (ypasuenue Ha 3 oTgessiercs). B 4acTHOCTH, €C/ BBIIOIHEHbI
cpoiicTBa (2), (4), To Takas He3aBUCHMASsI [IOJICUCTEMA, TIOSIBIISIETCSL.

IIpennoxkenue 3. Ecau svnoarens ycaosus (2), (4), mo cucmema (1)
uMeem nepevill UHMezpan cAedyiouezo 6uda:

_ Cyf(a)
29,2 da = (5 = const
( 2 1) )/8 /8 / \/W 03 ? (6)
ede nocae e3amusa unmeepasa (6) emecmo nocmosmnnwxr Ci, Co nyorcro
nodcmasums nesvie wacmu pasercms (3), (5) coomsememserno.

JdunHaMuka Ha KacaTeJbHOM PAacCCJIO€HWUA K ABYMEPHOMY MHO-
roobpasuio B CHUJIOBOM IIoJie ¢ jguccunanueii. Heckonbko mMomudu-
mupyem cucremy (1), mosyuus cucremy ¢ guccunanumeii. Hajmauwe nuccu-
naruu (BOOOIIE MOBOPsI, 3HAKOIIEPEMEHHOI) XapakTepusyeT Kodddunuent
bg(a), b > 0, B nepsom ypasuenuu cucrembl (7). JlobasisieTcs TakkKe 110-
TeHIUAJIbHOE 110Jie CHI B Buie Koaddumuenta F(«) BoO BropoMm ypasHe-
uun cucremsl (7). PaccmaTpuBaeMast crcreMa Ha KacaTeJbHOM PACCIOEHUN
T.M?{23, z1; v, B} npumer Buj

0.4 = —Z2 + bg(Oé)7
2y = F(a) + T4(a, B) f2 ()22,

7
4= ZFgﬁ(oz,B) + w z122, "

B = z1f(a).

Cucrema (7) 1109TH BCIOJLy SKBUBAJICHTHA CJIEYIOIIEH CUCTEME:
G — by (a)é + F(a) + Tg(a, £)52 =0,
B —bg(a) f(a)B + 2T 4(a, B)éf = 0.
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Iepeiiziem Tenepb K MHTErPUPOBAHUIO cucTeMbl (7) IPH BBIIOJIHEHUN
cpoiicts (2), (4).
Teopema. I[Iycmov dasa nexomopoix K, A € R evinoanaiomes pasencmea
d d g°(a)
2 () f2(a) = k— In|g(a Fla) = \— .
35(@) (@) = noclgla)l, F(a) = A=

Toz0a cucmema (7) obaadaem mpems He3a8UCUMBLMU MPAHCUEHOEHTVHBLMU
nepevimu unmezparamy (cm. maxorce 3, 4]).
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KOSOOUINEHTAMN YETBEPTOI'O ITOPAIKA
(FOURTH—ORDER PSEUDOHYPERBOLIC EQUATIONS
WITH DISCONTINUOUS COEFFICIENTS)
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IIycrs Q C R™ — orpannuennast 06JacTh ¢ Tajikoii rparuneit I'. B mu-
aungpe Qr = (0,T) X ) paccMOTpUM CMENIAHHYIO 3aady

ugy — a(t)Auy + b(t)Au = Z D fo(t, x), (t,x) e Qr, (1)

la<2
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u(t,z) = Au(t,z) =0, (t,x) €10,T] x T, (2)
u(0,7) = uo(z), w0, >—u1<x> ren, 3)

rue uo(x), ui(z), a(t), b(t), u fo(t,z), |o| < 2, — 3anannbie GyHkIMU.
Beenem obosHaueHmst

Wg”:{u: we WrQ), Alu(z) =0, z €T, 1:0,1,...,(%)},

rmem=0,1,..., (%) =l—1,ectum=2,nu (%) =1l,ecmum =20+ 1;
Ws = [y Wyt Wyt = (W),

rie [Wm W2m+1]1 o« — HMHTEPHOJIAIMOHHOe IPOCTPAHCTBO Hmopaika 1 — «
mes ity Wi, W2m+1 a=s—-m,m<s<m+1 (em. [1]);

Wi (0, T; Wa™s W) = {u: u € Ly (0, T; Wit*), wy € Lo(0,T; W*) )

(em. [1]). Yepes BV[0, T'] 0603HaMM COBOKYIIHOCTB OlpeeeHHbIX Ha [0, 1]
byHKImi, IMEIONIX OrPAHHYEHHYIO BAPHAIIIIO.
Oyuxmus u(-) € W4 (0,T; WH'S WQ) HA3bIBAETCS S-CJIA0bIM PeIlleHueM

sagaam (1)—(3), ecsm mpu mobex v € W3 (0,75 WH'S WQS), v(T) = 0, BBI-
IIOJTHSIETCST TOZKJIECTBO

T T
7/ (U/(T),U/(T))d’r*/ a(T) (V' (1), Vv' (1)) dT +
0 0
—l—/o b(T)(Au(T), Av(T)) dr — (u'(0),v(0)) — (Vu'(0), Vo'(0)) =
= > [0 s @

|| <2
u(0, z) = uo(x), x € Q. (5)

3xech (-, ) — cransapHoe nponssesenne B Lo (£2).
Vcnonb3yst TEOPHUIO TOJIYTPYIIL, JTOKA3BIBAETCS, 9TO eCIIN

a()’b() € Lip[O,T], (6)

a(t) > ag > 0, b(t) >bo >0, te[0,T], (7)
fa() e W20 o <2 8)

uo(-) € Wits, € W, 9)
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To 3amaua (1)—(3) nmeer exuHCTBEHHOE S-citaboe pemtenue u(t, ) n u(-) €
e C([o, 17, WQHS) N Cc([o, T],Wf). Kak n jyig runepGoInIecKux ypaBHe-
HUil, BOSHUKAET aHAJOTUYHBI BOIPOC, MOXKHO JIM OTKA3ATHCS OT JIUTIIIUIIE-
BOil HenpepbiBHOCTH byHKIM a(t) u b(t), T.e. or yciaosus (6) (em. [2, 3]).
31ech 1oKa3aHa CIIeyoIast

Teopema. Ilycmo svinoanenv, yeaosus (7)-(9) u

a(-),b(-) € BV[0, T]. (10)

Tozda 3adawa (1)—(3) umeem eduncmeennoe s-caaboe pewenue u(-) €
s
€ W21(07T7 2+85W2S)'
Crucok aureparypbl
1. Jluonec XK.JI., Madocenec 5. Heomnoponuble rpanudnble 3agaan. M.: Mup,
1971.
2. Colombini F., De Giorge E., Spagnolo S. Existence et unicité des solutions
des équations hyperboliques du second ordre & coefficients ne dependant que
du temps // C. R. Acad. Sci. Paris A. 1978. V. 286. P. 1045-1048.
3. De Sitmon L., Torelli G. Linear second order differential equations with

discontinuous coefficients in Hilbert spaces // Ann. Sc. Norm. Super. Pisa.
CL Sci. Ser. IV. 1974. V. 1. P. 131-154.

ON ONE ILL-POSED PROBLEM OF PACKAGE GUIDANCE*
Nikita Strelkovskii

International Institute for Applied Systems Analysis, Laxenburg, Austria

strelkon@iiasa.ac.at

The method of program packages is a tool for solution of the guaranteed
positional control problems with incomplete information on the initial state
of the system. In this talk the application of the method to a linear dy-
namical system with a linear observed system is considered. An example
for which the corresponding problem turns out to be ill-posed is presented.

Let us consider a linear dynamic controlled system described by an ordi-
nary differential equation

i(t) = A()x(t) + B(t)u(t) + c(t),  to <t <. (1)

*The work was supported by the Russian Science Foundation under grant 14-11-00539.
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An open-loop control (program) u(-) is a measurable function on [tg, 9],
u(t) € P C R", where P is a convex compact set. The initial state of the
system may be not known a priori: z(tg) = z¢p € Xo C R", where Xj is a
finite known set. The terminal condition z(¢4) € M C R™, where M is a
closed and convex set, should hold.

A linear signal y(t) = Q(¢)z(t), where Q(-) is left piecewise continuous
matrix-function, Q(t) € R1*™, t € [tg, 9], is observed by the controlling side.

The problem of positional guidance is formulated as follows: based on a
given arbitrary € > 0, choose a closed-loop control strategy with memory
such that, whatever the system’s initial state ¢ € Xj, the motion z(-)
corresponding to the chosen closed-loop strategy and starting at time %g
from the state z reaches the state x(1}) belonging to the e-neighbourhood
of the target set M at time .

Definition 1. A homogeneous signal corresponding to an admissible
initial state xg € X is a function g(-) such that

Gz (t) = Q(t)F(t,t0)xo, t € [to, V], =o€ Xo,

where F(t,s), t,s € [to,?], is the fundamental matrix of the homogeneous
system &(t) = A(t)z(t) corresponding to (1).

The set of all admissible initial states o € Xy corresponding to the
homogeneous signal g(-) € G till time point 7 € [tg, ] is given by

Xo(7lg(-) = {z0 € Xo: g()lit,r) = g ()ito,r1 }-

Definition 2. Two arbitrary homogeneous signals ¢’(-) and ¢”(-) are

initially compatible if
li "t —g"(t =0.
Jim (g (to +€) = " (0 +0))

Definition 3. A program package is an open-loop control family
(Uzo (+))zoex, satisfying the non-anticipatory condition: for any homoge-
neous signal ¢(-), any time point 7 € (t9,9] and any admissible initial
states @, g € Xo(7[g()), the equality uyy (t) = ugy (t) holds for almost all
t € [to, 7]. The program package (us,(+))zoex, is guiding if for all zy € X
it holds that z(9|zg, us,(-)) € M.

Definition 4. The package guidance problem is solvable if a guiding
program package exists.

It was proven that the problem of positional guidance is solvable if and
only if the problem of package guidance is solvable [1]; the solvability
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criterion of the latter and the constructive conditions for identifying the
elements of the guiding program package were formulated in [2, 3].

Let us show that the package guidance problem is ill-posed. For this
purpose let us consider the following example.

Example 1. Let us consider an arbitrary linear dynamic system (1)
and the observed signal y(t) = Q(t)z(t), t € [to, ], where Q(t) = (0 1),
t € [to,V¥]. Let us assume that the program package guidance problem is
solvable for the set Xy = {z(,x(}, where z(, = (‘”él) and zj = ("),

5
d > 0. It is clear that the uniform signals g, (t) = 6, t € [to, V], and
gzy = —0, t € [to, V], are not initially compatible for any J > 0; thus, the

initial states x{, and z{; belong to different clusters of the cluster position
Xo(to) (for the definition of the cluster position, see, e.g., [2]). But if § = 0,
then g,y = g,y = 0, t € [to, V], and it is impossible to distinguish the initial
states x(, and xz{, so the solution of the package guidance problem (i.e., the
solvability criterion) does not depend continuously on § — 0.

One of the possible regularization methods is foreseen in a guidance of the
whole §-vicinity of any initial state xg € X for a relatively small § > 0. The
obtained program package will depend on §; thus, it does not correspond to
the original program package; however, taking into account the approximate
nature of the initial (positional guidance) problem statement, one can use
the methods suggested in [4] to construct the resulting positional strategy
satisfying the requirement of e-guidance.
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['"AMUJIBTOHOBBI CUCTEMBI B PEHIEHUU
KPAEBBIX 3ATAY C ®ABOBBIMU OTPAHUYEHUSIMU
JJ11 YPABHEHUN "AMUJIBTOHA-AKOBU-BETJIMAHA
(HAMILTONIAN SYSTEMS IN SOLUTIONS
OF BOUNDARY PROBLEMS WITH STATE CONSTRAINTS
FOR HAMILTON-JACOBI-BELLMAN EQUATIONS)*

H. H. Cy66oruna (N. N. Subbotina)

Hremumym mamemamuru u mexarury um. H.H. Kpacoscrozo
YpO PAH, Examepunbype, Poccus

subb@uran.ru

Kak mzBecTHO, MHOI'HIE TIPAKTHYECKUE 33149l IPUBOJAT K HEOOXOIMMO-
CTU PACCMOTPEHUsI YPaBHEHWII B YACTHBIX MPOM3BOJIHBIX IIEPBOTO MOPSIKA
tuna ['amMunprona—dkobn—bemmvana B momobracTax (pa3oBOTo mMpoCTpaH-
CTBa, ONIPEJIEIISAEMBIX 33 JAHHBIME (ba30BbIMU orpaHundeHnsiMu [1]. IIpu sTom,
KaK MPABUJIO, PEIeHNe TIOHNMAaEeTCst B 006001meHHOM cMbicsie. OHO M3BECTHO
Ha HAYAJIBHOM MHOT00ODA3UH, IPEJICTABIISIONIEM COOOM TacTh IPAHUIIBI PAC-
CMaTPUBAEMOit TOH00IACTH, U TPEeOYEeTCs ONPENEIUTh ero BHYTPH 00JIacTi
¢a30BbIX OrpaHUYEHUN U Ha OCTaBIIeiics YacTu TpaHuiibl. OCHOBHBIM WH-
CTPYMEHTOM B KOHCTDYUPOBAHUU PEIICHUI TAKIX 38181 SIBJISTIOTCST 000011Ie-
Hust MeTosa Ko, onupatomerocst Ha “a3oBble U CONPsI)KEHHBIE XapaKTe-
puctury”’ 3aJ[a4u, T.€. Ha PENIeHUs TaMUIbTOHOBOI CUCTEMbBI OOBIKHOBEHHBIX
nuddepeHaIbHbBIX YPABHEHUH ¢ KPAeBbIMU YCJIOBUSIMU Ha TPAHWIE 3a-
JMaHHBIX (a30BbIX orpanndenuii. CyIecTBEHHYIO POJIb B 9TUX MOCTPOEHUSIX
UTPAIOT BCIIOMOTATEIbHBIE 38/Ia9N YIIPABICHNUST HEJTMHEHHBIMI CHCTEMAMY B
KJsiacce 0BOBIEHHBIX YIIPABJIEHUH [2] 1 HeOOXOINMOe YCIOBHE ONTHMAJBHO-
cru — npuHnun Makcumyma JI.C. Tlorrpsiruna [3].

B nokiazie npejicTaBiieHbl HCCIEI0BaHUS KPAaeBOil 3a/1a4uu ¢ (ha30BbIMU
OTpaHUYEHUIMHI M1 ypaBHeHus [ amMuabrona—dkobn—bemivana, Bo3HnKa-
folielt B MOJIEKYJIIPHOM Onostoruu st Momenn Kpoy—Kumypnr remermde-

CKOIi 3BOJIIOINN:
ou ou
e = — | = 1
O (xax) 0. 1)

rje ramusbronual H(-) uMeer Buj

*Pabora BbioaHeHa npu duHancoBoi nomgepxke PODU (npoext 17-01-00074).
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HTxe% - T
Oynknus f(-) B (2) 3amana n Has3bBaeTcs purHecoM. YpasHeHue (1) pac-
emarpusaercs B mojioce IT = {(¢,z): t > 0, —1 < z < 1}. 3ajano HaYaIbHOE
YCJIOBHE

H(z,p) = —f(z) +1— e 2. (2)

U(O,:E) = UO(:C); S [*17 1] (3)

B coBpemennoit Teopun ypapmennit IaMuabroHa—SKOOM M3BECTHBI JBE
SKBUBAJICHTHBIE KOHIEHIN O0OOIIEHHOrO PEINeHNsT: MUHUMAKCHOTO [4] m
BA3KOCTHOTO 5], onmparomuecs Ha anmapaT U METO/Ibl HETJIaIKOTO aHAJIN3A.
O/iHaKO TIOHATHE MUHUMAKCHOTO DEeIIeHus] He BBOJUJIOCH JJId 3a7a4 ¢ da-
30BBIMH OI'DAHUYICHUAMH. BASKOCTHBIC peNIeHnst GbLIA ONPEICTCHBI U JJIsd
3a7a4 ¢ pa3oBBIMU OIPAHUICHUAMH, HO OHM BBOJWJINCH B IIPEIOIOXKCHUN
KOSPIUTUBHOCTH TaMHUJIBTOHUAHA, & B JaHHOM 3a/aue TaMUJIbTOHUAH HEKO-
spruTuBeH npu r = +1.

TTosTOMY BBEJEHO CJIEYIONIEe OPUTHHAIBLHOE OIPEJICICHIE HEIIPEPBIBHO-
ro pelrieHus paccmarpuBaemoii 3amaau, rae II = (0,00) x (—1,1).

Omnpenenenne 1. Henpeposras dbynkmus u(-): [I — R nasbiaercs
06001IeHHBIM pernenneM 3aaadn (1)—(3), ecan oHa yuoBIETBOPSIET HAYAJIb-
HOMY YCJIOBHIO (3) U CIIpaBe IUBBI CJIEJLYIONE COOTHOIIEHNS:

a+ H(z,8) <0  V(a,s) € DV u(t,z), V(tz)ell, (4)

a+H(z,s) >0  V(as) €D ult,z), V(tz)ell, (5)
a+H(z,s)>0, V(a,s) €D ult,z)Noult,z), Y(tz)elr. (6)
Baech I'r = {(t,2) |0 <t < T,z =1}U{(t,x) |0 <t < T,z =—1},

D™ u(t,x) = {(a,s) ERxR

(ry)—(t,x) |7 =t + [y — x|
(my)ell

Dtu(t,z) = {(a, s)eRxR

i sup u(ry) —ultz) —alr —H) —sly—2) _ ,
(ry) = (t,2) [T —t| + |y — 2|
(my)€ell
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du(t, z) = co{(a, s) = lim (8“(“’“), Qull, x")>,

i—c0 ot ox

(tiyxi) = (t,x) upm i — oo, (t;,x;) € ﬁﬂDif(u)},

cumposiom Dif (u) 0603HaeHO MHOXKECTBO BCex ToveK juddepeHnmpyeMo-
cru byrkmm u(-) € C(IT), cumBo co 0603HATAET BHITYKJIYIO 0G0IOUKY.

XapakTepucTudeckas (TaMIJIBTOHOBA) cucreMa Jyis 3a1a49u (1)—(3) mme-
er Buj

&= Hy(z,p) = —(1+x)e* + (1 — x)e P,
e — e
—

2 =pHy(z,p) — H(z,p) = pi +q

p=—Hy(z,p) = f'(z) + (7)

C Ha9aJIbHBIMU yCJIOBUSIMUA

x(O,y) =Y, p(O,y) = u()(y)7 Z(an) = Uo(y), y e [_L 1]' (8)

Ha 6a3ze permenuit raMmIbTOHOBOI CHCTEMBI ITOJIY 9€HBI JIOCTATOIHBIE YCJTO-
BHUSI CYIIECTBOBAHUs ODOOIIEHHOTO PEINeHUs U IPEIJIOKEH AJTOPUTM €ro
[OCTPOEHMs, aHAJOTUIHBIN KOHCTPYKIWMU U3 paboTsl [6], Tae 06obmeHHoe
pellleHre CTPOUTCSI B KOMIIAKTHOI 00J1acTH.

IIpengoxenne. [Tycmo 6 paccmampusaemot sadave (1)—(3) svinoansa-
10MCA CACOYIOUSUE YCAOBUM:

o dynxuuu f(-), up(-) nenpepusno JudiPepenyupyero;
o das pewenut x(t,y) 2amurvmonosots cucmemv (7), (8) cnpasedaiusu
npu ecex t > 0 coommowerus

x(t,+1) > z(t,y) > x(t,—1) Vye[-1,+1];

o up(+1) <0, ug(—1) > 0;
e npoussodnaa f'(-) = 0f(-)/0x: [-1,1] = R onpedeaena, nenpepwvisha,
MOHOTNOHHO HE 603PACMAEM U YOOSAEMEOPACM, HEPAGEHCTNEAM

2f/(1)+e2u6(1) < 672716(1)7 72f’(71)+672u6(71) < €2u6(71).

Tozda cywecmsyem obobwennoe pewenue zadawu (1)—(3) 6 neoeparu-
wennoti nosoce IL, npuuem 6 nodobaacmu

GO = {(t,x): t Z 0; T € [x(tvil)vx(tv‘i’l)]}
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Mo peweHue UMeem 6ud

u(t,z) = max UO (p(r)Hy(2(7), p(7)) = H(z(7),p(7))) dr +uo(y) |, (9)

z(t,y)=z
ede x(1) = x(7,y), p(1) = p(T,y) — pewenua cucmemv, (7), (8).

O06CYXKIAIOTCS CBI3U TIOCTPOEHHOTO 0OOBIIIEHHOTO PEIIeHUs] ¢ MUHUMAKC-
HBIM U BSI3KOCTHBIM. [IpuBeIeHbI MILTIOCTPAIIMOHHBIE TTPUMEDHI.
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HENPEPBIBHBIE BIBOPKU B 3AJIAYAX MUHUMUBAIUU
(CONTINUOUS SELECTIONS IN MINIMUM PROBLEMS)*
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B pabore usyuarorcs 3ajiaun CyIniecTBOBaHUsI HEIIPEPBIBHBIX BHIOOPOK B
3aja9ax TOYHON U HMPUOJMKEHHOW MUHUMHU3AIUN BO3MYIIEHHOIO OJIHOPO/I-
HOTO BBIYKJIOro (GyHKIMOHANA (& TakxkKe (DYHKIMOHAIOB GoJiee 001Iero Bu-
Jla) HAa HEKOTOPOM II0JMHOXKecTBe M GaHaxoBa IPOCTPAHCTBA. YCTAHABIIU-

*Pabora BhImosHEeHa npu (UHAHCOBOHM moimep:xkke Poccuiickoro donma dynmamen-
TaJbHBIX ucciaenoBanuii (npoekr 16-01-00295-a).
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BalOTCsI JIOCTATOYHBIE U HEOOXOMMBbIE YCIOBUsI CYIECTBOBAHUS TAKUX BBI-
6OPOK B 3aBUCUMOCTH OT CTPYKTYPHBIX CBONCTB MHOXKecTBa M, a Tak:ke OT
HAJIMIUsT KPUTEPHUsT XaPAKTEPU3AINN IKCTPEMAJIEH.

HamomunM, aT0 otobpazkenue F: X — 2Y Merpmueckux mpoctpancTs X
u Y Ha3bIBaeTCs Oy HEPEPBIBHBIM CHUZY, €CJIN 3HAUCHUs F' HEIyCThI U JIjTst
smoboro 3amMkuyTOro moamuoxkecrsa A C Y muoxecrso {x € X | F(x) C A}
3aMKHYTO.

Jlist cieyrornieii TeopeMbl MbI U3y UUM CJIYIail HEITPEPHIBHOTO BBIILYKJIOTO
OJTHOPOTHOTO KO3pImTuBHOTO (yuKnmonana f: X — R, Ha KoHeIHOMED-
HOM JIMHEHHOM HOPMHPOBAHHOM MPOCTPAHCTBE, JJIs KOTOPOIO MHOXKECTBO
{zr € X | f(z) < 1} upencrasnser coboit MHOrorpanuuk (r.e. rpaduk f
[PeJICTABIISIET COOONH MHOIOTPAHHBII KOHYC). YTBEpK/IeHHe TeOpeMbI OyIeT
BBITEKATH U3 YCJIOBUsI YCTONUIMBOCTH BBITYKJION OBOJIOUKH MHOYXKECTBA IKC-
tpemaieit £ () :={z € M | f(z — ) = infyen f(y — )}

Teopema 1. ITycmv X — KOHEUHOMEPHOE AUHETHOE HOPMUDPOBAHHOE
npocmparncmeo, M C X — makoe 3aMKHYMOE MHONCECTNBO, 4MO 0MOO-
pasicenue F'(z) = Tonv £f(x) noayrenpepuieno cHU3Y Ha 6CeM MPOCTPAH-

emee X. Tozda cywecmsyem nenpepuisHoe 00HOZHAWHOE 0MOOPAdHCEHUE
p: X — M, daa xomopozo f(p(z) —x) =infyepm fly — ), v € X. H mno-
orcecmeo axempemanet Er(x) (dan xascdod mouky x € X) Asanemca cms-
2UBAEMBLM MHONHCECTNEOM.

Orcro/ia BBITEKAET XapaKTEPHU3AIMOHHOE CBOMCTBO IKCTpeMaJiel, mpe-
CTaBJISTIONIEe cOOOIT HEKOTOPBIM BAPUAHT TEOPEMBI 00 OUNCTKE.

CnencrBue 1. B ycaosuazr meopemov, mrodicecmso M asasemes mHo-
otcecmeom Koamozoposa, m.e. das eécex © € X \ M mouxa yo € M asasem-
ca aKempemansvio oas x € X mozda u moavko mozada, koeda 0rs ecex y € M

min 2" (y —yo) < 0.
z*€0f(yo—x)

Omnpenenenne 1. Ilycrs f: X — R} — BBIIYKJIBI HEIPEPBIBHBIHN OJ-
HOPOJHBI (byHKIMOHA Ha OaHaxOBOM mpocrpaHncrBe X, @ # M C X.
Touka x € X \ M Ha3bBaeTCst MOUKOU COAHEWHOCMU, €CJIU CYIIECTBYET
touka y € E¢(r) # & (Ha3biBaeMast MOUKOU CEEMUMOCIU) TAKasI, TTO
y € Er((1—A)y+ Az) mas Becex A > 0 (9TO reoOMeTpUIECKN O3HATAET, ITO U3
TOYKH Y UCXOJUT JIyY, TPOXOJIAIIMIA Yepe3 &, JJIsi KAyKJI0# TOUKH KOTOPOro
Yy SIBJISIETCS YKCTpeMasbio Juist © u3 M).

Touka x € X \ M HasbIBaeTcst moukol ¢mpozoll COAHeNHOCMU, eCIIn
E¢(x) # @ n kaxgas Touka y € E¢(xr) ABiIgeTCA TOUKON cBeTHMOCTH. Ecmu
Bce T04Kd U3 X \ M SBJSIOTCH TOYKAMU COJHEUHOCTH (CTPOroii COJHETHO-
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CTH), TO MHOXKEeCTBO M HA3BIBAIOT coanueM (CMPo2uM COAHUEM) OTMHOCU-
meavho f.

OrmeruM, aro Touka & € X HA3BIBAETCsS TOYKON CyNIeCTBOBaHUA (IKC-
Tpemadeit) miast M, ecau Ef(x) # . B caydae, Korna 9T0 BBIIOIHEHO I
BCeX TOUeK & € X, MHOKECTBO M Ha3bIBAIOT MHOXKECTBOM CYIIECTBOBAHUS.

OTMeTnM, 9TO MHOXKECTBO, SIBJISIIONIEECS] CTPOTUM COJIHIIEM, SIBJISIETCS B
TOYHOCTH MHOXKECTBOM CyIIECTBOBaHus KOJIMOropoBsa, T.€. BCE 3JIEMEHTHI
HAWJTYYIIero Npub/IMKEeHIsl MOI'YT ObITh OXapaKTePU30BAHBI B (hopMe KpH-
repusi Kosmoroposa (cM. [2]) m caMO MHOXKECTBO SIBJISIETCST MHOXKECTBOM
cymecrBoBanusi. COJIHIIE XKe SIBJIFETCS TaK Ha3bIBAEMbIM OGOOIIEHHBIM MHO-
JKECTBOM CyIecTBOBaHus KoaMoroposa, T.e. €ro TOYKH CBETUMOCTH MOTYT
OBITH OXapaKTepu30BaHBI B (opme kKpurepusi Kosmoroposa. Pazamanbre
CBOMCTBA COJIHIL ¥ CBSI3aHHBIE C HUMH 381891 CyIECTBOBAHNS HEITPEPHIBHBIX
BBIGOPOK st catydast f(x) = ||z|| MmoxHO HajiTn B paborax [1-7]. YiomsiHem
TaKKe, 9YTO CBOUCTBO JIOKAJBHON COJTHEIHOCTH BMECTE C €IMHCTBEHHOCTHIO
OIIPEJIETISIET PETYIISIPHBIE TOUKH, KOTOPBIE UTPAIOT BAYKHYIO POJTh B ONUCAHUT
IVIaJIKUX PEIleHuit ypaBHeHns difkonama (cMm. [8, 2]).

Teopema 2. ITycmov f: X — Ry — swunykasiti Henpepuighvill 00nopoo-
Houll Pynrkyuonans va banaxosom npocmpancmee X, M — maxoe cmpozoe
coanye (m.e. muoocecmso cywecmeosanus Koamozoposa) ommocumens-
Ho f, wmo das awbozo € > 0 cywecmeyem omobpasicenue ¢ € C(X, M),
dan komopoeo f(p(z) —x) < (1 +¢)infyen f(y — x). Toeda mnooicecmso
{ye M | f(y—z) < R} cmaeusaemo das scex x € X u R > infyen fy—x).

Teopema 3. Iycmov f: X — Ry — swnykaoi nenpepoiersit 00Ho-
POOHBIl PyHKYUOHAA Ha Oanaxosom npocmpancmee X, M C X — ma-
xoe mmooicecmeo, wmo {y € M | f(y — z) < R} womnaxmmo das 1obvx
x € X u R >0, unycms das mobozo € > 0 cywecmsyem omobpasicerue
p € C(X,M), dan xomopozo f(p(x) —x) < (1 +¢)infyenm f(y — ) (vau
flo(z)—x) <infyen fly—x)+e). Toeda mnooicecmso M asaaemea coan-
uem omuocumesvho f, m.e. obobuierHovim MmHoxcecmeom Koamozoposa.

3amMerumM, 4TO paccMarpuBaeMasi B TeopemMax 1-3 3ajaua MUHUMU3AIUN
BO3MYIIEHHBIX (DYHKIMOHAIOB f(y — =) MOXKeT ObITh 1nepedopMyIMpOBaHa
CJTEIYTOIIIM 00Pa30M:

fly) = inf  ma ammuTuBHO BO3MymeHHOM MHOXKeCcTBE M, := M + x.

Onpenenenne 2. Ilycrs (X, q) — noaymerpudeckoe IPOCTPAHCTBO.
Oyuknusa ¢: X — R Ha3BIBACTCS NOAYHENPEPLIGHOT CHUSBY, €CITA IS BCEX
TOYeK To € X BepHO HepaseHCTBO lim, ,  1h(x) > (o).
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Teopema 4. Ilycmv (X, || ||) — aunetinoe noayropmuposarmoe npo-
cmpancmeo, f: X x X — R — pasrnomepro Henpepuiehvili Ha A1000M 02paHU-
YEHHOM MHodcecmEe PYHKUUOHas (He 00A34MEALHO HEOMPUUAMEALHBIL )
maxot, wmo f(x,z) =0, M C X — makoe nenycmoe mHoxicecmso, 4mo
{y € M | f(z,y) < r} aubo nycmo, aubo 6eckoHEUHO CEAZHO OAA BCET
zr € X ur > 0. Toeda dan 410601 nosyHenpepwvieHol cHU3y GYHKUUL
Y X — R:infyen f(z,y) < () (v € X) cywecmeyem omobpasicerue
¢ € C(X,M): f(z,0(x)) < ¥(a) ( € X).
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OB OBOBIIEHHBIX [TIOYTU CTPOBOCKOIIMYECKNX
CTPATEI'MSAX B 3AJAYE IIPECJIE/IOBAHUA
(ON GENERALIZED ALMOST STROBOSCOPIC STRATEGIES
IN THE PURSUIT PROBLEM)*

M. Tyxracuuos (M. Tukhtasinov)

Havyuonarvnot yrnusepcumem Ysbexucmana um. M. Yayebexa,
Towrenm, Ysbexucman

mumin51@mail .ru

B nannoit pabore paccMOTpeHbI KOH(MDJIMKTHO-UI'POBBIE 3aJ[a9U IIPECIe-
noBanust. [Ipu 3TOM BO3/eiicTBUsI Ha OOBEKT yIPABJIEHUS UI'DOKOB UMEOT
XapaKTep MMILYJIbCHOTO WJIM WHTErPAJIbHOTO OTPAHUYEHUS.

PaccmarpuBaercs nuneitHas auddepeHIma bias urpa mpecaeI0BaHuIsI,
OIACHIBAEMAasi YPABHEHUEM

Z=Az+u—v, z € RY, (1)

rae u,v € R — mapamerpsl yIpaBiIeHHs HPECJIEIyIONero i yOeraiomero
UI'POKOB COOTBETCTBEHHO, A — mocTosinHas Marpuia nopsaka d X d, U —
HEIIyCTOe IOAMHOMXKECTBO B R?, TepMHUHAJIbHOE MHOYXKECTBO HPEICTABIITIET-
cs1 GeckoHedHBbIM mIAHApoM Buma M* = MO + M, roe M°® — nuneiinoe
IO/IPOCTPAHCTBO TpocTparcTBa R, M — HemycToe IOJMHOXKECTBO U3 Op-
roronaspHoro monojnenus L k MO B mpocrpancrse RY.

Yepes 7 0603HAUMM OIEPATOP OPTOrOHAJIBLHOIO IPOEKTHPOBaHHs n3 R?
ua L. ITycrs {7;}5°, — mocienoBaTelbHOCTE MOMEHTOB BPEMEHH, 3aHyMe-
POBaHHBIX B MOPSIIKE BO3pACTAHUsI, 6€3 KOHEIHBIX TOYUEK CTYIIEHUSI.

Kiaccom momycTuMbIX yIpaB/IeHU IIPECIeIOBATEISI SBJISIETCS MHOXKe-
CTBO UMILYJIbCHBIX (DYHKITUI, KOTOPBIE BBIPAXKAIOTCs JeibTra-dyHKiueit Jlu-
paka

U(t)zzui(s(t*ﬁ), w; €U, t>0.
i—1

*Pabora BrimosHeHa mpu duHaHCOBOH moanepxkke Ponna GyHIAMEHTATIBHBIX HCCIIE-
nosanuit PYs (rpant OT-04-33).
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A MmHOXKeCTBO BCex maMepuMbix dyHKmn v(t), t > 0, yA0BIETBOPAIOIIUX
YCJIOBUIO

[ lwpar <ot it 2)

rie 0 — HeOTPHUIATEIbHOEe (DUKCUPOBAHHOE HHCJIO, ONPEAE/ISeT KJIACC JI0-
IlyCTUMBIX YIPaBJEHAH yOeraromero Urpoka, KOTOPbIH 0GO3HAMUM epe3
V[Tifl, Ti] .

Iycre oupenenenst orobpaxenus Fy: V{r_1,7] = U,i=1,...,m, tae
m &€ N.

Onpegnenenne. Ilycrs v;(-) € V[r_1, 7). Torma crexyromee orobpa-
skenne F' HasbiBaeM 060GIIEHHOMN IOYTH CTPOGOCKONNIECKOI! CTpaTerueii:

’Ul(t), te [T(),Tl],

’U(f,) _ V2 (t)v te [7—177—2]a

Um(t), €€ [Tm—1,Tm],
5(1577’1)1711)1('), t e [’7’0,7’1],
Po()(t) = { O = m)fe0). Ee [ m,

6(t - T7rL)F7rLU7rL(')7 te [Tm—la Tm]-

Paccmarpusaercs urpa (1) npu yeioBun, 9T0 MpecIeyonui UIPOK IIPHU-
MeHsIeT UMITYJIbCHOE yIIpaBJIeHue, yOeraronmii IMeeT IpaBo IPUMEHATh W3-
MepuMoe yrpassenue v(t), t > 0, ¢ yerosuem v(+) € V[ri_1, 7], 1 =1,2,....

3ameuanme. B paborax [1, 2| yupasienue mpecsesoBaTelist CTPOUIIOCH
B BHJEe KOHTpymnpasaenus. OQHAKO JJIs ONpEIEeHnusT MOMEHTA Tg Iepe-
KJIIOUEHHs ¢ OJHOTO 3aKOHa Ha JAPYyroil HeoOXommMma Oblia mHMOpMaIysa B
MOMEHT ¢ O BCeil IpeIbICTOpuM yupabieHus yb6eratomero. IlostoMmy B Ie-
JIOM CTDPATETHIO MPEC/IJ0BATE s, PEAJU3YIONIyI0 OKOHUYAHUE IIPEC/IeI0Ba-
HUSI, CJIEyeT KIacCupUIIPOBATE KAK KBA3UCTPATETHIO.

Iycre v(t), t > 0, — gomycrumoe yupasjienue yoerawinero urpoka. Pac-
CMOTPHUM CJIEYIOAE MHOKECTBA!

Wi(m,v(-)) = me(Tm—TAY f/ 7T€(T7"7T)AU(T) dr,
Ti—1
Wi(m) = ﬂ Wi(m,v()) = mel™ " TAU  Gi(my7i-1, 7).
v()EV[Ti—1,Ti)
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rjie

Gi(m;Til,Ti)—{xEL: x:/l

i—1

rn—e('rmfr)ArU(T‘) dT" ’U() S V[Ti—l; T’i]})

aXxY ={z:2+Y C X} =(),cy(X — y) o3nauaer reomerpuyieckyio
pasnocTb (pasnocts Munkosckoro) muoxkects X u Y.

JIemma 1. Mnoowcecmea Gi(m;Ti—1,T;) ABAAIOMCA GONYKABLMYU KOM-
NAKMHBLMU NOOMHOICECMEaMU Nodnpocmparcmea L.

IIpenmosioxxkenme. Muoxecrsa int W;(m) Hemycrsl npu Beex i =
=1,2,...,m.

Ecau cipaBenmmBo mpeanosioxKenme, TO MOXKHO BBIOPATH HEKOTOPBIIt d1e-
MeHT w;(m) n3 Kaxgoro Muoxkecrsa int Wi(m). Ilycrs w = {w;(m)}™,,
TOJIOYKUM

m
£(m, z,w) = welTm =TI Az 4 Z w;(m).
i=1
Ilpu ¢ = 1,...,m oupenesnum cieayrormue dbyHKINOHAIBI:

ai(ma Z, ’U('), U)) =
=max{a > 0: a[M —&(m, z, w)] N [W;(m,v(-)) —wi(m)] #@}. (3)
3aecy ipu 0 € M — &(m, z,w) npeanonaraercst aq(m,z,v(-),w) = 1,
a;(m, z,v(),w)=0,1=2,...,m.
JIlemma 2. Ilyemv M, U — swnyravie Komnaxmmusie muodicecmea. To-

20a npu Purcuposarrur m, z, W Pyrkyuonas a;(m, z,v(-),w), i € {1,...
...,m}, us (3) caabo noaynenpepusen na muoocecmee V{r_1, ;).

IIycre

min ai(m, z,v(-),w) = a;(m, z,w), i1=1,...,m.
U(.)ev[Tq‘,—l,Tq‘,]

Bsemem cremytoree obosnadeHue:

J
kzk:(m,z,w):min{j €{1,2,...,m}: Z&i(m,z,w) > 1}.
i=1

Ecan mepaBencrBo B (UTYpPHBIX CKOOKAX HE BBIMOJHEHO HU IMPH OJHOM
Jj € {1,2,...,m}, To nonoxkum k = m + 1. Oupemesum paspeniaoriue
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dbyuximn [1, 2]

a;(m, z,w), 1=1,2,...,k—1,
k—1
a;(m, z,w) = 1—Z&i(m,z,w), i=k,
Jj=1

0, i=k+1,k+2,...,m.

Bsesiem obo3HaueHne

N(z,w) = min{m € N: Zai(m,z,w) = 1}.

i=1

Teopema. FEcau daa cucmemv, (1) ewnoarneno npednoaoscenue, MHo-
orcecmea M, U swnykav, u xomnaxmuv, N(z,w) < 00 044 HAUAABHO20 NO-
nosicenus z = 20 u nexomopozo nabopa w = {w;(m)}, w;(m) € int W;(m),
i = 1,...,m, mo cywecmeyem 0600WEHHAA NOYMU CTNPOBOCKONUMECKA
cmpameezus F npecaedosamensn maxas, wmo npu 41060m 0onycmumom ynpa-
saenuu v(-) ybezarowezo uzpoka coomseemcemeyrouyto mpaexmoputo z(t)
cucmemwvt (1) moorcho svieecmu Ha mepmunasvbroe mHoxcecmeo M* 6 mo-

MENM, BPEMENU T = TN (20 1) -
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PEIMVISIPU30OBAHHBIN SKCTPATPAJUEHTHBIN METO/]
B MHOI'OKPUTEPUAJIBHON 3AJIAUE VIIPABJIEHUSI
717151 BOJTHOBOI'O YPABHEHUSI
(REGULARIZED EXTRAGRADIENT METHOD
IN A MULTICRITERIA CONTROL PROBLEM
FOR THE WAVE EQUATION)*

®. I1. Bacusbes (F. P. Vasil’ev),
M. M. Iloranos (M. M. Potapov),
JI. A. AprembeBa (L. A. Artem’eva)

MI'Y um. M.B. Jlomorocosa, Mocxea, Poccus

vasiliev.fp@gmail.com, michaelpotapov@hotmail.com,
artemieva.luda@gmail.com

ITycTh ympaBIsieMbIil TPONECC OMUCHIBAETCS CIIEIYIONEH HATATHHO-KPa-
eBoii 3amaueii st Gyukipn y = y(t,z) = y(¢,z;u) B IPIMOYroJbHUKe
Q= (0,T) x (0,1):

Ytt = Yz, (t,$) € Q7
(—Yz + oY) |o=0 = u(t), Ylom1 =0, 0<t<T, (1)
Yle=o = 0, Ytlt=0 = 0, 0<x<l.

Buagenuns T > 0,1 > 0 u o > 0 npemoararTcst 3a/JaHHBIMU, 8 [IPUCYTCTBY-
IOIUEe B JIEBOM MPAHUYHOM YCJIOBHU ylpaBjenus u = u(t) BoIOUPAOTCA U3
3aJJAHHOTO BBIMYKJIOTO 3aMKHYTOTO MHOXKecTBa U ruabbepToBa MpOCTpaH-
crBa Jlebera:

uweUc L*0,T).
Kax m3sectno |1, 2|, s xaxoro u = u(t) € L2(0,T) sagaua (1) mveer

eZMHCTBeRHOE 06obmenHoe pemenue y(t,x) € H'(Q), yaosmersopsromniee
yeaoBusiM Y|i—p = 0, y|z—; = 0 U UHTErpaIBbHOMY TOXKJECTBY

1 T
J[ ot sppyanars [ utlindrs [y - u®)alodi =0
Q 0 0

*Pabora BbIOJHEHa 3a cueT rpanTa Poccuiickoro nayaaoro dgouga (mpoext Ne14-11-
00539).
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7t 6ol rpobroit byukiuu & = &(t,x) € HY(Q), ®|,—; = 0. D10 pere-
uue y(t, ) obasaeT TakyKe W JONOJHATELHLIMA CBOMCTBAMU DPEryJsipHO-
cru (cM., HapuMmep, [3]):

Y€ C(Q)a y(tv') € C([OvT]aHl(Ovi))a y(ax) € C([Oal]le((o)vT))v
yt(ta ) € C([Oa T]v L2(07 l))v yx(xv ) € C([Ov l]a L2(Oa T))

IIycTh s oneHnBanms KadecTsa yrpasiennit u € U C L?(0, T) ncrons-
3YI0TCs M > 2 TIAaJKUX U BBILYKJIBIX dyHKiIuonamos f*(u), i =1,2,...,m,
u uycrb Tpebyercs Hajitu ux munumyM Ha U B cmbicie Coeiirepa [4]:

flw) = (f'(u), f2(w),..., f"(w) - S-min,  ueU. (2)

B 3aBucuMoCTH OT UMEIOTUXCS TIEJIEBBIX YCTAHOBOK B Ka9YeCTBE TAKUX KPU-
TEPUEB MOYKHO BBIOPATH MOJAXOSIINN KOMILIEKT, HAIIPUMED, U3 CJIETYIONINX
MHTErPAJTbHBIX KBaJIPATUIHBIX (DYHKIIMOHAIOB, OTPAXKAIOMNX (DUUTECKN
OCMBICJIEHHBIE TIEJTN:

l l
) = / (ylto, z0) — (@) dr,  [2(u) = / (s (o, 75 u) — () dor,
T T
£ = [ o) - w@P @ = [l - o) d
Ol OT
o) = / (elto, z:0) — ys(@))? de, f5(u) = / (i (1, 005 0) — ()2 d,
7 Uu) — X 2 X.
fiw= | /Q (y(t, 25 0) — yr(t, 2)* dt d

Baech Toukn tg € (0,7] u 2o € [0,1] (ux MOKeT GBITH U HECKOJIBKO) U DYHK-
nnn yl(l‘)a y5($) € L2(07 l)? y2($) € Hl(oa ZD)? y4(t) € H1(67 T)v y3(t)7 yﬁ(t) €
€ L%0,7), y7(t,z) € L*(Q) mpe/moaraiorcs 3a1aHHBIMI.

B 1mocTaHOBKY 3aJlaui MHOIOKPHTEPUAJBHON omnrtuMmusaiyu (2) MoryT
BXO/IUTH KaK KBaJIpaTudHbIe (DyHKITMOHABI U3 HpHUBeIeHHoro Habopa f1(u),
f2(u), ..., f7(u), Tak u apyrEe KpuTepHu, oOIaTAIONIAEe TeMH e CBOIICTBA-
M BhITyKsI0cTH, auddepenmupyemoctu o Pperme wa L2(0,7) u ymosie-
TBOPAIOIIUE YCJIOBHIO JIMIIIIUIa BMECTe CO CBOMMH I'PaJ@eHTaMu Ha JTI000M
BBIIYKJIOM 3aMKHYTOM U orpanmueHHom muoxkectse u3z L2(0,T). [lna pe-
menus 3aa4u (2) OyieM HCIoIb30BaTh IIPE/JIOKEHHBI HamMu B [5] sKcTpa-
IPaJMEHTHBINA METOJI, KOTOPBIi, B OTJIMYIHUE OT IPOIELYD TPAJIUEHTHOTO TUIIA
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u3 [6, 7], opueHTHpPOBAH Ha pellleHne MHOTOKPUTEPUAJBHBIX 3819 C Hemoy-
HOMU OGHHOMU T B 6ECKOHEYHOMEPHBIT THIHOEPTOBBIX IIPOCTPAHCTBAX. 3a-
MeTuM, 9TO B [5] B KadecTBe OJHOIO M3 BO3MOXKHBIX NPHJIOXKEHHI OblIa
paccMOTpeHa U 3aJla9a MHOTOKPHUTEPHUAILHON ONTHMHU3AINN YIIPABIISIEMOTO
IIPOTIECCa, MOJIEIUPYEMOro MapadoIndecKuM ypapuenuneM. s yTodHenus
[OCTAHOBKM MHOTOKPHTEPHAJbHOM 3312491 (2) U ONUCAHNS UTEPAIUOHHOTO
MeTOJ[a BBejieM (PYHKIIUIO-CBEPTKY

m

)= Nfi(w), welU, AeA=<{AX€E™:A>0, Y N=1},

U PACCMOTPHM 33121y MUHUMHU3AINA 3TON (DYHKIMM Ha MHOXKecTBe U:
F(u,\) — inf, uel. (3)

Kak ussecrno [4], rouka u* € U 6yzner roukoii Cueiirepa dbyuximuu f(u) Ha
MHOXKecTBe U TOrJia U TOJIBKO TOIJIa, KOTJIa CyIIecTByeT Habop A € A Taxoi,
qro u* = u*(\) sBisiercst pemerneM 3azaqn (3). Tem camMbIM MHOXKECTBO
Bcex Touek Crefirepa BeKTOPHOTO KpuTepus f(u) MOJHOCTHIO UCYEPIBIBA-
ercs sseMeHTaMu Buga vt = u*(\), A € A.

IIpu BbiGOpe MHOXKHTENS A B (3) MOXKHO PYKOBOJICTBOBATHCS DA3JIMY-
HBIME COOOparKeHUuAMHE. [IperosoKuM, 9To alpuopHas nH(MOPMAIs, T103-
BOJISIFOIIAST JIOKAJIM30BATh TOI00IaCTh IPUOPUTETHBIX 3HAYEHUNA A, OTCYT-
creyer. Torma mpescraBisieTcst 1e1eCO06PA3HBIM BMECTE € ONTHMAJBHBIM
snemenToM u* € U uckaTh M ONTUMAJLHBIA HAOOp MHOXKUTENEH A* € A,
MOHUMAST UX COBMECTHYIO ONITUMAJIbHOCTD, HAIIPUMED, B CEJIJIOBOM CMBICJIE:

Fu*,\) < F(u*,\*) < F(u, \") YVueU VAeA

Hormyctum, 910 BMECTO TOYHBIX BXOMHBIX JMaHHBIX f(u), f'(u) HAM M3-
BECTHBI HEKOTOPBIE UX HpI/I6HI/I}KeHI/IH fk (u), fl.(u), k=0,1,..., Taxue, 4TO

max{ || fe(u) = f), I fe(uw) = F @)} <o@+[lul),  uweU,

a TaKk>Ke W3BECTHBI ¥ COOTBETCTBYIOIIME YPOBHU TorpertHocTeit o > 0. Or-
MeTuM, 4To OT npubimkenuii fi(u) muddepenupyemocts He TpeGyeTcs
u nox f;(u) moHEMAalOTCs NPUOIMMKEHUS K TOYHBIM IPOM3BOAHBIM f'(u).
st mocTpoeHmsT yCTOMYIUBBIX MPUOJIMKEHAN K MCKOMOI CeJIJTOBOIT TOUYKE
UCTIOJIb3YETCS PEryJIsIPU30BAHHBI BapUAHT IKCTPATrPAIUEHTHOTO METOJa,
[EHTPAJILHOE MECTO B KOTOPOM 3anuMaeT byHKIUs TuxoHOBA:

m

t(u, A) = Fi(u, A) + 2(Hul\2 IX1%), Fk(UJ):Z/\iﬁ;(u
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a Tak¥Ke ee MPOU3BOJHbIE O\fy O \ 1 “Opou3BOIHBIE” Oyt TO U:
m
Outi(u, ) = D N fi () + o, Oati(u, A) = firo(u) — g,
i=1

rie oy > 0 — mapaMmeTrp peryJspus3aliii.
OcHOBHasI UTEPAIMOHHAS IIPOTIEyPa UMEET CJICAYIONTHii BU/T:

U = mu (uk — Br Outi(ur, M), Ak = ma (Ak + Bk Oat(ur, Ak)),
upt1 = 7y (ur — Br Outi (Tr, Ak)),  Awg1 = 7a (M + Br Ontr (T, Ax)),

roe B > 0, k = 0,1,..., — maru rpaJueHTHOro MIpPOIecca, a Ty U To —
OIIEPATOPBI IIPOEKTUPOBAHKS Ha MHOXKeCTBA U 1 A COOTBETCTBEHHO.

Ipw ceTaHEBIX TIPEIOIOKEHNSTX JOKA3bIBaeTest, aTo nporecc (4) dop-
MUDPYeT TPAEKTOPHIO 2 = (Uj, Ak ), HE BBIXOJAIIYIO 34 MPEIETbl HEKOTOPO-
ro OTpaHMYEeHHOTO MHOXKecTBa B mpoctpanctse L2(0,7) x E™, mocre we-
ro Ha 3TOM MHOKECTBE YJACTCS ONEHUTH KOHCTAHTHI JIUMIIHIA Kak caMoit
hyHKIIUN-CBEPTKH, TaK U ee MPOM3BOIHLIX IO MEPEMEHHBIM U U . 3Hade-
HUsI 9TUX KOHCTAHT UCIOJIL3YIOTCS Jajiee B (hOPMYINPOBKAX TPEOOBAHMIT K
napaMeTpaM MeToJa (v, 3k W yCIOBUil HX COIVIACOBAHUA C YPOBHSAMHU IIO-
IpeIIHocTel Jy.

InaBHBIM pPe3yIbTaToM PabOThI ABJISIETCS YCTAHOBJICHHOE [IPU BBIIOJIHE-
HUU YTOMSHYTBIX BBINIE TPeOOBAHUII CBOWCTBO CHJILHON CXOIUMOCTH MPHU-
Gmkennit (ug, A ) K 0co6oii (eIMHCTBEHHOI) ce10Boi Touke (u*, A*) dyH-
Kunu-cBepTku F'(u, \) Ha MHOXKecTBe U X A, MMEOmei cpem IpyTrux cesl-
JIOBBIX TOYEK HAUMENDULYIO HOPMY:

||’U,k — U*HLZ(O,T) — 0, |>\k — )\*|Em —0 Ipu k — oo.

ITpu 3T0M 1IEpBast Ipe/IeIbHAst KOMIIOHEHTA U TIOCJIeIOBATEbHOCTH (U, \k)
Gyzner Toukoit Ciefirepa MHOrOKpuTepHuadbHOl 3amaun (1), (2).
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ANALOGUE OF PONTRYAGIN’S MAXIMUM PRINCIPLE
FOR MULTIPLE INTEGRALS MINIMIZATION PROBLEMS

M. 1. Zelikin

Moscow State University, Moscow, Russia

mzelikin@mtu-net.ru

Let 91 be a domain on a smooth n-dimensional manifold. Let p: & — I
be a v-dimensional vector bundle over the base 91; the fibre of this bundle
over a point ¢ € M, i.e., the full preimage of the point ¢ under the mapping p,
is a v-dimensional linear space. Local coordinates on 91 will be denoted by
t = (t,...,t"), and those on fibres, by z = (x',...,2"). The common con-
vention on summation over repeated indices is used, with the Latin indices,
related to coordinates on the base, running from 1 to n, and the Greek ones,
related to coordinates on fibres, running from 1 to v. Multi-indices will be
denoted by capital letters. The symbol I means the whole set from 1 to n.

Consider
F= / (t x, —)dtl (1)

Let us denote by J1(§) the bundle of 1-jets over £, and let

o« 830@ B

be a section of Jy(&).

Problem 1. Given y(-) € CY(dM), find the strong minimum of the
functional over C'-manifolds z(-): M — ¢ defined in M subject to the
boundary conditions z(t)|am = y(t).
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The natural necessary condition of minimum of the functional is the non-
negativity of the second variation. Thorough investigation of the second
variation for multiple integrals is due to A. Clebsch. He studied the Dirichlet
functional

2 f Oh® OhP *f  one 5 0%

o°f
oG0GE) o 0 o, o Bxr

heRB| dt!.

The hat over a function (say, f ) means that one substitutes the extremal
Z(t) into all its arguments.

By using ideas of many-dimensional Riccati techniques, Clebsch presup-
posed the existence of a solution to a partial differential Riccati-type equa-
tion. Now we know that it is the many-dimensional counterpart of the con-
dition of absence of conjugate points. Using this solution, he transformed
variables and reduced the functional to its principal part, that is, to the
quadratic form of the converted first derivatives of the desired functions.

It seems that Clebsch believed that for multiple integrals there is a di-
rect analogue of the necessary Legendre condition: The non-negativity of
the second variation implies the non-negativity of the principal part of the
quadratic form defined on all n X v matrices

ox®
ot
Half a century after the work of Clebsch, J. Hadamard showed that it is
not true. Hadamard proved the following necessary optimality condition:
Theorem 1 (Hadamard). Let the functional

4 =

Y I
§F = /{ 81&1 8:; + 2¢5(1) ;1 2P 4 bap(t)zal | dt!  (3)

be non-negative for x(-) satisfying the boundary condition
x|av =0.

Then for all values of t € V, the quadratic form a ( s qf takes non-
negative values on all n x v matrices of the form ¢ = §“77z (that is, on all
matrices of rank 1).

~The theorem can be reformulated as follows: The biquadratic form
agﬁ(t)fafﬁmnj is non-negative for all ¢ € V and £ € R”, n € (R™)*.
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4

Scheme of the variation (dz).

The gap between the necessary and sufficient conditions was essentially
diminished by Van Hove. In the late 1940s he proved that the natural
amplification of the Hadamard—Legendre condition

0 f
9(0z%\ 5(0zP\
(%) (55
is a locally sufficient condition of C'-minimum. The term “locally sufficient”

means that the domain of integration is sufficiently small.
We denote by U the set of matrices of rank 1.

The role of Pontryagin’s function will be played by

o
H=-f+¢q, T

Py > elen)? (4)

Theorem 2 (maximum principle). Suppose f is a smooth function.
Suppose that &(-) provides a strong minimum for the functional in Prob-
lem 1.

Then there exists a solution to the conjugate system of variational equa-
tions such that Pontryagin’s function H attains its maximum value on the

set of slopes %:t” defined by the rank 1 matrices U:
D& of . ] . of (Di)
max |—f|t, %, — + i) | + i)| = —f+ — .
S (0 5+ €0+ gyt =<1+ 5 (5

(5)
Here we can only demonstrate the scheme of the used variation (see the
figure).
Example 1. As an example, consider a problem associated with elas-
ticity theory.
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It is required to minimize the functional

/ [a(2] 4 23) + b(z3 + 23) + 2cdet 2] dt A dt>. (6)
N
Here
T T i S
T 2T ST YT

The term containing det z = 2724 — 2023 defines the contraction—expansion
degree of the material; the coefficient 2¢ is called the solid elasticity modulus.
The coefficients a and b are connected with the Lame constants, that is, with
the tensor of elasticity modulus. The slopes of the surface (variables z;)
serve as control variables.

The matrix of the quadratic form in the integrand is

a O 0 ¢
0 b —c O
0 —¢c b 0
c 0 0 a

The eigenvalues of the matrix are Ay = a—¢, A2 =a+c¢, \3 =b— ¢, and
Ay = b+c. Let, say, a > b. For a > ¢ > b one of the eigenvalues is negative.
The quadratic form is non-convex. The maximum of Pontryagin’s function

9r1\? 9z \? 9r2\? or1\?
H%(@i>*¢éﬁ)**éﬁ)**ﬁﬁ>

) 8_9518_952 _ 8_9518_952 4 i dz”
Nort o~ B2 o Qo5

(which would be in line with the naive generalization of Pontryagin’s max-
imum principle) is not attained on any extremal. Nevertheless, the restric-
tion of this function to the level surface of the rank 1 matrices reduces H
to a positive definite quadratic form.

Indeed, the first variation on extremals is zero. The variations of control
h = (h1, ha, hs, hg) that correspond to directions with the rank 1 matrices
are equivalent to the degenerate matrices h. So, the main quadratic part of
the expansion in & of the term det z on such variations (that is, h1hy —hohs)
equals zero. There remains a positive definite quadratic form, which ensures
our maximum principle. To test sufficient conditions, one should appeal to
the theory of fields of extremals.

150



Example 2. Consider the problem of minimizing the functional

/m [(21)° + (2)%] dt* A de2. (1)

Here
ozt Ox? 9 9
Zl:ﬁ’ Z2:W7 V:{tl—f—tQSl}
The boundary conditions are z1|y = cos¢ and x|y = sin .
The Euler equations have the form

SOGY)- ACGE)

It is easy to see that the unique solution to the Euler equations satisfying
the boundary conditions is 1 = 1, z2 = t3. The second variation at
the extremal on the rank 1 matrices equals 66707 + 6£5m3. It is strictly
positive, so the Hadamard—Legendre condition of the weak minimum is
fulfilled. However, Pontryagin’s function on the rank 1 matrices equals
— (&3 + &n3) + 6(€1m1 + Eama). Tt reaches only a local maximum on the
extremal {{1m1 = 1, &am2 = 1}. The global maximum equals +oco. By
Theorem 2 we conclude that the minimum on the extremal is not strong.
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OCOBBIE SKCTPEMAJIM B OBOBILEHHON 3ATAYE QV/IJIEPA
(SINGULAR EXTREMALS IN THE GENERALISED
FULLER PROBLEM)

M. N. Bemukun (M. 1. Zelikin),
. 1. Kucenes (D. D. Kiselev),
JI. B. Jlokynuesckuii (L. V. Lokutsievskiy)

MI'Y um. M.B. Jlomonocosa, Mockea, Poccus
Beepoccutickasn axademus snewneti mopeosau, Mockea, Poccus
Mamemamuueckuts uncmumym um. B.A. Cmexaosa
Poccutickoti axademuu nayx, Mockea, Poccus

mzelikin@mtu-net.ru, denmexmath@yandex.ru,
lion.lokut@gmail.com

Paccvorpum ob606mennyio 3aady Oynepa
+oo
J(z) = / (x,Cx) dt — min (1)
0

Ha TPAEKTOPHUAX YIPABIAEMON CHCTEMBI
2 =y, lu <1, z€V, welU=YV,
x(k)(O):xg, 0<k<n—1,

rae V' — KOHEeYHOMEpHOE €BKJIMJIOBO IPOCTPAHCTBO JOCTATOYHO BBICOKOM
Pa3MEPHOCTH CO CKAJISIPHBIM [Ipou3BejieHueM (-, -), a C' — HEeKOTODbIil HEBbI-
POXKJIEHHBII CaMOCOIPSZKeHHbI JiuHeitublil oneparop. Pynkuus x(t) cuu-
TaeTcs abCOJIIOTHO HEIIPEPBIBHOI BMeCTE CO CBOMMU 21 — 1 TPOU3BOIHBIMH.
Yupassenne u(t) € L1(0,4+00).

Beinuiem cucreMy IpUHIUIIA MakcuMyMa 1tst 3ajadn (1). Tlosoxum

=z, Ty=x2, ..., T, =1
Torna ramunbronnan (bysxnus [loarpsaruna) umeer Bug (p1, ..., Py, — CO-
UpsiZKEHHbBIE TI€PEMEHHbIE )
H=—-X\(Cx1,21) + {p1,22) + ... + (pn, u).
HerpynHo nokasarhb, 910 Ag # 0. [losoxue A\g = 1/2, nomyuaem

pTL
u = .
|Pn

pll = lea pIQ = —P1, sy p:z = —Pn-1
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Bu 3T0it cucTeMbl CUIBHO yIIPOCTUTCS, €CJIM BBECTH 0603HAMCHHIA
n—k
2z = (=1)"""pr_ki1 n Zn+k = Cxg upu k < n. (2)
Torma = C~ 'z, 1

21
21 =22, 2h=2z3 ..., 2z, =Cu, u:(—l)”“m- (3)

Oupenenum [n/2]-smementroe muoxkecrso B C R pemennii cucrembr

2n
Im H(ierj) =0,
j=1

2n (4)
(=)™ 'Re [[(iz + ) > 0,

j=1
x> 0.

Teopema 1. Paccmompum 110600 wabop dsymeprvix naockocmedd Ly, C
CVj,.,m=1,...,N, 2de V;, — waxue-mo pazauunvie’ cobcmeennwie noo-
npocmparcmea gopmo, C. Ecau nabop cobemeennolx 3naverut Ay, , ..., Ajy
dopmv. C ydosaemsopsem ycroeuro>

Po(iay,) _ Paliag,)  _ Puliagy)
>‘j1 )‘jz >\jN

0AA KAKUT-MO Pa3auvHur o, € B, mo amobas mpaexmopus euda

N N
2 = Z by t2" exp{zicy,, In|t|}ym, u= Z exp{xicy, [t }ym, (5)
m=1 m=1

ABAALTNCHA ONMUMAALHOT Oast 3adawu (1) npu arobom ewbope edunuHbIT
68eKMOPo6 Yy € Ly u nenyaesuix wucen by, € R, auww 6ot 12 22:1 b2 =1.

OTmeTnM, 9TO B perieHnsxX (5) ylpasiieHne ABUKETCs 10 06MOTKe Kirud-
dopaosa Topa TV = (L1 x ... x Ly)N{|u| = 1}, mpoxoxuT ee memrom® 3a
KOHEYIHOE BpeMs U BBIXOIUT Ha 0coObIi pexkuM & = u = (. CaMa TpaekTopus

LCnyuait N = 1 me uckmouaercss. B sToM ciryuae momoiizer moGoe cOBCTBEHHOE 3HA-
ugenue \j ¢opmer C, mump 661 dim V; > 2.

2Bcrogy mmxke Pp(z) = (z +1)...(z + 2n).

3Tounee Ty ee MONOBHHY, KOTOpas COOTBETCTBYET TOJOXKHTETLHOMY HANPABJICHUIO
BPEMEHH.
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x(t) upexncrasiager coboil COOTBETCTBYIONLYIO OOOOIIEHHYTO Jorapudmude-
CKYIO CIIUpaJb, KOTOPas TOXKe IIPOXOJIUTCS 33 KOHEYTHOE BpeMs. BoJee Toro,
€CI 3HAYEHUs Qi ,...,(Q;, JUHEIIHO He3aBucUMEI Haj, (Q, TO moTydeHHAs
obmoTka Topa TN sBiIsieTcst BCIOLY IIJIOTHOI.

Teopema 2. Jlasa 4106020 namypasvrozo n > 3 xoms 6o, d6a snemenma
Mmroocecmea B aunetino nesasucumv, wad Q. B wacmmocmu, npu aobom
Hamypasvnom n > 3 6 dadaue (1) moorcho nocmpoums pewenue, Yynpas-
AEHUE KOMOPO20 30 KOHEUWHOE GPEMA NPObEe2aem nososury 6100y niommot
00MOMEKY 08YMEPHO20 MOPA, COOMBEMCMBYIOWYIO NOAOHCUMENDHOMY HaA-
NPABAECHUIO BPEMEHU.

Berony nastee st mpocroro g > 3 mosoknM x4 = 14+1/2+...+1/(¢—1).

Teopema 3. IIycmos n = p+ 1 das nexomopozo npocmozo p > 5, npu-
wem wucaa ¢ = 2n+1 u r = 2n 4+ 7 maxorce npocmol, £, Z 0 (mod q3), a
889 ne asasemces xeadpamom no modyso . Toeda ece anemermo, MHootce-
cmea B aunetino nezasucumvt Had Q.

Ilepeunciium Bce maTypasbabie n < 600, yIOBIETBOPSIONINE yCIOBUAM
reopembl 3: n € {8, 18, 20, 30, 48, 270, 338, 410, 488, 558}.

Omnpenemum muorowunen f,(x) € Z[z] cremenu n — 1 ycmoBueM
zfn(x?) = Im P, (iz). (6)

Teopema 4. Ecau 0aa nowmu 6cex npocmuix p u3 apudmemuneckoti
npoepeccuu {26 + 69k | k € N} wmmnozousen fpi1(x) nenpusodum nad Q,
Mo cywecmeyem 6eckoHeuHas NoCAL006AMEALHOCTVD HAMYPANLHOLT T, O
Ka21c0020 2aemenma xomopoti 6ce wucaa us B aunetino nesasucumov, nad Q.
B wacmuocmu, 6 yKa3aHHOT NPEONOAOHCEHUAT MONCHO NOCTPOUMD 3a0a-
Y ONMUMAALHO20 YNPABACHUA, YNpasaenue 6 komopoti npobezaem 3a %o-
HewHoe 6pems noaosuHy 6cody naommoti obmomxy mopa A1060t naneped
3adanmoti pasmeprocmu.

Eciu npocroe wucio p € {26469k | k € N} rakoso, uro uucio 2p+3 Tak-
Ke TIPOCTO C YCTOBUeM Ta, 43 Z 0 (mod (2p+3)3), npudem p we npescraBumo
B Bugie (1t —1)/(r® — 1) HU JIJI9 KAKUX TIPOCTOTO 7' U HATYPAJIBHBIX 8, , TO
PaCCyKICHHAs JOKA3aTEIbCTBA TEOPEMBI 4 TTO3BOJIAIOT MMOKA3aTh JIUMHEHHYIO
HezasucuMocTh HaJ Q Beex asemenToB mMHOXKecTBa B mia n = p + 1. Ha-
upumep, 1o Tak npu p € {1613, 34503 269, 499 989 827}, Kak MOKA3BIBAET
CJAEAYIOMUNA pe3yabTaT.

Teopema 5. Ilpu n € {1614, 34503270, 499 989 828} sce anemermot
Mmroocecmea B aunetino nezasucumor nad Q. B wacmnocmu, 0as 4106020
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namypasvrozo k < 249994914 6 sadaue (1) ¢ n = 499 989 828 cywecmeyem
pewenue, Ynpasierue KOmopozo 3G KOHEWHOE 8PEMA NPobe2aem noa08UHY
6100y NAOMHOU 06MOMKY K-MeEPHO20 MOPA, COOMBEMCMBYIOWLYIO NOAOHCU-
MEALHOMY HANPABAEHUIO BPEMEHU.

VkazanHas B TeOpeMe D OIeHKa Ha k SBJIs€TCS HEYJTy IIaeMOl Ha JTAHHBIHA
MOMEHT, TaK KaK HEUM3BECTHO PACIIpeeJIeHIe TPOCTHIX drces BoabecTeHxo/b-
ma (. [4]) ma unrepsase (109, 4+00).
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AJIbAHC B UI'PE TPEX YYACTHUKOB
(ALLIANCE IN A THREE-PERSON GAME)

B. 1. 2Kykosckuii (V. I. Zhukovskii)

MI'Y um. M.B. Jlomonocosa, Mockea, Poccus
zhkvlad@yandex.ru

PaccmarpuBaeTcs urpa Tpex JIMIL IPU HEONPEIEJTEHHOCTH
= <N = {1’ 2, 3}’ {Xi}’iEN’ YX) {fi(ma y)}L€N>

B T urpok ¢ BweIObUpaer cBoio ctpareruio x; € X; C R™, B pesynabrare
obpasyerca cutyamusas ¥ = (21,72,23) € X = [[;cy Xi. Hesasucnmo or
JeiicTBuit urpokoB B I peanmsyercs neonpenenenrocts y € Y C R™. Ha ma-
pax (z,y) € X x Y onpenenena ¢dynkuus Bomrpbima f;(z,y), 3HadeHne
fi(z,y) Ha3BIBaeTcst BHIUTPBINEM UTPOKa i. KoasunmoHHblE CTPYKTYPHI I’
cyts {{1},{2}, {3}},{1,2,3}, K; = {{i},{—i}} (vme —i = N\¢). Ilesi urpo-
Ka ¢ — BBIOOD CTpaTeruu T; Takoil, 9T00bl BBIUIPHII f; (X, y) CTal BO3MOXKHO
GOJBITIIM, TIPHIHeM /i TpousBoabHoro y = y(x): X — Y, y(-) € YX.

155



Omnpenemm rapanTuio f;[x] = min,cyx fi(2,y) urpoxa i n urpe I' nocra-
BuUM B cooTBercTBre urpy rapantuii '8 = (N={1,2,3}, {X;}ien, { fi[2] Fien)-
st curyaruu ¥ € X B urpe ['® paccMOTpuM CJIeIyIOIINE YCJIOBUSI:

o ycaogue undusudyarvhol payuonasvrocmu (YUP) (npu obosHaueHn-
ax & = (x;,2-;), Xk, —H].GKin):

(¥ > 0 = = min flz*,2_;] (i € N):
file) 2 fi = max min  floi, -] = min fl2f, 2] (i €N);

o ycaosue Koarekmuehol payuonasvrnocmu (YKP): x* MakcumasabHoO 1o
IMapero B 3amave (X, {fi[x]}ien), Te

S hll <Y file);
i€N i€N
o ycaosue K;-payuonasonocmu (YK;P):

{fz[lﬁ*] > filx], x_] VﬂffiGXfi}/\{f[x > filzi, a7;] Ve GX}

Onpenenenne. Curyaruio x* € X jyig urpsl I’ HA30BEM KOGAUYUOH-
nowm pasnosecuem (KP), ecan mia wee Boimosnnenst YUP, YKP u VK,P
(1 €N).

C 1noMOIIBIO repMeiepoOBCKOl CBEPTKU YCTAHOBJIEHBI JOCTATOYHbBIE YCJIO-
Bu# cylrecTBoBaHns KP 1 10Ka3aH0 ero cy1iecTBOBaHNEe B CMEIIAHHBIX CTPa-
TErusgX MPU MPUBBIYHBIX JJIT MATEMATHIECKOTO IPOrPAMMUPOBAHUS OTPa-
HUYeHHsIX (KOMIAKTHOCTh X U Y, a TaKyKe HeNPePbIBHOCTb (DYHKIUA BbI-
urpbimia). VIMeHHO, BBeJIeM TepMeHepOBCKYI0 CBEPTKY

p(x,2) = maX{fz[z1,$2,€C3] — falz], f3lz1, w2, 23] — f3[2],
filwy, 22, w3] — filz], fa[z1, 22, 23] — f3]2],
filer, @a, 28] = filz]s felan, wa, 2] = fale], Y fila) Zfi[z]}-

1€N €N

Teopema 1. Ecau ydasocy natimu cedaosyro moury (z°,2*) € X x Z
Pynruuu @(x,z), mo z* asasemcsa KP uzpw T.

Teopema 2. Fcau
flz,y) e C[X x Y], X; € compR" (i € N), Y € compR™,

mo 6 uepe I' cywecmeyem KP 6 cMEWAHHOT cMPAMERUALT.
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TOYEK COBIIAJIEHUS OTOBPAYKEHUN
METPUYECKUX Y1 HOPMUPOBAHHBIX IIPOCTPAHCTB
(ON THE PROPERTIES OF THE COINCIDENCE POINT SETS
OF MAPPINGS ACTING IN METRIC AND NORMED SPACES)*

C. E. 2Kykosckuii (S. E. Zhukovskiy)

Poccutickuti ynusepcumem dpyorcoHo, napodos, Mocksa, Poccus

s-e-zhuk@yandex.ru

HccienoBaHbl CBOIICTBA MHOXKECTBA, TOYEK COBIAJIEHUS JBYX OTOOpazKe-
Huit. PaccMOTpeHbl KaK OJHO3HAYHBIC, TAK ¥ MHOTO3HAYHLIE OTOOPAYKEHUSI.
Jljist oToOpaskeHnit MeTPHYECKIX MPOCTPAHCTB IIOJYYEHbI OICHKU MOIIHO-
CTH MHOKECTBa TOYEK coBlaienus. s oTobpaskeHnil, JeHCTBYIOMNX 13
HOPMHPOBAHHBLIX IIPOCTPAHCTE B METPUYCCKHE, IIOJIydIeHLI HeOOXOIUMbIe 1
JIOCTATOYHBIC YCJIOBUSA CyIIECTBOBAHMST 60JIee YeM OJHO TOYKH COBIAICHNS,
JIOCTATOYHBIE YCJIOBUSI CYIIECTBOBAHMS He MeHee N TOYeK COBIIAJIeHUsI, J0-
CTATOYHBIE YCIOBUST 6ECKOHEYHOCTH MHOYKECTBA TOYeK coBHajieHus. [ ab-
CTPaKTHBLIX BKJIIOUEHHUI B METPHYECKHX U HOPMUPOBAHHLIX IPOCTPAHCTBAX
HOJTy9eHbl HeoOXOUMbIe U JOCTATOUHbIE yCIOBHS CyIeCTBOBAHIA Hoee YeM
OZIHOTO pelleHnsl, JOCTATOYHbLIE YCJIOBHA CyIIecTBOBAHUS He MeHee 1 pere-
HHUIt, IOCTATOYHLIE YCJIOBUST 6ECKOHEUHOCTH MHOYKeCTBa pertennii. [lomryden-
HBIE PEe3YJILTATHI MIPEJICTABJIAIOT CO0O eCTEeCTBEHHOE MPOIOJIKEHNAE UCCTIe-
JIOBaHMsl, HAUaTOroO B pabore [1].
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// Mar. ¢6. 2015. T 206, Ne3. C. 35-56.

*UccnenoBaHue BBIIOJHEHO 3a CI€T rpaHTa Poccmiickoro HaydHoro ¢oezma (IpoexT
Ne17-11-01168).
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OB M3MEHEHUU COBCTBEHHBIX 3HAYEHUI
OIIEPATOPA CJ/IBUI'A B/10OJIb PEIIEHUIN CHUCTEMBI
JNOOEPEHIIMAIBHBIX YPABHEHU
(ON THE VARIATION OF EIGENVALUES
OF THE SHIFT OPERATOR ALONG SOLUTIONS
OF A SYSTEM OF DIFFERENTIAL EQUATIONS)

H. B. 2Kypasses (N. B. Zhuravlev),
A. H. CoxkouioBa (A. N. Sokolova)

Poccutickuti ynusepcumem dpyorcoHo, napodos, Mocksa, Poccus

zhuravlev1980@yandex.ru, sanlslo@mail.ru

B nmammHOit paboTe MOJIydeHBI YCIOBUSA, IPYU BBIMTOJHEHNN KOTOPBIX COO-
CTBEHHBIE 3HAYEHNUs onepaTopa U, OCYIIECTBIISIONIETO CABUT B/IOJb peIle-
HUI JIMHEapU30BAHHOIO YPABHEHUsI, 3aBUCSAT OT BEJIMYNHBI CJIBUTA, P HEJIUII-
muIeBbIM 06paszom. PaccmaTpuBaercst cucreMa OOBIKHOBEHHBIX HEJTMHEHHBIX
muddepenHnnaaTbHbIX YPABHEHWH BIIa

{szf(w,yL
j=—a.

Ipeaoiaraercsa HAJITIUE y STON CUCTEMBI IEPUOJANIECKOTO perterus (T, §).
CooTBeTcTBYIOIIEe JTHHEAPU30BAHHOE yPABHEHUE UMEET BH/I

U=ap-u+ai-v,
{ 1)

V= —Uu.
Kosddunuentor cucremsr ag(t) = fr.(%(t),§(t)) m az(t) = f,(2(t),5(t))
umerorT nepuoj, 1, paBHbII nepuomy pemenus (Z,§). Beegem obosnadenus
JUJIS 3JIEMEHTOB MaTpHIel Uy U ee COOCTBEHHBIX 3HAYCHHML:

_ (alp) b(p) _a(p) +d(p) £+/D(p)
UP - <c(p) d(p)) 3 A:ﬁ:(p) - 2 5

rie D(p) = (a(p) — d(p))* + 4b(p)c(p).

OueBnIHO, 3aBUCUMOCTDL A(€) SIBJISIETCA HENPEPBIBHOM, T.€. JJTst JII06Oro
e > 0 cymecrsyer takoe § = §(g) > 0, npu kotopom u3 |p — T'| < § caenyer
A£(p) = Ax(T)] <e.

Pesynbrarom mamuoit paboTh SABJISIETCS CIEAYIONIEE YTBEPKICHIE.
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Teopema. Ilycmo f(x,y) € C*(R?). IIycmv cucmema (1) umeem nene-
puoduueckoe pewenue. [lycmo fOT fi(z(t),g(t))dt = 0.

Tozda mne cywecmeyem maxux koucmanm K wu g9 > 0, umobo, u3
lp—T| < e credosano |Ay(p) — AL (T)| < Klp—T].

Hns f(z,y) =1 — (22 +y?) u (Z,7) = (sint, cost) Bee ycaoBus manHOM
TEOPEMBI BBITIOJTHEHBI.

CMBIC/T HAJIOXKEHHBIX YCJIOBHH 3aK/I0YAeTCA B TOM, UTO PABEHCTBO HY-
JII0 MHTErpaJa rapaHTUpyeT KPaTHOCTh COOCTBEHHOro 3HadeHus 1 omepa-
topa U, KoTopoe coorBercryer periennto (Z',§') cucremsr (1). Hamuune
HENEPUOINIECKOTO PENIEHUsS] TAPAHTUPYET, YTO FEOMETPUYIECKAsS KPATHOCTh
9TOr0 COOCTBEHHOTO 3HAYEHUS OY/IET PABHA €UHUIE. DTO IIPUBOIAT K TOMY,
9T0 pousBoiHas A’ () OKa3bIBAETCs HEOrPAHUIEHHO B OKPECTHOCTHU HYJIS.

IToxpoGHoe onucanre CBORCTB cucTeM OOBIKHOBEHHBIX JudDepeHIrnalb-
HBIX ypaBHEHHUil BTOPOrO IOpsiiKa M3BecTHO JapHO [1]. OpHako MoTHBOM
JTaHHOi PabOTHI ABJIsIETCs MpobJIeMa, CBA3AHHAS C OTLICKAHIEM MYJILTUILIH-
kaTopoB PJIoKe JI1s1 MEPUOIUIECKUX pertennit muddepeHnnaabHo-pa3HoCT-
HBIX ypaBHeHwuii [2, 3]: B ciydae, KOrjia NeproJl UCCIIEyeMOrO PEleH s HeCo-
U3MEPHUM C 3alla3/blBaHieM B yPaBHEHUH, HET OOIIEro MeTO/a OTLICKAHMS
COOCTBEHHBIX 3HAYEHUI OIlepaTopa MOHOIPOMHUH.

ITockonbKy J71s1 OOLIKHOBEHHBIX ypaBHEHUI yKa3aHHas IPOGJIeMa OTCyT-
CTBYET, aBTOPHI JIOIYCKAIOT, YTO MOJyUIEeHHBIA Pe3yIbTAT MOMKET SBJISTHCS
HOBBIM. B J1060M CJIydae OH IpEICTaB/IseT aKTyabHBI WHTEPEC B CBETE
HEPEIIEHHOH MPOBJIEMBI TOYHOCTH PAIMOHAJBLHON AIIPOKCUMAIINA TIPU UC-
CJI€JIOBAHAN MY/IbTUILIAKATOPOB PJI0KE JJI MePHOINIeCKUX PeIleHnil HeJIr-
HelHBIX AuddepeHnnanbHO-pa3HOCTHBIX ypaBHeHuit [2, 3].
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