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Integrable Geodesic Flows on 2-Surfaces.
S.V. Agapov

Sobolev Institute of Mathematics, Novosibirsk, Russia
agapov.sergey.v@gmail.com, agapov@math.nsc.ru

The problem of an integrability of Hamiltonian systems
usually reduces to searching for the first integrals of motion. In
the talk we will consider geodesic flows on 2-surfaces (includ-
ing magnetic ones) and will discuss some questions related to
existence and nonexistence of such integrals.
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Weak and Ultrastrong Coupling Limits of
the Quantum Mean Force Gibbs State

J. Anders, J. Cresser

Department of Physics and Astronomy, University of Exeter,
Stocker Road, Exeter EX4 4QL, UK.

Institut für Physik und Astronomie, University of Potsdam,
14476 Potsdam, Germany.

j.anders@exeter.ac.uk

The Gibbs state is widely taken to be the equilibrium state
of a system in contact with an environment at temperature 𝑇 .
However, nonnegligible interactions between system and envi-
ronment can give rise to an altered state. Here we derive general
expressions for this mean force Gibbs state, valid for any system
that interacts with a bosonic reservoir. First, we derive the state
in the weak coupling limit and find that, in general, it maintains
coherences with respect to the standard system Hamiltonian.
Second, we derive the explicit form of the state in the ultra-
strong coupling limit, and show that it becomes diagonal in the
basis set by the system-reservoir interaction instead of the sys-
tem Hamiltonian. Several examples are discussed including a
single qubit, a three-level V-system and two coupled qubits all
interacting with bosonic reservoirs. The results shed light on
the presence of coherences in the strong coupling regime, and
provide key tools for nanoscale thermodynamics investigations.
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Phase Portraits Belonging to
Polynomial Dynamic Systems

I.A. Andreeva

Peter the Great St.Petersburg Polytechnic University
irandr@inbox.ru

A class of polynomial dynamic systems have been studied on
an arithmetical plane of their phase variables 𝑥 and 𝑦.

𝑑𝑥

𝑑𝑡
= 𝑋(𝑥, 𝑦),

𝑑𝑦

𝑑𝑡
= 𝑌 (𝑥, 𝑦),

where 𝑋(0, 1)𝑌 (0, 1) ̸= 0.
Their right parts are considered to be mutually reciprocal

polynomial forms of the third and the second degrees. The class
includes a limitless set of systems [1]. A task is to provide the
full qualitative investigation of this class of systems and reveal
all topologically different phase portraits possible for them in the
Poincare circle. The total class was subdivided into subclasses
of several successive levels. The example of a subclass belonging
to the first level of hierarchy is given below [2]:

𝑋(𝑥, 𝑦) = 𝑝3(𝑦 − 𝑢1𝑥)(𝑦 − 𝑢2𝑥)(𝑦 − 𝑢3𝑥),

𝑌 (𝑥, 𝑦) = 𝑐(𝑦 − 𝑞1𝑥)(𝑦 − 𝑞2𝑥),

where 𝑝3 > 0, 𝑐 > 0, 𝑢1 < 𝑢2 < 𝑢3, 𝑞1 < 𝑞2, 𝑢𝑖 ̸= 𝑞𝑗 for every
𝑖 and 𝑗. The first level of subclasses is formed in accordance
with numbers and multiplicities of roots of especially introduced
for both forms 𝑋(𝑥, 𝑦), 𝑌 (𝑥, 𝑦) characteristic polynomials 𝑃 (𝑢),
𝑄(𝑢), which for the given example look like [3]:

𝑃 (𝑢) := 𝑋(1, 𝑢) ≡ 𝑝3(𝑢− 𝑢1)(𝑢− 𝑢2)(𝑢− 𝑢3),

𝑄(𝑢) := 𝑌 (1, 𝑢) ≡ 𝑐(𝑢− 𝑞1)(𝑢− 𝑞2).

We take into consideration the 𝑅𝑆𝑃𝑄 an ascending sequence
of all real roots of polynomials 𝑃 (𝑢), 𝑄(𝑢). For instance, for this
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example 10 different types of 𝑅𝑆𝑃𝑄 are possible. They allow
to make further steps of subdivision.

There are 9 different subclasses located at the first hierar-
chical level. For different branches of subdivision 3 or 4 different
numbers of hierarchical levels were found. As a result of alter-
nate study of all subclasses of all possible levels more than two
hundred of topologically different and independent phase por-
traits of the systems were revealed and described in the two
ways: with a special characteristic table, as well as in a graphi-
cal form in a Poincare circle. Every existing topological type of
a portrait is accompanied by criteria of its appearance. E. g., for
the above mentioned example of a system of the first level there
exist 93 topologically different types of phase portraits. For the
aims of these portraits investigation in a Poincare disk, a series
of new methodologies and attitudes were specially introduced.
Resorting to the Bendixon formula for the index of a singular
point, the whole totality of considered dynamic systems have no
limit cycles [1, 2]. All the used new methods will find their in-
troductions and applications in further theoretical and applied
investigations of polynomial - first of all, cubic and quadratic -
dynamic systems, and in their use as mathematical models of
physical, biological, economic and sociological processes [1 - 3].
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Ring Isomorphisms of Murray–von Neumann Algebras
Shavkat Ayupov

V.I.Romanovskiy Institute of Mathematics,
Uzbekistan Academy of Sciences

shavkat.ayupov@mathinst.uz

In 1930-s, motivated by the geometry of lattice of the pro-
jections of type II1 factors, von Neumann built the theory on
the correspondence between complemented orthomodular lat-
tices and regular rings. He proved that given two regular rings
ℛ and ℛ1, their lattices of projections are lattice-isomorphic if
and only if there exists a ring isomorphism between ℛ and ℛ1

which generates the given lattice isomorphism. (J. von Neu-
mann, Continuous geometry. Princeton Mathematical Series,
No. 25 Princeton University Press, Princeton, N.J., 1960).
Thus, a problem arises to describe ring isomorphisms between
regular rings.

The present talk is devoted to study of ring isomorphisms
of the algebras of measurable operators affiliated with von Neu-
mann algebras of type II1, usually referred as Murray–von Neu-
mann algebras, and also of their certain *-subalgebras.

Let ℳ, 𝒩 be von Neumann algebras of type II1, and let
𝑆(ℳ), 𝑆(𝒩 ) be the *-algebras of all measurable operators af-
filiated with ℳ and 𝒩 , respectively. Suppose that 𝒜 ⊂ 𝑆(ℳ),
ℬ ⊂ 𝑆(𝒩 ) are their *-subalgebras such that ℳ ⊂ 𝒜, 𝒩 ⊂ ℬ.
We prove that for every ring isomorphism Φ : 𝒜 → ℬ there
exist a positive invertible element 𝑎 ∈ ℬ with 𝑎−1 ∈ ℬ and a
real *-isomorphism Ψ : ℳ → 𝒩 (which extends to a real *-
isomorphism from 𝒜 onto ℬ) such that Φ(𝑥) = 𝑎Ψ(𝑥)𝑎−1 for all
𝑥 ∈ 𝒜. In particular, Φ is automatically real-linear and contin-
uous in the measure topology.

In particular, noncommutative Arens algebras and noncom-
mutative ℒ𝑙𝑜𝑔-algebras associated with von Neumann algebras of
type II1 satisfy the above conditions and, therefore, the main re-
sult implies the automatic continuity of their ring isomorphisms
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in the corresponding metrics. We also present an example of a
*-subalgebra in 𝑆(ℳ), which shows that the condition ℳ ⊂ 𝒜
is essential in the above mentioned result.
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Three-Dimensional Model for the Steady-State
Fluid Flow in a Pipe Network: Existence Analysis

E.S. Baranovskii

Voronezh State University
esbaranovskii@gmail.com

We study a mathematical model for the steady-state flow
of a fluid with shear-dependent viscosity in a netlike domaiñ︀𝑃 = 𝑃 ∪𝑄, where 𝑃 def

= ∪𝑁𝑖=1𝑃𝑖, 𝑄
def
= ∪𝑀𝑗=1𝑄𝑗 , 𝑃𝑖 and 𝑄𝑗 are

locally Lipschitz bounded domains in R3 such that 𝑃𝑖 ∩𝑄𝑗 = ∅
for any 𝑖 ∈ {1, 2, . . . , 𝑁}, 𝑗 ∈ {1, 2, . . . ,𝑀}, 𝑃 𝑖 ∩ 𝑃 𝑘 = ∅ for any
𝑖, 𝑘 ∈ {1, 2, . . . , 𝑁}, 𝑖 ̸= 𝑘 , and 𝑄𝑗 ∩ 𝑄𝑙 = ∅ for any 𝑗, 𝑙 ∈
{1, 2, . . . ,𝑀}, 𝑗 ̸= 𝑙. Note that ̃︀𝑃 can be considered as a network
of pipes: 𝑃1, . . . , 𝑃𝑁 model pipes, while 𝑄1, . . . , 𝑄𝑀 represent
junctions in which pipes are connected.

Assume that the boundary of any junction 𝑄𝑗 has only one
connected component and there exist exactly 𝑚𝑗 domains 𝑃𝑗1 ,
𝑃𝑗2 , . . . , 𝑃𝑗𝑚𝑗

, 1 ≤ 𝑗1 < 𝑗2 < · · · < 𝑗𝑚𝑗 ≤ 𝑁 , 1 ≤ 𝑚𝑗 ≤ 𝑁 , such
that 𝑄𝑗 ∩ 𝑃 𝑗𝑘 ̸= ∅ for any 𝑘 ∈ {1, 2, . . . ,𝑚𝑗}.

If 𝑚𝑗 ≥ 2, then we say that the junction 𝑄𝑗 is interior; in
the case 𝑚𝑗 = 1, the junction 𝑄𝑗 is called open. Let 𝑄int be the
union of all interior junctions and 𝒥 def

= {𝑗 : 𝑚𝑗 ≥ 2}.
Suppose 𝑆𝑗𝑘

def
= 𝑄𝑗 ∩ 𝑃 𝑗𝑘 is a flat surface and, for each 𝑃𝑖,

there exist exactly two junctions 𝑄𝑖1 and 𝑄𝑖2 such that
𝑃 𝑖 ∩ 𝑄𝑖1 ̸= ∅ and 𝑃 𝑖 ∩ 𝑄𝑖2 ̸= ∅. Obviously, for each 𝑖 ∈
{1, 2, . . . , 𝑁}, there exists a uniquely determined pair (𝑖′1, 𝑖

′
2)

such that 𝑃 𝑖 ∩𝑄𝑖1 = 𝑆𝑖1𝑖′1 and 𝑃 𝑖 ∩𝑄𝑖2 = 𝑆𝑖2𝑖′2 . Let Γ𝑖
def
=

def
= 𝜕𝑃𝑖 ∖ (𝑆𝑖1𝑖′1 ∪ 𝑆𝑖2𝑖′2) and Γ

def
= ∪𝑁𝑖=1Γ𝑖.

We consider a nonlinear system that describes 3D flows of
an incompressible fluid with shear-dependent viscosity in ̃︀𝑃 :

(u · ∇)u− divT = f , divu = 0 in 𝑃, (1)
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T = 𝜇(|D(u)|)D(u) − 𝜋I in 𝑃, (2)

(v · ∇)v − divT = f , divv = 0 in 𝑄int, (3)

T = 𝜇(|D(v)|)D(v) − 𝜋I in 𝑄int, (4)

u · n = 0, (Tn)𝜏 = −𝛼(x, |u𝜏 |)u𝜏 on Γ𝑖 (5)

∀ 𝑖 ∈ {1, 2, . . . , 𝑁},

u𝜏 = 0, |u|2/2 + 𝜋 = ℎ𝑖 on 𝑆𝑖1𝑖′1 ∪ 𝑆𝑖2𝑖′2 (6)

∀ 𝑖 ∈ {1, 2, . . . , 𝑁},

v = u on 𝑆𝑗𝑘 ∀𝑗 ∈ 𝒥 and 𝑘 ∈ {1, 2, . . . ,𝑚𝑗}, (7)

v = 0 on 𝜕𝑄𝑗 ∖
(︀
∪𝑚𝑗

𝑘=1𝑆𝑗𝑘
)︀

∀𝑗 ∈ 𝒥 , (8)

𝑚𝑗∑︁
𝑘=1

∫︁
𝑆𝑗𝑘

u · n 𝑑𝜎 = 0 ∀ 𝑗 ∈ 𝒥 , (9)

where u = u(x) is the flow velocity in the pipes, v = v(x) is
the flow velocity in the junctions, T = (T𝑖𝑗(x)) is the Cauchy
stress tensor, 𝜋 = 𝜋(x) is the pressure, f = f(x) is the exter-
nal force field, D(u) is the deformation rate tensor, D(u) =
=

(︀
∇u + (∇u)⊤

)︀
/2, 𝜇(|D(u)|) > 0 is the viscosity coefficient,

𝛼(x, |u𝜏 |) > 0 is the slip coefficient, the function ℎ𝑖 = ℎ𝑖(x)
describes the dynamic pressure on 𝑆𝑖1𝑖′1 and 𝑆𝑖2𝑖′2 , n = n(x) is

the outer (with respect to 𝑃𝑖) unit normal to 𝜕𝑃𝑖, and w𝜏
def
=

def
= w − (w · n)n.

Assume that the following conditions hold:
(H1) f ∈ L2( ̃︀𝑃 ) and ℎ𝑖 ∈ L2(𝑆𝑖1𝑖′1 ∪ 𝑆𝑖2𝑖′2) for any 𝑖 =

1, . . . , 𝑁 ;
(H2) the functions 𝛼 and 𝜇 are continuous and there exist

constants 𝛼0, 𝛼1, 𝜇0, 𝜇1 such that 0 < 𝛼0 ≤ 𝛼(x, 𝑦) ≤ 𝛼1 and
0 < 𝜇0 ≤ 𝜇(𝑦) ≤ 𝜇1 for any x ∈ Γ and 𝑦 ∈ [0,+∞);

(H3) (𝜇(|A|)A−𝜇(|B|)B) : (A−B) ≥ 0 for any symmetric
3 × 3-matrices A and B.

Our main result is the following existence theorem.
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Theorem. Under conditions (H1)–(H3), problem (1)–(9)
has at least one weak solution (u,v) and the energy equality
holds:

𝑁∑︁
𝑖=1

∫︁
𝑃𝑖

𝜇(|D(u)|)|D(u)|2 dx +

𝑁∑︁
𝑖=1

∫︁
Γ𝑖

𝛼(x, |u|)|u|2 𝑑𝜎

+

𝑁∑︁
𝑖=1

∫︁
𝑆𝑖1𝑖′1

∪𝑆𝑖2𝑖′2

ℎ𝑖u · n 𝑑𝜎 =

𝑁∑︁
𝑖=1

∫︁
𝑃𝑖

f · udx.

The proof of this theorem is given in [1].

Acknowledgments: The work was partially supported by
MDPI (Switzerland).
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The Effective Hamiltonian as a Necessary Basis
of the Quantum Open System Theory

A.M. Basharov

National Research Centre "Kurchatov Institute"
basharov@gmail.com

Based on a model open system, the kinetic equation obtained
from the initial exact Hamiltonian with anti-rotating terms is
shown to differ from the kinetic equation from the approximate
effective Hamiltonian without anti-rotating terms. The paper
proves the necessity of transition from the exact Hamiltonian to
the effective Hamiltonian, with the main idea of its construction
being the requirement for the absence of rapidly varying terms
in the interaction representation. This requirement is necessary
to obtain the correct kinetic equation. The method for obtaining
the effective

Hamiltonian is the algebraic perturbation theory. The first
order on coupling constant of the algebraic perturbation the-
ory gives the rotating wave approximation with the rigorous
conditions of its validity. The second order of the algebraic
perturbation theory takes into account the Stark interaction
of the quantum vacuum (the fact that is ignored in other theo-
ries) and generalizes various relaxation dynamics of atomic en-
semble. Namely, it states the effect of stabilization of the ex-
cited state related to collective decay (superradiance) in case
of a certain number of atoms in ensemble. The algebraic per-
turbation theory (including the second order) is shown to be
effectively supplemented by the quantum stochastic differential
equation method. The stochastic equation is shown to be gov-
erned by both the quantum creation-annihilation and counting
processes, with their Ito’s differentials obeyed by the Hudson-
Parthasarathy algebra.
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On the Existence of Bounded Soliton Solutions
in the Problem of Longitudinal Vibrations
of an Elastic Infinite Rod in a Field with
a Nonlinear Potential of General Form1

L.A. Beklaryan 2, A.L. Beklaryan 3

Central Economics and Mathematics Institute RAS 2

National Research University Higher School of Economics3
lbeklaryan@outlook.com 2,abeklaryan@hse.ru 3

In the theory of plastic deformation, the following infinite-
dimensional dynamical system is studied

𝑚𝑦𝑖 = 𝑦𝑖−1−2𝑦𝑖+ 𝑦𝑖+1 +𝜑(𝑦𝑖), 𝑖 ∈ Z, 𝑦𝑖 ∈ R, 𝑡 ∈ R, (1)

where the potential 𝜑(·) is given by a smooth periodic function.
The equation (1) is a system with the Frenkel-Kontorova poten-
tial.

Definition 1. We say that the solution {𝑦𝑖(·)}+∞
−∞ of the system

(1), defined for all 𝑡 ∈ R, has the type of a traveling wave (is
a soliton solution) if there exists 𝜏 > 0, independent of 𝑡 and 𝑖,
that for all 𝑖 ∈ Z and 𝑡 ∈ R the following equality holds

𝑦𝑖(𝑡+ 𝜏) = 𝑦𝑖+1(𝑡).

The constant 𝜏 is called the characteristic of a traveling wave.

For such a system with a general nonlinear potential, the
existence of a family of bounded soliton solutions is established.
Previously, such a system was studied in the case of a quadratic
potential [?]. The proof is carried out within the framework of
a formalism establishing a one-to-one correspondence between
soliton solutions of an infinite-dimensional dynamical system
and solutions of a family of functional differential equations of
pointwise type. For the considered class of equations, the pres-
ence of a number of symmetries is also important.

1The reported study was partially funded by RFBR according to the
research project 19-01-00147
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Regular and Singular Systems
of Nonlinear Forward Kolmogorov Equations

Ya.I. Belopolskaya

SPbGASU, Sirius University
yana.belopolskaya@gmail.com

We consider systems of nonlinear parabolic equations which
describe distributions of interacting populations and the under-
lying stochastic processes. Namely, we derive stochastic differ-
ential equations for stochastic processes with distribution den-
sities satisfying systems of nonlinear parabolic equations. Since
coefficients of these equations depend on the densities we add
the Feynman-Kac formula as a relation which allows to obtain
a closed system. The resulting stochastic system allow to define
the required densities in a weak sense and thus we are looking
for a more tractable definition.

This leads to necessity to deal with regularised systems of
equations using a suitable mollification. As a result we derive a
stochastic counterpart of a system of regular parabolic equations
of the McKean-Vlasov type. At the end we discuss the limiting
behaviour of both the stochastic system and the PDE system as
a a family of mollifying functions converges to the Dirac delta-
function. In one dimensional case we derive as well a system of
nonlinear PDE equations for cumulative distribution functions
of the above SDE solutions.
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Multipliers on Periodic Bessel Potential Spaces:
Description Theorems and Applications to Uniform

Resolvent Approximation Problem
for Laplace Type Operators

A.A. Belyaev

S.M. Nikol’skii Mathematical Institute,
Peoples’ Friendship University of Russia;

Moscow Center of Fundamental and Applied Mathematics
belyaev_aa@pfur.ru

Our main aim is to establish constructive description the-
orems for multipliers acting in the scale of periodic Bessel po-
tential spaces and to apply these results to the study of elliptic
operators’ singular perturbations under quite general assump-
tions on the perturbation potential. More specifically, we prove
that under natural assumptions on a positive index 𝛼, which
guarantee that the distribution 𝑢 ∈ 𝐻−𝛼

2 (T𝑛) acts as a mul-
tiplier from 𝐻𝛼

2 (T𝑛) to 𝐻−𝛼
2 (T𝑛), the singular perturbation of

Laplacian’s fractional power (−∆)𝛼 by perturbation potential 𝑢
is well–defined. We also consider the problem of approximating
(in terms of uniform resolvent convergence) the general pertur-
bation with multiplier potential by smooth perturbations.

Using the definition of periodic Bessel potential spaces𝐻𝛾
𝑟 (T𝑛)

(where 𝛾 ∈ R and 𝑟 > 1), which is based on the existence of the
smooth partition of unity on 𝑛-dimensional torus T𝑛, we estab-
lish multiplicative estimates, analogous to the ones obtained in
[1] and [2] for the Bessel potential spaces 𝐻𝛾

𝑟 (R𝑛). Namely, if
𝑝 > 1, 𝑞 > 1, 𝑠 ≥ 0, 𝑡 ≥ 0 and either 𝑝 ≤ 𝑞, 𝑠 − 𝑛

𝑝 ≥ 𝑡 − 𝑛
𝑞 , or

𝑝 ≥ 𝑞, 𝑠 ≥ 𝑡, then there exists a positive constant 𝐶𝑠, 𝑡, 𝑝, 𝑞 such
that the following multiplicative estimate holds true:

∀ 𝑓 ∈ 𝒟(T𝑛), ∀ 𝑔 ∈ 𝒟(T𝑛)

‖𝑓 · g‖𝐻𝑡
𝑞(T𝑛) ≤ 𝐶𝑠, 𝑡, 𝑝, 𝑞 · ‖f‖𝐻𝑠

𝑝(T𝑛) · ‖g‖𝐻𝑡
𝑞(T𝑛),
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where by h ∈ 𝒟′
(T𝑛) we denote a regular distribution generated

by function ℎ.
This estimate allows us to prove the following result.

Theorem 1. Let 𝑠 ≥ 0, 𝑡 ≥ 0 and 𝑝 > 1, 𝑞 > 1. Let also
either 1) 𝑠 ≥ 𝑡, 𝑠 > 𝑛/𝑝 and 𝑝 ≤ 𝑞, 𝑠 − 𝑛/𝑝 ≥ 𝑡 − 𝑛/𝑞, or 2)
𝑡 ≥ 𝑠, 𝑡 > 𝑛/𝑞 and 𝑞 ≤ 𝑝, 𝑡−𝑛/𝑞 ≥ 𝑠−𝑛/𝑝. Then the multiplier
space 𝑀 [𝐻𝑠

𝑝(T𝑛) → 𝐻−𝑡
𝑞 (T𝑛)] coincides with the intersection of

periodic Bessel potential spaces 𝐻−𝑠
𝑝′ (T𝑛) ∩𝐻−𝑡

𝑞 (T𝑛).

If 𝑝 = 2, then for arbitrary 𝛾 ∈ R the space 𝐻𝛾
2 (T𝑛) can

be characterized in terms of Fourier coefficients. Let us define
a linear operator 𝐽𝑠 : 𝒟′(T𝑛) → 𝒟′(T𝑛). If {𝑓𝑘 | 𝑘 ∈ Z𝑛} is an
orthonormal basis in 𝐿2(T𝑛), then for 𝑢 =

∑︀
𝑘∈Z𝑛

𝐶𝑘(𝑢) · f𝑘 we

have
𝐽𝑠(𝑢)

𝑑𝑒𝑓
=

∑︁
𝑘∈Z𝑛

(1 + |𝑘|2)
𝑠
2 · 𝐶𝑘(𝑢) · f𝑘.

It can be demonstrated that 𝑢 ∈ 𝒟′(T𝑛) belongs to the space
𝐻𝛾

2 (T𝑛) if and only if 𝐽𝛾(𝑢) is a regular functional generated by
a function from 𝐿𝑝(T𝑛).

Then it can be shown that the scale 𝐻𝛾
𝑟 (T𝑛) coincides with

the scale of Hilbert spaces, associated with the self-adjoint
operator 𝐴 = 𝐼𝑑 + (−∆)𝛼, acting on the space L2(T𝑛), such
that 𝐴−𝐼𝑑 is a positive definite operator (for the definition and
basic properties of the latter scale see, e.g., [3; 1.2.2]).

Combination of this fact with Theorem 1 allows us to obtain
the following result.

Theorem 2. Let 𝛼 > 𝑛/2. Let 𝑞 be a distribution from
𝐻−𝛼

2 (T𝑛) and 𝑀𝑞 : 𝑢 ↦→ 𝑞 · 𝑢 be a multiplication operator, which
acts from 𝐻𝛼

2 (T𝑛) to 𝐻−𝛼
2 (T𝑛). Then the perturbation (−∆)𝛼+

𝑀𝑞 by singular potential 𝑞 is well-defined on the whole space
𝐻𝛼

2 (T𝑛) and its restriction on {𝑢 ∈ 𝐻𝛼
2 (T𝑛)| ((−∆)𝛼+𝑀𝑞)(𝑢) ∈

L2(T𝑛)} is a sectorial densely defined operator in L2(T𝑛).

Moreover, we can approximate this perturbation with the
general multiplier potential by the perturbations with smooth
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potentials in the following sense.
Theorem 3. Let 𝛼 > 𝑛/2 and let 𝑞 be a distribution from

𝐻−𝛼
2 (T𝑛). Then there exists a sequence (𝑞𝑛 ∈ 𝐷(T𝑛) | 𝑛 ∈ N),

such that the sequence of operators (−∆)𝛼 + 𝑀q𝑛 converges to
(−∆)𝛼 +𝑀𝑞 with respect to the uniform resolvent convergence.

This talk is based on joint work with Professor A. Shkalikov.
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Differentiability in Measure of the Flow Associated
to a Nearly Incompressible BV Vector Field

S. Bianchini

SISSA
bianchin@sissa.it

We study the regularity of the flow 𝑋(𝑡, 𝑦) which represents
(in the sense of Smirnov or as regular Lagrangian flow of Am-
brosio) a solution 𝜌 ∈ 𝐿∞(𝐼𝑅𝑑+1) of the transport PDE

𝜕𝑡𝜌+ div(𝜌𝑏) = 0,

with 𝑏 ∈ 𝐿1
𝑡BV𝑥. We prove that 𝑋 is differentiable in measure

in the sense of Ambrosio-Malý, i.e.

𝑋(𝑡, 𝑦 + 𝑟𝑧) −𝑋(𝑡, 𝑦)

𝑟
→𝑟→0 𝑊 (𝑡, 𝑦)𝑧 in measure,

where derivative 𝑊 (𝑡, 𝑦) is a BV function satisfying the ODE

𝑑

𝑑𝑡
𝑊 (𝑡, 𝑦) =

(𝐷𝑏)𝑦(𝑑𝑡)

𝐽(𝑡−, 𝑦)
𝑊 (𝑡−, 𝑦),

where (𝐷𝑏)𝑦(𝑑𝑡) is the disintegration of the measure
∫︀
𝐷𝑏(𝑡, ·)𝑑𝑡

with respect to the partition given by the trajectories 𝑋(𝑡, 𝑦)
and the Jacobian 𝐽(𝑡, 𝑦) solves

𝑑

𝑑𝑡
𝐽(𝑡, 𝑦) = (div 𝑏)𝑦(𝑑𝑡) = Tr(𝐷𝑏)𝑦(𝑑𝑡).

The proof of this regularity result is based on the theory of
Lagrangian representations and proper sets introduced by
Bianchini and Bonicatto (2019), on the construction of explicit
approximate tubular neighborhoods of trajectories, and on
estimates that take into account the local structure of the
derivative of a BV vector field.
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Trace Inequalities For Rickart 𝐶*-Algebras
Airat M. Bikchentaev

Kazan Federal University
airat.bikchentaev@kpfu.ru

Rickart 𝐶*-algebras are unital and satisfies polar decompo-
sition. We proved that if a 𝐶*-algebra 𝒜 satisfies polar decom-
position and admits a “good” faithful tracial state then 𝒜 is a
Rickart 𝐶*-algebra. Via polar decomposition, we characterized
tracial states among all states on a Rickart 𝐶*-algebras. We pre-
sented triangle inequality for Hermitian elements and a traces
on such algebras.

For a block projection operator and a trace on a Rickart 𝐶*-
algebra we proved a new inequality. As a corollary, we obtain
an estimate for trace of a commutator of Hermitian element and
projection. We give a characterization of traces in a wide class
of weights on von Neumann algebra.
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Dynamics of Torus Piecewise Isometries
M.L. Blank

Institute for Information Transmission Problems
and Higher School of Economics

blank@iitp.ru

By now, we have learned reasonably well how to study hyper-
bolic (locally expanding/contracting or both) chaotic dynamical
systems, thanks to a large extent to the development of the so
called operator approach. Contrary to this almost nothing is
known about piecewise isometries, except for a special case of
one-dimensional interval exchange mappings. The last case is
fundamentally different from the general situation in the obvi-
ous presence of an invariant measure (Lebesgue measure), which
helps a lot in the analysis. We will show that already the re-
striction of the rotation of the plane to a torus demonstrates
a number of rather unexpected properties. Our main results
give sufficient conditions for the existence/absence of invariant
measures of general piecewise isometries of the torus.

The analysis of simple ergodic properties of these measures
is also carried out.
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On Bifurcations of Essential Spectrum
under Singular Geometric Perturbation

D.I. Borisov

Institute of Mathematics, Ufa Federal Research Center, RAS
borisovdi@yandex.ru

Let 𝑥′ = (𝑥1, . . . , 𝑥𝑑−1), 𝑥 = (𝑥′, 𝑥𝑑) be Cartesian coordi-
nates in R𝑑−1 and R𝑑, where 𝑑 > 2, and Ω ⊆ R𝑑−1 be an
arbitrary domain, which can be both bounded and unbounded.
If the boundary of Ω is non-empty, it is assumed to have the
smoothness 𝐶2. By 𝐴𝑖𝑗 = 𝐴𝑖𝑗(𝑥

′), 𝐴𝑗 = 𝐴𝑗(𝑥
′), 𝐴0 = 𝐴0(𝑥′),

𝑖, 𝑗 = 1, . . . , 𝑑−1, we denote real function defined on 𝜔 and pos-
sessing the following smoothness: 𝐴𝑖𝑗 , 𝐴𝑗 ∈ 𝐶1(𝜔), 𝐴0 ∈ 𝐶(𝜔).
The functions 𝐴𝑖𝑗 are assumed to satisfy the usual ellipticity
condition.

On the domain Π := Ω × R we consider the operator

ℋ = −
𝑑−1∑︁
𝑖,𝑗=1

𝜕

𝜕𝑥𝑖
𝐴𝑖𝑗

𝜕

𝜕𝑥𝑗
− 𝜕2

𝜕𝑥2𝑑
+

+i

𝑑−1∑︁
𝑗=1

(︂
𝐴𝑗

𝜕

𝜕𝑥𝑗
+

𝜕

𝜕𝑥𝑗
𝐴𝑗

)︂
+𝐴0 in Π (1)

subject to the Dirichlet condition or Robin condition:

𝑢 = 0 on 𝜕Π or
𝜕𝑢

𝜕𝜈
− 𝑎(𝑥′)𝑢 = 0 on 𝜕Π, (2)

where

𝜕𝑢

𝜕𝜈
:=

𝑑−1∑︁
𝑖,𝑗=1

𝐴𝑖𝑗𝜈𝑖
𝜕𝑢

𝜕𝑥𝑗
− i

𝑑−1∑︁
𝑗=1

𝐴𝑗𝜈𝑗𝑢+ 𝜈𝑑
𝜕𝑢

𝜕𝑥𝑑
, (3)

𝜈 = (𝜈1, . . . , 𝜈𝑑) is the unit normal to 𝜕Ω, and 𝑎 = 𝑎(𝑥′) is a
real function continuous and uniformly bounded on 𝜕Ω.
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We assume that the lower part of the spectrum of the self-
adjoint operator

ℋ′ = −
𝑑−1∑︁
𝑖,𝑗=1

𝜕

𝜕𝑥𝑖
𝐴𝑖𝑗

𝜕

𝜕𝑥𝑗
+i

𝑑−1∑︁
𝑗=1

(︂
𝐴𝑗

𝜕

𝜕𝑥𝑗
+

𝜕

𝜕𝑥𝑗
𝐴𝑗

)︂
+𝐴0 in Ω

subject to the same boundary condition as in (3) consists of dis-
crete eigenvalues Λ1 6 Λ2 6 . . . 6 Λ𝑚 < 𝑐0, while its essential
spectrum is located above 𝑐0.

In the work we consider a singular geometric perturbation of
the operator ℋ, which is a small hole cut out in the domain Π.
This hole is introduced as 𝜔𝜀 := {𝑥 : (𝑥 − 𝑥0)𝜀−1 ∈ 𝜔}, where
𝑥0 ∈ Π is some fixed point, 𝜀 is a small parameter and 𝜔 ⊂ R𝑑 is
a bounded domain with a 𝐶4-boundary. Then we consider the
operator ℋ𝜀 in Π ∖𝜔𝜀 with differential expression (1) subject to
boundary conditions (2) and to the condition

𝜕𝑢

𝜕𝜈𝜀
− 𝛼𝜀𝑢 = 0 on 𝜕𝜔𝜀,

where the first term is a conormal derivative similar to that in
(3) and 𝛼𝜀 is an arbitrary sufficiently smooth complex-valued
function defined on 𝜕𝜔𝜀, which can be expanded into a power
asymptotic series in 𝜀.

The essential spectrum of the operatorℋ𝜀 reads as 𝜎𝑒𝑠𝑠(ℋ𝜀) =
[Λ1,+∞), while Λ𝑗 serve as the thresholds in this essential
spectrum. The main result of our work is a detailed descrip-
tion of the phenomenon of the bifurcation of the mentioned
thresholds into the eigenvalues and resonances of the operator
ℋ𝜀 under the presence of the hole 𝜔𝜀. We obtain necessary and
sufficient conditions for the existence of such eigenvalues and
resonances and describe their asymptotic behavior.

This is a joint work with D.A. Zezyulin.

The research is supported by a grant of Russian Science
Foundation (project no. 20-11-19995).
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Movement Characteristics of Two Models
with Closed Curve Equilibrium

J. Buchlovská Nagyová

VSB - Technical University of Ostrava
judita.buchlovska.nagyova@vsb.cz

The aim of this report is to analyze the dynamical properties
of two models with closed curve equilibrium. The first model,
introduced by Gotthans and Petržela [1], is motivated by an
electronic circuit. The second model [2] is a generalisation of
the previous model with a right hand side that is not a 𝐶1

function. The corresponding three-variable models are given as a
set of nonlinear ordinary differential equations. The dynamics of
the models are studied depending on several parameters (see [3-
4]). For this purpose, mainly new methods, as the approximate
entropy and the 0-1 test for chaos, are applied. Using these
tools, the dynamics are quantified and qualified. It is shown
that depending on the system’s parameters, the system exhibits
both irregular (chaotic) and regular (periodic) character.
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Finitely Additive Measure on Hilbert Space
V. Busovikov

MIPT
treonon38@mail.com

We will consider a new construction of a finitely additive
measure on a real separable Hilbert space, which makes it
possible to calculate the measure of a ball of arbitrary ra-
dius. The mentioned construction is a natural extension of a
finitely additive measure constructed earlier by V. Zh. Sak-
baev and is obtained as a direct limit of a family of measures.
It will be shown that the space of square-integrable functions
with respect to this measure intersects with the Smolyanov-
Shamarov space only by zero element.
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Collision Models Can Efficiently Simulate
Any Multipartite Markovian Quantum Dynamics

M. Cattaneo

University of Helsinki and IFISC (CSIC-UIB)
marco.cattaneo@helsinki.fi

We introduce the multipartite collision model, defined in
terms of elementary interactions between subsystems and an-
cillas, and show that it can simulate the Markovian dynam-
ics of any multipartite open quantum system. We develop
a method to estimate an analytical error bound for any re-
peated interactions model, and we use it to prove that the
error of our scheme displays an optimal scaling. Finally, we
provide a simple decomposition of the multipartite collision
model into elementary quantum gates, and show that it is ef-
ficiently simulable on a quantum computer according to the
dissipative quantum Church-Turing theorem, i.e. it requires a
polynomial number of resources.

References
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On the Alberti-Uhlmann Condition for Unital Channels
S. Chakraborty

Nicolaus Copernicus University
sagnik@umk.pl

We address the problem of existence of completely positive
trace preserving (CPTP) maps between two sets of density
matrices. We refine the result of Alberti and Uhlmann and
derive a necessary and sufficient condition for the existence
of a unital channel between two pairs of qubit states which
ultimately boils down to three simple inequalities.

References
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Random Generators of Markovian Evolution:
a Quantum to Classical Transition by Superdecoherence

D. Chruściński

Institute of Physics, Nicolaus Copernicus University
darch@fizyka.umk.pl

We consider ensembles of random generators of 𝑁 -
dimensional Markovian evolution, quantum and classical
ones, and evaluate their universal spectral properties. We then
show how the two types of generators can be related by su-
perdecoherence. In analogy with the mechanism of decoher-
ence, which transforms a quantum state into a a classical one,
superdecoherence can be used to transform a Lindblad oper-
ator (generator of quantum evolution) into a Kolmogorov op-
erator (generator of classical evolution). We study the spectra
of random Lindblad operators undergoing superdecoherence
and demonstrate that, in the limit of complete superdecoher-
ence, the resulting operators exhibit universal spec-
tral properties typical to random Kolmogorov operators.

By gradually increasing strength of superdecoherence, we ob-
serve a sharp quantum-to-classical transition. Finally, we de-
fine the inverse procedure of supercoherification, that is a gen-
eralization of the scheme used to construct a quantum state
out of a classical one.
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Thermodynamic Quantities in Quantum Speed Limit
for Non-Markovian Dynamics

Arpan Das

Nicolaus Copernicus University,
Grudziadzka 5/7, 87-100 Toruń, Poland

arpand@umk.pl

Quantum speed limit (QSL) for open quantum systems in
the non-Markovian regime is analyzed. We provide the lower
bound for the time required to transform an initial state to
a final state in terms of thermodynamic quantities such as
the energy fluctuation, entropy production rate and dynam-
ical activity. Such bound was already analyzed for Marko-
vian evolution satisfying detailed balance condition. Here we
generalize this approach to deal with arbitrary evolution gov-
erned by time-local generator. Our analysis is illustrated by
three paradigmatic examples of qubit evolution: amplitude
damping, pure dephasing, and the eternally non-Markovian
evolution.
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On Solutions
of the Matrix Nonlinear Schrödinger Equation

A.V. Domrin

Moscow State University,
Institute of Mathematics with Computing Centre Ufa RC RAS

domrin@mi-ras.ru

Let 𝑀𝑛𝑘 be the set of all complex 𝑛 × 𝑘-matrices. Consider
the equation

𝑖𝑢𝑡 = 𝑢𝑥𝑥 + 𝑢𝐴𝑢*𝐵𝑢

on an unknown 𝑀𝑛𝑘-valued function 𝑢(𝑥, 𝑡), where 𝐴 ∈ 𝑀𝑘𝑘

and 𝐵 ∈ 𝑀𝑛𝑛 are given non-degenerate Hermitian matrices
and the star stands for Hermitian conjugate. We shall prove
that every real-analytic solution extends to a globally mero-
morphic function of 𝑥 for every fixed value of 𝑡.

The case when all eigenvalues of 𝐴 and 𝐵 are of the same
sign is referred to as totally focusing. In this case one can
also assert that every local real-analytic solution extends to a
real-analytic solution on an infinite strip parallel to the 𝑥-axis.
This strip depends on the solution and can be a half-plane or
the whole plane for some solutions. Moreover, every such strip
carries a solution inextensible anywhere beyond it.

This work was done with the support of RFBR, grant no. 19-
01-00474.
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Operator Error Estimates for Homogenization of
the Nonstationary Schrödinger-Type Equations:

Sharpness of the Results
M.A. Dorodnyi

Leonhard Euler International Mathematical Institute,
St. Petersburg State University

mdorodni@yandex.ru

In 𝐿2(R𝑑;C𝑛),we consider a selfadjoint strongly elliptic
opera-tor 𝐴𝜀, 𝜀 > 0,given by the differential expression
𝑏(D)*𝑔(x/𝜀)𝑏(D). Here 𝑔(x) is a periodic bounded and pos-
itive definite (𝑚 × 𝑚)-matrix-valued function, and 𝑏(D) =∑︀𝑑
𝑙=1 𝑏𝑙𝐷𝑙 is a first order differential operator. It is assumed

that 𝑏𝑙, 𝑙 = 1, . . . , 𝑑, are constant (𝑚 × 𝑛)-matrices, 𝑚 ≥ 𝑛,
and the symbol 𝑏(𝜉) has maximal rank.

We study the behavior of the operator exp(−𝑖𝑡𝐴𝜀), 𝑡 ∈ R,
for small 𝜀. It is proved that, as 𝜀 → 0, exp(−𝑖𝑡𝐴𝜀) con-
verges to exp(−𝑖𝑡𝐴0) in the norm of operators acting from the
Sobolev space 𝐻𝑠(R𝑑;C𝑛) (with a suitable 𝑠) to 𝐿2(R𝑑;C𝑛).
Here 𝐴0 = 𝑏(D)*𝑔0𝑏(D) is the effective operator. In [1], the
following sharp order error estimate was obtained:

‖ exp(−𝑖𝑡𝐴𝜀)−exp(−𝑖𝑡𝐴0)‖𝐻3(R𝑑)→𝐿2(R𝑑) ≤ 𝐶1(1+|𝑡|)𝜀. (1)

Next, in [2] it was shown that, in the general case, this es-
timate is sharp with respect to the type of the operator
norm. On the other hand, under some additional assumptions
(formu-lated in the spectral terms near the lower edge of the
spectrum) this result was improved:

‖ exp(−𝑖𝑡𝐴𝜀)−exp(−𝑖𝑡𝐴0)‖𝐻2(R𝑑)→𝐿2(R𝑑) ≤ 𝐶2(1+|𝑡|)𝜀. (2)

Now we study the question about the sharpness of the results
with respect to the dependence on 𝑡. We show that, in the
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general case, the factor (1 + |𝑡|) in (1) cannot be replaced
by (1 + |𝑡|𝛼) with 𝛼 < 1. On the other hand, we prove that
estimate (2) can be improved (under the same additional as-
sumptions):

‖ exp(−𝑖𝑡𝐴𝜀) − exp(−𝑖𝑡𝐴0)‖𝐻2(R𝑑)→𝐿2(R𝑑) ≤ 𝐶3(1 + |𝑡|1/2)𝜀.

This result allows us to obtain qualified estimates for large
time 𝑡 = 𝑂(𝜀−𝛼) with 𝛼 < 2. The results are applied to study
the behavior of the solution u𝜀 of the Cauchy problem for the
Schrödinger-type equation 𝑖𝜕𝑡u𝜀 = 𝐴𝜀u𝜀 + F.

The results are published in [3]. The work was supported by
Young Russian Mathematics award and Ministry of Science
and Higher Education of the Russian Federation, agreement
№075-15-2019-1619.
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On One Problem of the Tauberian Theory
Yu.N. Drozhzhinov

Steklov Mathematical Institute, Moscow
drozzin@mi-ras.ru

A new Tauberian theorem fo holomorphic function of bounded
argument will be presented. Some application of this theorem
in mathematical physics will be considered.
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On the Space of Smooth
Geometrically Integrable Maps in the Plane

L.S. Efremova

National Research University of Nizhni Novgorod
Moscow Institute of Physics and Technology

lefunn@gmail.com

In [1] the concept of the geometric integrability for maps in
the plane R2 is introduced.

Definition 1 [1]. We say that a self-map 𝐺 of a connected
set Π ⊂ R2 is geometrically integrable on Π if there exists a
self-map 𝜓 of an interval 𝐽 of the real line R1 such that 𝐺
is semiconjugate with 𝜓 by means of a continuous surjection
𝐻 : Π → 𝐽 , i.e. the following equality holds: 𝐻 ∘𝐺 = 𝜓 ∘𝐻.
The map 𝜓 : 𝐽 → 𝐽 is said to be the quotient of 𝐺.

The self-similar groups is the source of integrable maps in the
(projective) plane [2].

In [3] the criteria for geometric integrability of maps in the
plane are proved.

Theorem 1 [3]. Let Π be a connected compact in the plane
R2, 𝐺 be a self-map of Π. Let 𝐽 be a segment of the real line
R1, 𝜓 be a self-map of 𝐽 .

Then 𝐺 is the geometrically integrable map with the quotient
𝜓 by means of a continuous surjection 𝐻 : Π → 𝐽 such that
for every 𝑦 ∈ 𝑝𝑟2(Π) (here 𝑝𝑟2 is the natural projection of the
plane R2 on the second coordinate axis 𝑂𝑦) the map 𝐻 is an
injection with respect to 𝑥, if and only if Π is the support of
a continuous invariant foliation for Π with fibres {𝛾𝑥′}𝑥′∈𝐽
that are pairwise disjoint graphs of continuous functions 𝑥 =
𝑥𝑥′(𝑦) for every 𝑦 ∈ 𝑝𝑟2(Π). Moreover, the inclusion 𝐺(𝛾𝑥′) ⊆
𝛾𝜓(𝑥′) holds.
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Theorem 2 [3]. Let Π be a connected compact in the plane
R2, 𝐺 be a self-map of Π, where

𝐺(𝑥, 𝑦) = (𝑔1(𝑥, 𝑦), 𝑔2(𝑥, 𝑦)).

Let 𝐽 be a segment of the line R1, 𝜓 be a self-map of 𝐽 .

Then 𝐺 is the geometrically integrable with the quotient 𝜓 by
means of a continuous surjection 𝐻 : Π → 𝐽 such that for
every 𝑦 ∈ 𝑝𝑟2(Π) the map 𝐻 is injection on 𝑥, if and only if
there is a homeomorphism 𝐻̃ that maps Π on the rectangle
𝐽2 = 𝐽 × 𝑝𝑟2(Π) and reduces 𝐺 : Π → Π to the skew product
𝐹 : 𝐽2 → 𝐽2 satisfying

𝐹 (𝑢, 𝑣) = (𝜓(𝑢), 𝑔2(𝑥′, 𝑣)), where 𝑥′ = 𝑝𝑟1 ∘ 𝐻̃−1(𝑢, 𝑣),

where 𝐻̃−1 : 𝐽2 → Π is the inverse homeomorphism for 𝐻̃.

Let Ω(𝐺) be the nonwandering set of a continuous integrable
map 𝐺 : Π → Π. Then by Theorems 1 - 2 the inclusion
Ω(𝐺) ⊂ {𝛾𝑥′}𝑥′∈Ω(𝜓) holds. We consider slices (𝐴)(𝛾𝑥′) of a
set 𝐴 ⊂ Π by graphs 𝛾𝑥′ for all 𝑥′ ∈ Ω(𝜓), i.e.

(𝐴)(𝛾𝑥′) = {𝑦 ∈ 𝐽 ′ : (𝑥𝑥′(𝑦), 𝑦) ∈ 𝐴},

where 𝐽 ′ = 𝑝𝑟2(Π).

Definition 2. Let 𝐺 : Π → Π be a continuous integrable
map. The multifunction Ω𝐺 : Ω(𝜓) → 2𝐽

′
, where 2𝐽

′
is the

space of all closed subsets of the closed interval 𝐽 ′ endowed
with the exponential topology, is said to be the Ω-function of
𝐺 if its value in every point 𝑥′ ∈ Ω(𝜓) satisfies the equality

Ω𝐺(𝑥′) = (Ω(𝐺))(𝛾𝑥′).

Definition 2 generalizes the concept of the Ω-function for skew
products of interval maps (for example, see [4]) on the case of
integrable maps in the plane.
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We consider 𝐶1-smooth integrable maps with Ω-stable quo-
tients and introduce multifunctions that approximate the Ω-
function of a 𝐶1-smooth integrable map. Using all these mul-
tifunctions we present the set of 𝐶1-smooth integrable maps
with a complicated dynamics of their quotients as the union
of four nonempty pairwise disjoint subsets.
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Initial-Boundary Value Problems on a Half-Strip for
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The two-dimensional Zakharov–Kuznetsov equation

𝑢𝑡 + 𝑏𝑢𝑥 + 𝑢𝑥𝑥𝑥 + 𝑢𝑥𝑦𝑦 + 𝑢𝑢𝑥 = 0 (1)

and its modified analogue

𝑢𝑡 + 𝑏𝑢𝑥 + 𝑢𝑥𝑥𝑥 + 𝑢𝑥𝑦𝑦 + 𝑎𝑢2𝑢𝑥 = 0, 𝑎 = ±1, (2)

are considered. Such equations model various aspects of non-
linear wave propagation in dispersive media, when the waves
move in the 𝑥-direction with deformations in the transversal
𝑦-direction.

Initial-boundary value problems for these equations posed on
a half-strip Σ+,𝐿 = {(𝑥, 𝑦) : 𝑥 > 0, 0 < 𝑦 < 𝐿} are stud-
ied. Besides the initial condition 𝑢

⃒⃒
𝑡=0

= 𝑢0(𝑥, 𝑦) and homo-
geneous Dirichlet boundary condition on the left boundary
𝑢
⃒⃒
𝑥=0

= 0 various homogeneous boundary conditions on the
horizontal boundaries 𝑦 = 0 and 𝑦 = 𝐿: Dirichlet, Neumann,
periodic, are set.

Problems of global existence, uniqueness, regularity and large-
time behavior of solutions are discussed.

The initial function 𝑢0 is considered, in particular, in the
weighted 𝐿2-spaces and 𝐻1-spaces with power and exponen-
tial weights when 𝑥→ +∞. Then the results on existence and
uniqueness of global weak solutions are established for equa-
tion (1), similar for all types of boundary conditions on the
horizontal part of the boundary. For equation (2) such results
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are obtained in the 𝐻1-spaces and, moreover, if 𝑎 = 1 only
for small initial data.

The constructed solutions possess additional internal regular-
ity for 𝑡 > 0, 𝑥 > 0, depending on the decay rate of the initial
function when 𝑥→ +∞ and here the results for equation (1)
are different for different types of horizontal boundary condi-
tions. For example, if the initial function decays exponentially
at +∞, in the cases of Neumann and periodic boundary con-
ditions the solution is infinitely smooth up to the boundaries
𝑦 = 0 and 𝑦 = 𝐿, while in the case of Dirichlet boundary
condition it is infinitely smooth strictly inside the half-strip.
On the contrary, for equation (2) similar results on the gain
of internal regularity are the same for all types of boundary
conditions.

The same difference occurs in the case of more smooth initial
data in weighted Sobolev spaces.

On the contrary, results on large-time decay of solutions for
exponentially decaying small initial data are obtained only in
the case of Dirichlet boundary condition both for equation (1)
and equation (2).

The author was supported by the Ministry of Science and
Higher Education of Russian Federation: agreement no. 075-
03-2020-223/3 (FSSF-2020-0018).
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Uniform Approximation by Polynomial Solutions
of Second-Order Elliptic Equations and Systems

on Plane Compact Sets
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We plan to discuss the problem on uniform approximation
of functions on compact sets in the complex plane by poly-
nomial solutions of homogeneous second-order elliptic PDE
with constant complex coefficients, and by solutions of sys-
tems of such equations. The question we are interested in is
as follows: to describe compact sets 𝑋 ⊂ C such that for ev-
ery function 𝑓 continuous on 𝑋 and satisfying on Int(𝑋) the
equation ℒ𝑓 = 0 (where ℒ is a given elliptic operator of the
mentioned above type), there exists a sequence of polynomi-
als {𝑃𝑛} (each 𝑃𝑛 is a complex valued polynomial in two real
variables) such that ℒ𝑃𝑛 ≡ 0 and ‖𝑓 − 𝑃𝑛‖𝑋 → 0 as 𝑛→ ∞,
where ‖·‖𝑋 stands for the uniform norm on𝑋. We will present
several recent results in this problem, and explain how they
are related to the regularity property of a given bounded sim-
ply connected domain with respect to the Dirichlet problem
for solutions to the equation or system under consideration,
and to some special analytic properties of boundaries of such
domains.
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Normal Form of a Slow-Fast System
with an Equilibrium Near Folded Slow Manifold
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We study a slow-fast system with one fast and two slow vari-
ables:

𝜀𝑥̇ = 𝑆(𝑥, 𝑦, 𝑧) + 𝜀𝐹1(𝑥, 𝑦, 𝑧)

𝑦̇ = 𝐹2(𝑥, 𝑦, 𝑧)

𝑧̇ = 𝐹3(𝑥, 𝑦, 𝑧),

where 𝜀 is a small parameter describing the ratio of two time
scales. It is assumed that the "slow" manifold defined by

𝑆(𝑥, 𝑦, 𝑧) = 0

possesses a fold. Besides we suppose that in sufficiently small
neighborhood of the fold there exists also an equilibrium of
the system. Under these assumptions we derive a normal form
for the system in a vicinity of the pair "equilibrium-fold"
and study the dynamics of the normal form. In particular,
as the the parameter 𝜀 tends to zero we obtain an asymptotic
formula for the Poincaré map. We showed that despite the
closeness of the Poincaré map to identity, its derivative can
be large what leads to a cascade of the period-doubling bi-
furcations. We calculate the parameter values of the normal
form which correspond to the first period-doubling bifurca-
tion. The results are applied to the "generalized" FitzHugh-
Nagumo equation:

𝜀𝑥̇ = 𝑥− 𝑥3/3 − 𝑦 − 𝑧

𝑦̇ = 𝑎+ 𝑥

𝑧̇ = 𝑎+ 𝑥− 𝑧,
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Dynamical Systems on T2 Modeling Josephson Junction,
Isomonodromic Deformations and Painlevé 3 Equations

A.A. Glutsyuk , Yu.P. Bibilo
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The tunneling effect predicted by B.Josephson (Nobel Prize,
1973) concerns the Josephson junction: two superconductors
separated by a narrow dielectric. It states existence of a su-
percurrent through it and equations governing it. The over-
damped Josephson junction is modeled by a family of differ-
ential equations on 2-torus depending on 3 parameters: 𝐵
(abscissa), 𝐴 (ordinate), 𝜔 (frequency). We study its rotation
number 𝜌(𝐵,𝐴;𝜔) as a function of (𝐵,𝐴) with fixed 𝜔. The
phase-lock areas are the level sets 𝐿𝑟 := {𝜌 = 𝑟} with non-
empty interiors; they exist for 𝑟 ∈ Z [1]. They are analogues
of the famous Arnold tongues. Each 𝐿𝑟 is an infinite chain of
domains going vertically to infinity and separated by separa-
tion points, which are called
constrictions (expect for those with
𝐴 = 0). See the figures for 𝜔 = 2, 1, 0.3:
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We show [2] that: 1) all constrictions in 𝐿𝑟 lie in the vertical
line {𝐵 = 𝜔𝑟}; 2) each constriction is positive: some its punc-
tured neighborhood in the vertical line lies in Int(𝐿𝑟). These
results confirm experiences of physicists (pictures from physi-
cal books of 1970-th) and two mathematical conjectures. The
proof uses an equivalent description of model by linear sys-
tems of differential equations on C [1], their isomonodromic
deformations described by Painlevé 3 equations and methods
of theory of slow-fast systems.

Research of A.Glutsyuk is supported by RSF grant No 18-41-
05003.
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Black-Scholes Equation Solution and Machine Learning
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Our work presents a new empirical, mathematical model for
generating more accurate multi-day option trading strategy
using new intervals, initial conditions, and boundary condi-
tions for the underlying stock, while foregoing the standard
maturity time and strike price notions. The idea was pro-
posed by professor Michael Klibanov. The basis for this model
is the Black-Scholes Equation, solved as an ill-posed inverse
problem using regularization methods.This equation is solved
forwards in time to forecast prices of stock options. While
manual calculations using this method can already be used
to forecast profitable option purchases more accurately than
the currently-used extrapolation-based prediction techniques,
accuracy has been improved by applying machine learning
and including larger datasets. Uniqueness, stability and con-
vergence theorems for this method are formulated. For each
individual option, historical data is used for input.
The latter is done for two hundred thousand stock options
selected from the Bloomberg terminal of University of Wash-
ington. It used the index Russell 2000. The main observation
is that it was demonstrated that technique, combined with a
new trading strategy, results in a significant profit on those
options. On the other hand, it was demonstrated the trivial
extrapolation techniques results in much lesser profit on those
options. This was an experimental work. The minimization
process was performed by Hyak Next Generation Supercom-
puter of the research computing club of University of Wash-
ington. As a result, it obtained about 177,000 minimizers. The
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code is parallelized in order to maximize the performance on
supercomputer clusters. Python with the SciPy module was
used for implementation. The work is also dedicated to ap-
plication of binary classification machine learning. We were
able to improve our results of profitability using minimizers
as new data.
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Dynamical Methods in Spectral Theory of Quasicrystals
A. Gorodetski

University of California Irvine
asgor@uci.edu

Methods of modern theory of dynamical systems turned out to
be very useful and powerful in the study of different spectral
problems. We will discuss several models of one-dimensional
quasicrystals (such as Fibonacci Hamiltonian and Schrodinger
operators with Sturmian potentials) and show how the trace
map formalism and methods of hyperbolic dynamics provide
new results on structure of the spectrum and the density of
states measure for these models. Most of the results we plan
to discuss were obtained in a series of joint projects with
D.Damanik.
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Feedback, Fractional Linear Transformations
& Quantum Open Systems

John Gough
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We consider the general problem of connecting open quan-
tum stochastic systems into a network. In the Markov case,
this turns out to be implemented by Möbius transformations
acting on the category of quantum stochastic models: this is
shown to be naturally related to the fractional linear transfor-
mations in block design in engineering. We will discuss both
quantum measurement-based feedback (i.e., using filtering)
and quantum coherent feedback.
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Inductive Limits for Sequences of 𝐶*-Algebras
R.N. Gumerov
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The report is concerned with the inductive limits for induc-
tive sequences consisting of the Toeplitz-Cuntz algebras and
their homomorphisms. We are interested in the structure of
these inductive limits. This study is closely connected with
the results on the reduced semigroup 𝐶*-algebras in [1–2].
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Some Old and New Problems in
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Thermodynamic formalism is a domain of the theory of dyna-
mical systems related to some ideas of statistical physics. A
starting material for developing thermodynamic formalism is
a map 𝑇 : 𝑋 → 𝑋 of some measurable space 𝑋 and a mea-
surable function 𝑓 : 𝑋 → R. In the case under considera-
tion, 𝑇 is a Markov shift in the space 𝑋 of the sequences
𝑥 = (𝑥𝑖,−∞ < 𝑖 < ∞), 𝑥𝑖 ∈ 𝑉 , where 𝑉 is a countable
set and 𝑓(𝑥) depends on 𝑥0 and 𝑥1. One can describe ther-
modynamic formalism of countable state symbolic Markov
chains either in terms of infinite matrices with nonnegative
entries or in terms of infinite loaded graphs. Here the latter
way is used. A loaded graph (LG) is the pair (𝐺,𝒲), where
𝐺 = (𝑉,𝐸) is a directed graph with vertex set 𝑉 = 𝑉 (𝐺)
and edge set 𝐸 = 𝐸(𝐺), while 𝒲 is a positive function on 𝐸.
There are four classes of LGs: stable positive, unstable pos-
itive, null-recurrent, and transient. In the talk, a motivation
for such a terminology will be presented and alternative char-
acterization of some classes of LGs will be given. For stable
and unstable positive LGs, there exists a translation invari-
ant probability measure on the space of infinite paths of 𝐺
that maximizes the difference between the Kolmogorov–Sinai
entropy of the shift transformation and the mean energy de-
termined by 𝒲. The points of maximum of this functional
are said to be equilibrium measures (or equilibrium states).
In our situation there is only one equilibrium measure. The
problem on asymptotic behavior of the equilibrium measures
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corresponding to an incre-asing sequence of finite subgraphs
of G is rather old. It is solved for all classes of LGs with one
exception: when the LG of interest is unstable positive.
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Chaotic Motions of Cardiac Electrophysiology
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The heart muscle work is controlled by a complex system that
works based on the transmission of electrical signals between
individual cells. Each cell must work in perfect harmony with
its surroundings so that the whole communication across the
whole heart does not break down. This essential synchroniza-
tion between individual cells can be lost when only one cell
produces chaotic electrical signals. In this work, the condi-
tions under which cardiac cells can function or respond with
irregular respon-ses and drive into chaos are investigated. For
this purpose, a mathematical model of the heart cell is used,
the regularity of the output is examined depending on the
individual parameters of the excitation signal. For this pur-
pose, classical and modern dynamical systems methods are
used, such as frequency analysis, entropy, or the 0-1 test for
chaos. Using these methods, the dependence of the dynamic
properties of the heart cell on its excitation parameters is
described.
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Let N0 = {0}∪N and N = {1, 2, . . .}. We consider the Galton-
Watson Branching Process allowing Immigration(GWPI). An
evolution of the process will occur by following scheme. An
initial state is empty and the process starts owing to possi-
ble stream of immigrants. Each individual at any time 𝑛 ∈ N
produces 𝑗 progeny with probability 𝑝𝑗 , 𝑗 ∈ N0 independently
of each other so that 𝑝0 > 0. Simultaneously into the popula-
tion 𝑖 immigrants possibly arrive with probability ℎ𝑖, 𝑖 ∈ N0

in each moment 𝑛 ∈ N. These individuals undergo further
transformation obeying the offspring probability {𝑝𝑗}. So de-
noting 𝑋𝑛 the population size of GWPI in time 𝑛, we can
write the following sum:

𝑋0 = 0, 𝑋𝑛+1 = 𝜉1 + 𝜉2 + · · · + 𝜉𝑋𝑛 + 𝜂𝑛+1

for any 𝑛 ∈ N, where 𝜉𝑘 and 𝜂𝑘 are i.i.d. random variables
with P {𝜉𝑘 = 𝑗} = 𝑝𝑗 and P {𝜂𝑘 = 𝑗} = ℎ𝑗 for all 𝑘 ∈ N.
Throughout the paper be assumed that

∑︀
𝑗∈N0

ℎ𝑗 = 1. The
process {𝑋𝑛} is an homogeneous Markov chain with state
space 𝒮 ⊂ N0 and its 𝑛-step transition probabilities

𝑝
(𝑛)
𝑖𝑗 := P

{︀
𝑋𝑛+𝑘 = 𝑗

⃒⃒
𝑋𝑘 = 𝑖

}︀
for any 𝑘 ∈ N

are given by

𝒫(𝑖)
𝑛 (𝑠) :=

∑︁
𝑗∈𝒮

𝑝
(𝑛)
𝑖𝑗 𝑠

𝑗 =
(︀
𝑓𝑛(𝑠)

)︀𝑖 𝑛−1∏︁
𝑘=0

ℎ
(︀
𝑓𝑘(𝑠)

)︀
for any 𝑖 ∈ 𝒮

(1)
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where 𝑓𝑛(𝑠) is 𝑛-fold iteration of GF 𝑓(𝑠) for 𝑠 ∈ [0, 1); see
[1]. Thus the transition probabilities

{︁
𝑝
(𝑛)
𝑖𝑗

}︁
are completely

defined by the probabilities {𝑝𝑗} and {ℎ𝑗}.
The population process {𝑋𝑛} described above was first consi-
dered by Heathcote [2] in 1965. Further long-term properties
of 𝒮 and a problem of existence and uniqueness of invariant
measures of GWPI were investigated in papers of Seneta [3],
[4], Pakes [5], [6] and by many other authors. Therein high
order moment conditions for GF 𝑓(𝑠) and ℎ(𝑠) was required
to be satisfied.
Zolotarev [7] was one of the first who demonstrated the en-
couraging prospect of application the SV conception in the
theory of Markov, branching processes with continuous-
time. Afterwards due to the SV theory principally new results
were proved, for the simple Galton-Watson Process without
immig-ration by Slack [8] and Seneta [9], for GWPI by Pakes
[10], [11]; see, also [12], [13] and [14].
In the paper we keep on the critical case, i.e. mean per-capita
offspring number

∑︀
𝑗∈N 𝑗𝑝𝑗 = 𝑓 ′(1−) = 1. Discussing this

case, we assume that the offspring GF 𝑓(𝑠) for 𝑠 ∈ [0, 1) has
the following form:

𝑓(𝑠) = 𝑠+ (1 − 𝑠)1+𝜈ℒ
(︂

1

1 − 𝑠

)︂
, [𝑓𝜈 ]

where 0 < 𝜈 < 1 and ℒ(𝑥) is SV at infinity.
And also we everywhere will consider the case that immigra-
tion GF ℎ(𝑠) for 𝑠 ∈ [0, 1) has the following form:

1 − ℎ(𝑠) = (1 − 𝑠)𝛿ℓ

(︂
1

1 − 𝑠

)︂
, [ℎ𝛿]

where 0 < 𝛿 < 1 and ℓ(𝑥) is SV at infinity.
Main results of the paper appear provided that conditions [𝑓𝜈 ]
and [ℎ𝛿] hold. We make also some extra assumptions for ℒ(𝑥)
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and ℓ(𝑥). Namely, we assume that

ℒ (𝜆𝑥)

ℒ(𝑥)
= 1 + 𝑜

(︂
ℒ (𝑥)

𝑥𝜈

)︂
as 𝑥→ ∞ [ℒ𝛼]

and
ℓ (𝜆𝑥)

ℓ(𝑥)
= 1 + 𝑜

(︂
ℓ (𝑥)

𝑥𝛿

)︂
as 𝑥→ ∞ [ℓ𝛽 ]

for each 𝜆 > 0; see [15, p. 185, condition SR3].
We need also the following result which is an improved ana-
logue of the Basic Lemma of simple Galton-Watson Process
without immigration.

Lemma A [13]. Let conditions [𝑓𝜈 ] and [ℒ𝛼] hold. Then

1

Λ
(︀
𝑅𝑛(𝑠)

)︀− 1

Λ (1 − 𝑠)
= 𝜈𝑛+

1 + 𝜈

2
·ln

[︀
Λ(1 − 𝑠)𝜈𝑛+1

]︀
+𝜌𝑛(𝑠),

where 𝜌𝑛(𝑠) = 𝑜
(︀
ln𝑛

)︀
+𝜎𝑛(𝑠) and, 𝜎𝑛(𝑠) is bounded uniformly

for 𝑠 ∈ [0, 1) and converges to the limit 𝜎(𝑠) as 𝑛→ ∞ which
is a bounded function for all 𝑠 ∈ [0, 1).

In our previous work [16] we considered the case 𝛾 := 𝛿− 𝜈 >
0, in which 𝒮 is ergodic. In particular, we established the
following theorem.

Theorem A. Let conditions [𝑓𝜈 ], [ℎ𝛿] hold and 𝛿 > 𝜈. Then
𝒫𝑛(𝑠) converges to a limit function 𝜋(𝑠) which generates the
invariant measures {𝜋𝑗} for GWPI. The convergence is uni-
form over compact subsets of the open unit disc. If in addition,
the conditions [ℒ𝛼] and [ℓ𝛽 ] are fulfilled then

𝒫(0)
𝑛 (𝑠) = 𝜋(𝑠)

(︂
1 + ∆𝑛(𝑠)𝒩𝛿

(︂
(𝜈𝑛)1/𝜈

𝒩 (𝑛)

)︂)︂
,

where 𝒩𝛿(𝑥) = 𝒩 𝛿(𝑥)ℓ(𝑥) and 𝒩 (𝑥) is known SV at infinity,
herein

∆𝑛(𝑠) =
1

𝛿 − 𝜈

1(︀
𝜈𝑛(𝑠)

)︀𝛿/𝜈−1
+ 𝒪

(︂
ln𝑛

𝑛𝛿/𝜈

)︂
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as 𝑛→ ∞ and 𝜈𝑛(𝑠) = 𝜈𝑛+ Λ−1 (1 − 𝑠).

If 𝛿 = 𝜈 then ℓ(𝑢) ≡ (1 + 𝜈)ℒ(𝑢) (1 + 𝑜(1)), so that L(𝑢) →
1 + 𝜈 as 𝑢 → ∞. Thus it lends us another Markov process
called Q-process instead of GWPI; see [17, pp. 56–58] and
[18].

The aim of this note is to obtain some information for a case
not covered above, i.e. for the case 𝛾 < 0. We will establish a
result similar to Theorem A.
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Limit Theorems for a Sum of Random Variables
of a Special Form of Random Variables
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Let N be the set of natural numbers and {𝜉𝑛, 𝑛 ∈ N} – a se-
quence of random variables. The solution of important prob-
lems in many areas of probability theory and mathematical
statistics leads to the determination of the asymptotic state
of the sum

𝑆𝑛 = 𝜉1 + 𝜉2 + . . .+ 𝜉𝑛

as 𝑛 → ∞. The asymptotic behaviour of 𝑆𝑛 has been widely
studied in probabilty theory, in which the law of large num-
bers, strong law of large numbers and central limit theorems
play an important role. Along with this, in many cases it be-
comes necessary to study the asymptotic behaviours of ran-
dom variables in the form of the sum

∑︀𝑛
𝑘=1 𝑓𝑛𝑘(𝑆𝑘), where

𝑓𝑛𝑘 is some functional. For example, if we consider the first-
order auto-regression process ([1])

𝑋𝑘 = 𝑚𝑋𝑘−1 + 𝜀𝑘, 𝑘 ∈ N,

for some non-random variables 𝑚, its solution will be in the
form of

𝑋𝑛 =

𝑛∑︁
𝑘=1

𝑚𝑛−𝑘𝜀𝑘,

where 𝜀𝑘 are independent random variables. Similarly con-
sider a branching process allowing immigration, defined by a
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random sum

𝑋0 = 0, 𝑋𝑘 =

𝑋𝑘−1∑︁
𝑗=1

𝜉𝑘,𝑗 + 𝜀𝑘,

where 𝜉𝑘,𝑗 and 𝜀𝑘 are number of “aborigines” and number of
immigrants entered the system in the time 𝑘, respectively.
Then the deviation of the random variable 𝑋𝑛 from its mean
will take the form

𝑋𝑛 − E𝑋𝑛 =

𝑛∑︁
𝑘=1

𝑚𝑛−𝑘𝑀𝑘,

where 𝑚 is the per mean capita number of “aborigines” and
𝑀𝑘 is martingale difference; see for instance [2]. In this model,
it will be necessary to study the asymptotes of the random
variables

∑︀𝑛
𝑘=1 𝑓𝑛𝑘(𝑀𝑘) where 𝑓𝑛𝑘(𝑥) = 𝑚𝑛−𝑘𝑥.

The Chebyshev inequality(also called the Biennem-Chebyshev
inequality), the Bernoulli and Chebyshev theorems, the
Moivre-Laplace integral theorem, the Lindeberg condition,
and the Lindeberg theorem are important concepts of limit
theorems. The study of limit theorems for a sum of ran-
dom variables is one of the main problems of probability the-
ory and mathematical statistics. In this field, significant re-
sults have been achieved by P.L.Chebyshev, A.N.Kolmogorov,
B.V.Gnedenko, A.Ya.Khinchin, W.Feller, A.V.Prokhorov,
Ya.V.Lindeberg, V.M.Zolotarev and etc.; see [3–5].

In the report, we define a condition for the applicability of
the central limit theorem for sums of a special form that have
not been studied previously. Our aim is to determine the con-
ditions under which the central limit theorem is applicable to
sums of a special form. Limit theorems for sums of random
variables are studied in a special form and the main results
obtained are described. The main assumptions of the work are
the presence of second-order moments for the variables under
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consideration, and the fulfillment of the Lindeberg condition.
The main results obtained are of theoretical importance and
can be applied to determine the fluctuations of branching pro-
cesses allowing immigration, as well as the asymptotic behav-
ior of auto-regression processes.
Now let {𝜉𝑛, 𝑛 ∈ N} be a sequence of independent and iden-
tically distributed random variables with

E𝜉1 = 0 and D𝜉1 = 𝜎2 > 0.

Denote

𝐹 (𝑥) = P(𝜉1 < 𝑥);

𝑆0 = 0, 𝑆𝑛 =
𝑛∑︀
𝑖=1

𝜉𝑖, 𝐵2
𝑛 = D𝑆𝑛, 𝑛 ∈ N.

It is well known that E𝑆𝑛 = 0, 𝐵2
𝑛 = 𝜎2𝑛.

Let 𝜉(𝑛)1 , 𝜉
(𝑛)
2 , . . . , 𝜉

(𝑛)
𝑛 be a sequence of independent and iden-

tically distributed random variables with

E𝜉(𝑛)𝑖 = 0 and D𝜉(𝑛)𝑖 = 𝜎2
𝑛 > 0.

Introduce the notations:

𝐹 (𝑛)(𝑥) = P(𝜉
(𝑛)
1 < 𝑥);

𝑆
(𝑛)
0 = 0, 𝑆

(𝑛)
𝑛 =

𝑛∑︀
𝑖=1

𝜉
(𝑛)
𝑖 , 𝐵2

𝑛 = D𝑆(𝑛)
𝑛 , 𝑛 ∈ N.

Consider the following sums of random variables of a special
form:

𝑋𝑛 =

𝑛∑︁
𝑘=1

𝑚𝑘𝑆𝑘, 𝑌𝑛 =

𝑛∑︁
𝑘=1

𝑚𝑛−𝑘𝑆𝑘

for some 𝑚 > 0 and

𝑍𝑛 =

𝑛∑︁
𝑘=1

𝑚𝑘
𝑛𝑆𝑘, 𝑇𝑛 =

𝑛∑︁
𝑘=1

𝑚𝑛−𝑘
𝑛 𝑆𝑘,
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𝐽 (𝑛)
𝑛 =

𝑛∑︁
𝑘=1

𝑚𝑘
𝑛𝑆

(𝑛)
𝑘 , 𝐾(𝑛)

𝑛 =

𝑛∑︁
𝑘=1

𝑚𝑛−𝑘
𝑛 𝑆

(𝑛)
𝑘 ,

where

𝑚𝑛 = 1 +
𝛼

𝑛
+ 𝑜

(︂
1

𝑛

)︂
as 𝑛→ ∞

for some 𝛼 ∈ R. The theorems below reveal the asymptotic
properties of the sums 𝑋𝑛, 𝑌𝑛, 𝑍𝑛, 𝑇𝑛, 𝐽

(𝑛)
𝑛 and 𝐾

(𝑛)
𝑛 as

𝑛→ ∞.

Throughout the paper we use the symbol “
𝑑→” to denote the

convergence of random variables in distribution, and 𝒩 (0, 1)
is a normal random variable with mean 0 and variance 1.

Theorem 1. The following assertions hold:

1) for 𝑚 < 1 the sequence of random variables 𝑋𝑛 will
converge with probability one;

2) for 𝑚 > 1

(𝑚− 1) ·𝑋𝑛

𝜎𝑚𝑛+1
√
𝑛

𝑑−→𝒩 (0, 1) as 𝑛→ ∞;

3) for 𝑚 = 1
√

3 ·𝑋𝑛

𝜎𝑛
√
𝑛

𝑑−→𝒩 (0, 1) as 𝑛→ ∞.

Theorem 2. The following assertions hold for the random
variable 𝑌𝑛:

1) for 𝑚 < 1

(𝑚− 1) · 𝑌𝑛
𝜎
√
𝑛

𝑑−→𝒩 (0, 1) as 𝑛→ ∞;
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2) for 𝑚 > 1

(𝑚− 1) · 𝑌𝑛
𝜎𝑚𝑛+1

√
𝑚2 − 1

𝑑−→𝒩 (0, 1) as 𝑛→ ∞.

Comment. We omit the case 𝑚 = 1, since 𝑌𝑛 = 𝑋𝑛 in this
case, and Part 3) of Theorem 1 holds identically.

Theorem 3. The following assertions hold:

𝛼
√

2𝛼 · 𝑍𝑛
𝜎𝑛

√
𝑛

𝑑−→𝒩 (0, 1) as 𝑛→ ∞;

𝛼
√

2𝛼 · 𝑇𝑛
𝜎𝑛

√
𝑛

𝑑−→𝒩 (0, 1) as 𝑛→ ∞.

Teorema 4. The following assertions hold:

𝛼
√

2𝛼 · 𝐽 (𝑛)
𝑛

𝜎𝑛𝑛
√
𝑛

𝑑−→𝒩 (0, 1) as 𝑛→ ∞;

𝛼
√

2𝛼 ·𝐾(𝑛)
𝑛

𝜎𝑛𝑛
√
𝑛

𝑑−→𝒩 (0, 1) as 𝑛→ ∞.
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We consider a skew-product map

𝐹𝐴 : T1 × R2 → T1 × R2

defined for any (𝑥, 𝑣) ∈ T1 × R2 by

(𝑥, 𝑣) ↦→ (𝜎𝜔(𝑥), 𝐴(𝑥)𝑣),

where 𝜎𝜔(𝑥) = 𝑥+𝜔 is a rotation of a circle T1 with irrational
rotation number 𝜔 and

𝐴 : T1 → 𝑆𝐿(2,R)

is a differentiable function. We suppose the transformation 𝐴
has a special form

𝐴(𝑥) = 𝑅(𝜙(𝑥)) · 𝑍(𝜆(𝑥)),

where

𝑅(𝜙) =

(︂
cos𝜙 sin𝜙
− sin𝜙 cos𝜙

)︂
, 𝑍(𝜆) =

(︂
𝜆 0
0 𝜆−1

)︂
and 𝜙 : T1 → T1, 𝜆 : T1 → [𝜆0,∞) are 𝐶1-functions such that
𝜙 has index 0 and 𝜆0 is sufficiently large positive constant.

It is also assumed that the critical set 𝒞0 = {𝑥 ∈ T1 :
cos𝜙(𝑥) = 0} consists of 𝑁 points and the function 𝜙 sat-
isfies the following conditions

|𝜙′(𝑥)| ≥ 𝐶1𝜀
−1, 𝑥 ∈ 𝒞0; | cos𝜙(𝑥)| ≥ 𝐶2, ∀𝑥 ∈ T1∖𝑈𝜀(𝒞0),
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Approximative Properties of Weakly
and Strongly Convex Sets
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In the report some new approximative properties of weakly
and strongly convex sets as well as a short review of known
results on this topic are presented.
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Application of Order Structures in the Study
of Some Classes of Nonlinear Problems of

Mathematical Physics
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In the study of various problems in mathematical physics or-
der structures naturally arise. Ordered functional spaces with
the order relation generated by the cone of nonnegative func-
tions [1-3] can be used to study problems of mathematical
physics, solutions of which are nonnegative in their physical
meaning (the theory of diffusion processes, the theory of heat
transfer, the theory of neutron and radiation transfer, the ki-
netic theory of gases). Here we should note, in particular, the
classical results of the mathematical theory of nuclear reactors
[4, 5].

The work considers some classes of nonlinear boundary value
and initial boundary value problems for systems of
integro-differential equations of the theory of radiation trans-
fer, the theory of neutrino transfer, the theory of diffusion
and heat transfer. For these problems, correctness issues are
studied using Tarski theorem on fixed points of isotone op-
erators acting in complete lattices [6]. The problems of order
and metric stabilization of solutions of the corresponding non-
stationary problems are investigated on the basis of general
approaches related to the properties of semigroups of isotone
operators acting in complete and conditionally complete lat-
tices [7-10].

Linearizing algorithms for solving the considered nonlinear
problems are proposed, the justification of which essentially
uses the order properties of the operators arising in the inves-
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tigation of problems. The numerical study of some nonlinear
problems of mathematical physics are discussed.

Acknowledgments. This work was supported by the Sci-
entific and Education Mathematical Center Mathematics for
Future Technologies (Project No. 075-02-2020-1483/1).

References

[1] Birkhoff G. Lattice Theory. — American Mathematical So-
ciety, 1967.

[2] Kantorovich L.V., Akilov G.P. Functional Analysis. —
Pergamon Press, 1982.

[3] Krasnoselskii M.A. Positive Solutions of Operator Equa-
tions. — P. Noordhoff, 1964.

[4] Vladimirov V.S. Mathematical problems of the one-
velocity theory of particle transport// Trudy Mat. Inst.
Steklov. 1961. Vol. 61. P. 3-158.

[5] Shikhov S.B. Problems of the Mathematical Theory of Re-
actors: Linear Analysis. — Atomizdat, Moscow, 1973.

[6] Tarski A.A. A lattice-theoretical fixpoint theorem and its
applications // Pacif. J. Math. 1955. Vol. 5. No. 2. P. 285-
309.

[7] Kalinin A.V., Morozov S.F. Stabilization of the solution
of a nonlinear system of radiation transport in a two-level
approximation // Dokl. Math. 1990. 35:3. P. 239-241.

[8] Kalinin A.V., Morozov S.F. A non-linear boundary-value
problem in the theory of radiation transfer // Com-
put.Maths.Math.Phys. 1990. Vol. 30. No. 4. P. 76-83.

[9] Kalinin A.V., Morozov S.F. The Cauchy Problem for
a Nonlinear Integro-Differential Transport Equation //
Mathematical Notes. 1997. Vol. 61. No. 5. P. 566-573.

81



[10] Kalinin A.V., Morozov S.F. A mixed problem for a non-
stationary system of nonlinear inregro-differential equa-
tions // Siberian Mathematical Jonrnal. 1999. Vol. 40, No.
5. P. 887-900.

82





References

[1] Bautin N.N. and Leontovich E.A. Methods and Tech-
niques of Qualitative Research of Dynamical Systems in
the Plane (Nauka, Moscow, 1990) [in Russian].

[2] Neishtadt A. I., Delay of the loss of stability in the case
of dynamic bifurcations I, Differ. Equations, 1987, vol.
23, no 12, pp. 2060–2067 [in Russian]

84



The Set of Zeros of the Riemann Zeta Function
as the Spectrum of an Operator

Vladimir Kapustin
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We construct a Sturm—Liouville operator on a semiaxis and
a small perturbation of it so that the spectrum of the result-
ing operator coincides with the set of non-trivial zeros of the
Riemann zeta function after a simple transformation of the
complex plane.

85



Shilnikov Attractors in Three-Dimensional
Non-Orientable Maps
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In this paper, we study peculiarities of Shilnikov homo-
clinic attractors of three-dimensional non-orientable diffeo-
morphisms. Recall that an attractor is called homoclinic if
it contains a unique fixed point (an equilibrium in the case
of flow systems) together with its unstable manifold, see
Refs. [1,2]. As was shown in Ref. [3] such attractors can ap-
pear as a result of simple bifurcation scenarios and, thus, they
are often found in applications. Among homoclinic attractors
of three-dimensional maps the so-called discrete Shilnikov at-
tractor containing a saddle-focus fixed point with the two-
dimensional unstable manifold is of special interest by two
reasons. First, it can appear as a result of a quite simple sce-
narios and, second, it can be hyperchaotic (with two positive
Lyapunov exponents).
We consider the three-dimensional Hénon-like map 𝑥̄ =
𝑦, 𝑦 = 𝑧, 𝑧 = 𝐵𝑥 + 𝐶𝑦 + 𝐴𝑧 − 𝑦2 with the negative Ja-
cobian (𝐵 < 0) as a basic model demonstrating various types
of Shilnikov attractors. Note that if 𝐵 = 0 this map is ef-
ficiently a two-dimensional endomorphism introduced by C.
Mirá in [4]. Thus, following Ref. [5], we also call this map
three-dimensional Mirá map.
We show that depending on values of parameters 𝐴,𝐶, and
𝐵 such attractors can be of three possible types:

• hyperchaotic - with two positive Lyapunov exponents
(LE));

• flow-like - with one positive and one very close to zero
LE;
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• and simply chaotic - with one positive and two negative
LE.

For all types of attractors we study scenarios of their appear-
ance in one- parameter families.

The author is partially supported by Laboratory of Dynam-
ical Systems and Applications NRU HSE, of the Ministry of
science and higher education of the RF grant ag. No 075-15-
2019-1931.
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The Global Conformal Gauge in String Theory
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The global conformal gauge is playing the crucial role in string
theory providing the basis for quantization. Its existence for
two-dimensional Lorentzian metric is known locally for a long
time. We prove that if a Lorentzian metric is given on a plain
then the conformal gauge exists globally on the whole R2.
Moreover, we prove the existence of the conformal gauge glob-
ally on the whole worldsheets represented by infinite strips
with straight boundaries for open and closed bosonic strings.
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On Bifurcations of Lorenz Attractors in the
Lyubimov-Zaks Model

A.O. Kazakov
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We provide a numerical evidence for the existence of the
Lorenz and Rovella (contracting Lorenz) attractors in the ex-
tended Lorenz model proposed by Lyubimov and Zaks. Re-
call that the Lorenz attractor is robustly chaotic (pseudohy-
perbolic) in contrast to the Rovella attractor which is only
persistent (it exists on a set of parameter values, which is
nowhere dense and has a positive Lebesgue measure). It is
well known that in this model, for a certain values of param-
eters, there exists a homoclinic butterfly bifurcation with the
symmetric saddle equilibrium 𝑂(0, 0, 0), which is neutral, i.e.
its eigenvalues 𝜆2 < 𝜆1 < 0 < 𝛾 are such that the saddle
index 𝜈 = −𝜆1/𝛾 is equal to 1. The birth of the Lorenz at-
tractor under this codimension-two bifurcation is established
by means of numerical verification of the well-known Shilnikov
criterion. For the birth of the Rovella attractor, we propose a
new criterion that is also verified numerically.

The author is partially supported by Laboratory of Dynam-
ical Systems and Applications NRU HSE, of the Ministry of
science and higher education of the RF grant ag. No 075-15-
2019-1931.

89





integrable equations. J. Phys. A: Math. Theor. 49:3, 35
pp. (2016).

[2] I.T. Habibullin, A.R. Khakimova. Invariant manifolds
and Lax pairs for integrable nonlinear chains. Theor.
Math. Phys. 191:3, 793–810 (2017).

[3] I.T. Habibullin, A.R. Khakimova. On the recursion oper-
ators for integrable equations. J. Phys. A: Math. Theor.
51:42, 22 pp. (2018).

[4] I.T. Habibullin, A.R. Khakimova. A direct algorithm for
constructing recursion operators and Lax pairs for in-
tegrable models. Theor. Math. Phys. 196:2, 1200–1216
(2018).

[5] A.R. Khakimova. On desription of generalized invariant
manifolds for nonlinear equations. Ufa Math. J., 10:3,
106–116 (2018).

[6] I.T. Habibullin, A.R. Khakimova. Invariant manifolds
and separation of the variables for integrable chains. J.
Phys. A: Math. Theor. 53:39, 25 pp. (2020).

[7] I.T. Habibullin, A.R. Khakimova, A.O. Smirnov. Gen-
eralized invariant manifolds for integrable equations and
their applications. Ufa Math. J., 13:2, (2021).

91
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We consider the system of equations for the quasi-solenoidal
Lorenz model for a baroclinic atmosphere

𝜕

𝜕𝑡
𝐴1𝑢+ 𝜈𝐴2𝑢+𝐴3𝑢+𝐵(𝑢) = 𝑔, 𝑡 > 0, (1)

on the two-dimensional unit sphere 𝑆 centered at the ori-
gin of the spherical polar coordinates (𝜆, 𝜙), 𝜆 ∈ [0, 2𝜋),
𝜙 ∈

[︀
−𝜋

2 ,
𝜋
2

]︀
, 𝜇 = sin𝜙. Here 𝜈 > 0 is the kinematic viscos-

ity, 𝑢(𝑡, 𝑥, 𝜔) = (𝑢1(𝑡, 𝑥, 𝜔), 𝑢2(𝑡, 𝑥, 𝜔))
T is an unknown vector

function and

𝑔(𝑡, 𝑥, 𝜔) = (𝑔1(𝑡, 𝑥, 𝜔), 𝑔2(𝑡, 𝑥, 𝜔))
T

is a given vector function, 𝑥 = (𝜆, 𝜇), 𝜔 ∈ Ω, (Ω, 𝑃, 𝐹 ) is a
complete probability space,

𝐴1 =

(︂
−Δ 0
0 −Δ+ 𝛾𝐼

)︂
, 𝐴2 =

(︂
Δ2 0
0 Δ2

)︂
,

𝐴3 =

(︂
−𝑘0Δ 2𝑘0Δ
𝑘0Δ −(2𝑘0 + 𝑘1 + 𝜈𝛾)Δ + 𝜌𝐼

)︂
,

𝐵(𝑢) =
(︀
𝐽(Δ𝑢1 + 2𝜇, 𝑢1) + 𝐽(Δ𝑢2, 𝑢2),

𝐽(Δ𝑢2 − 𝛾𝑢2, 𝑢1) + 𝐽(Δ𝑢1 + 2𝜇, 𝑢2)
)︀T

.

Also, 𝛾, 𝜌, 𝑘0, 𝑘1 ≥ 0 are numerical parameters, 𝐼 is the iden-
tity operator, 𝐽(𝜓, 𝜃) = 𝜓𝜆𝜃𝜇 − 𝜓𝜇𝜃𝜆 is the Jacobi operator
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and ∆𝜓 = ((1 − 𝜇2)𝜓𝜇)𝜇 + (1 − 𝜇2)−1𝜓𝜆𝜆 is the Laplace-
Beltrami operator on the sphere 𝑆. A random vector function
𝑔 = 𝑓 + 𝜂 is taken as the right-hand side of (1); here 𝑓(𝑥) =
(𝑓1(𝑥), 𝑓2(𝑥))T and 𝜂(𝑡, 𝑥, 𝜔) = (𝜂1(𝑡, 𝑥, 𝜔), 𝜂2(𝑡, 𝑥, 𝜔))T is a
white noise in 𝑡. In [1] it was obtained for existence of a
unique stationary measure of Markov semigroup defined by
solutions of the Cauchy problem for (1) and for the expo-
nential convergence of the distributions of solutions to the
stationary measure as 𝑡 → +∞ the sufficient conditions on
the right-hand side of (1) and the parameters 𝜈, 𝛾, 𝜌, 𝑘0, 𝑘1:
𝑍𝑘0 < 𝐹 (𝜈, 𝛾, 𝜌, 𝑘1), (2) where 𝐹 > 0 is some real function of
the arguments 𝜈, 𝛾, 𝜌, 𝑘1.

In the present work it was proven the theorem (for definitions
of {𝑏𝑖}∞𝑖=1, {𝐸𝑖}∞𝑖=1, 𝑙

+
2 , 𝐻

𝑝, |‖ · |‖𝑝, 𝑝 ∈ 𝑍, ⟨·, ·⟩, 𝑃 (𝑋) see the
third paragraph of [1]).

Theorem.
Let 𝜈 > 0, 𝛾, 𝜌, 𝑘0, 𝑘1 ≥ 0 be such that inequality

𝑘0 ≤ min

{︂
4𝑘1,

4(2 + 𝛾)

(2− 𝛾)2
(2𝑘1 + 𝜌)

}︂
(3)

is satisfied, let {𝑏𝑖}∞𝑖=1 ∈ 𝑙
+
2 and let 𝑓 ∈ 𝐻−1. Then any sta-

tionary measure 𝜇 ∈ 𝑃 (𝐻2) of system (1) is satisfied the two
conservation laws:∫︁

𝐻2

⟨(𝜈𝐴2 +𝐴3)𝜗,𝐴1𝜗⟩𝜇(𝑑𝜗) =
b2

2
+

∫︁
𝐻2

⟨𝑓,𝐴1𝜗⟩𝜇(𝑑𝜗),

∫︁
𝐻2

⟨(𝜈𝐴2+𝐴3)𝜗, 𝜗⟩𝜇(𝑑𝜗) =
1

2

∞∑︁
𝑖=1

𝑏2𝑖 ⟨𝐴−1
1 𝐸𝑖, 𝐸𝑖⟩+

∫︁
𝐻2

⟨𝑓, 𝜗⟩𝜇(𝑑𝜗),

here

⟨𝐴3𝜗,𝐴1𝜗⟩ ≥ 0 and ⟨𝐴3𝜗, 𝜗⟩ ≥ 0 for all 𝜗 ∈ 𝐻2.

Note that the right-hand side of inequality (3) is less than the right-
hand side of inequality (2).
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A similar result is obtained for the equation of a barotropic
atmosphere and the two-dimensional Navier-Stokes equation.
A comparative analysis with some of the available related
results is given for the latter.
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Since the field of Inverse Problems is an applied one, it is in-
sufficient just to prove some theorems. Rather it is necessary
to develop reliable numerical methods. However, conventional
numerical methods for Coefficient Inverse Problems (CIPs)
are unreliable. The reason is that they are based on the min-
imization of least squares cost functionals. These functionals
are non convex. Therefore, as a rule, they have many local
minima and ravines. Since any minimization procedure can
stop at any local minimum, which can be far from the true
solution, then these methods are unreliable and unstable.
In the past several years Klibanov and his research team have
successfully developed a radically new and very effective nu-
merical method of solving CIPs. Furthermore, this method is
verified on a variety of microwave experimental data. This is
the so-called "convexification" method. In the convexification
one constructs a globally strictly convex weighted Tikhonov-
like functional. Therefore, the problem of local minima is
avoided. Furtheremore, the convexification generates globally
convergent numerical methods. The key to this functional is
the presence in it of the so-called Carleman Weight Function.
This is the function which is involved as the weight in the
Carleman estimate for the corresponding Partial Differential
Operator.
The convexification will be presented for a broad variety
of CIPs. Numerical results will also be presented for both
compu-tationally simulated and experimental data.
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Additionally it is proved (A.K.), that the subset of the points
in T × {0} with a slow decrease in the escape velocity may
have the Hausdorff dimension equal 1.
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We consider the Bochner Laplacian on high tensor powers of a
positive line bundle on a compact symplectic manifold. First,
we give a rough asymptotic description of its spectrum. Un-
der certain assumption on the Riemannian metric, it allows us
to prove clustering of the spectrum near some points, which
can be naturally called Landau levels. Then we fix an arbi-
trary cluster and develop the Toeplitz operator calculus with
the quantum space, which is the eigenspace of the Bochner
Laplacian with eigenvalues from this cluster. We show that
such a calculus provides a Berezin-Toeplitz type quantization
of the symplectic manifold.
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Many branches of physics use the corresponding partial
differen-tial equation:

𝑢𝑡 = 𝑢− (1 + 𝑖𝑐)𝑢|𝑢|2 + (𝑎+ 𝑖𝑏)𝑢𝑥𝑥, (1)

which is known as the complex Ginzburg-Landau equation
[1]. In this case 𝑎, 𝑏, 𝑐 ∈ R,
𝑎 ≥ 0 [1]. In connection with problems arising in the theory
of ferromagnetism, the following special version of equation
(1) is used (for instance see [2])

𝑢𝑡 = 𝑢− (1 + 𝑖𝑐)𝑢(
1

2𝜋

2𝜋∫︁
0

|𝑢|2𝑑𝑥) + (𝑎+ 𝑖𝑏)𝑢𝑥𝑥. (2)

Next we will consider equation (2) together with periodic
boundary conditions. We can rewrite periodic boundary con-
ditions after a normalization of variable 𝑥 in the form

𝑢(𝑡, 𝑥+ 2𝜋) = 𝑢(𝑡, 𝑥). (3)

Next we will study the boundary value problem (2), (3) with
the cognate initial condition

𝑢(0, 𝑥) = 𝑓(𝑥). (4)

We will distinguish the differences between two cases when
𝑎 > 0 and 𝑎 = 0. When 𝑎 > 0, the following theorem holds
true.
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Theorem 1. Suppose 𝑓(𝑥) ∈ L2(0, 2𝜋) if 𝑥 ∈ (0, 2𝜋). Then
for all 𝑡 > 0, the initial value problem (2), (3), (4) has a solu-
tion 𝑢(𝑡, 𝑥), where the function 𝑢(𝑡, 𝑥) has the corresponding
properties:

1) lim
𝑡→0+

𝑢(𝑡, 𝑥) = 𝑓(𝑥), where the limit is interpreted in the

sense of the norm of the space L0(0, 2𝜋);

2) when 𝑡 > 0 and 𝑥 ∈ R the function 𝑢(𝑡, 𝑥) has partial
derivatives of any order.

Next we denote 𝐶0 the cycle of the boundary value problem
(2), (3) formed by spatially homogeneous periodic solu-
tions 𝑢0(𝑡, 𝑥) = 𝑢0(𝑡) = exp(−𝑖𝑐𝑡+ 𝑖𝜙0), 𝜙0 ∈ R. 𝐶𝑘 denotes
the three-dimensional invariant manifold of the phase space
formed by the periodic solutions

𝑢𝑘(𝑡, 𝑥) = 𝜂𝑘 exp(𝑖𝜎𝑘𝑡+𝑖𝑘𝑥+𝑖𝜙𝑘)+𝜂−𝑘 exp(𝑖𝜎−𝑘𝑡−𝑖𝑘𝑥+𝑖𝜙−𝑘),

where 𝜙𝑘, 𝜙−𝑘 ∈ R, 𝑘 = 1, . . . ,𝑚, 𝜂𝑘, 𝜂−𝑘 ∈ R è 𝜂𝑘 + 𝜂−𝑘 =
𝑎𝑘 = 1 − 𝑎𝑘2 > 0, 𝜎𝑘 = 𝜎−𝑘 = −𝑏𝑘2 − 𝑐𝑎𝑘. In this case
𝑚 = [1/

√
𝑎], if 1/

√
𝑎 ̸∈ N and 𝑚 = [1/

√
𝑎] − 1, if 1/

√
𝑎 ∈ N

(the set of natural numbers). Now let 𝐴𝑚 = {0} ∪𝑚𝑘=0 𝐶𝑘.

Theorem 2. 𝐴𝑚 – the global attractor of boundary value
problem (2), (3).

Suppose that 𝑎 = 0. Then the initial value boundary value
problem (2), (3), (4) has a solution if 𝑓(𝑥) ∈ H2

2, those 𝑓(𝑥)
is within the Sobolev space W2

2[0, 2𝜋]. By 𝑉 we denote the

collection of those 𝑓(𝑥) ∈ H2
2, for which

1

2𝜋

2𝜋∫︁
0

|𝑓(𝑥)|2𝑑𝑥 = 1.

Theorem 3. 𝐴∞ = {0}∪𝑉 is a global attractor of the initial
value problem 𝑎 = 0.

Note that all the solutions for such 𝑎, except for zero, ap-
proach 𝑉 in the norm of the space W2

2[0, 2𝜋]. Some of the
results are published in [3-5].
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In our papers [1, 2] the algorithm for classification of inte-
grable equations with three independent variables was pro-
posed. This method is based on the requirement of the exis-
tence of an infinite set of Darboux integrable reductions and
on the notion of the characteristic Lie-Rinehart algebras. The
method was applied for the classification of integrable cases
of different subclasses of equations

𝑢𝑛,𝑥𝑦 = 𝑓(𝑢𝑛+1, 𝑢𝑛, 𝑢𝑛−1, 𝑢𝑛,𝑥, 𝑢𝑛,𝑦), −∞ < 𝑛 <∞

of special forms (see, for example, [3, 4]). Under this approach
the novel integrable chain

𝑢𝑛,𝑥𝑦 = 𝛼𝑛(𝑢𝑛,𝑥−𝑢2𝑛−1)(𝑢𝑛,𝑦−𝑢2𝑛−1)+2𝑢𝑛(𝑢𝑛,𝑥+𝑢𝑛,𝑦−𝑢2𝑛−1)

was obtained. Here 𝛼𝑛 = 1
𝑢𝑛−𝑢𝑛−1

− 1
𝑢𝑛+1−𝑢𝑛

, the sought func-
tion 𝑢𝑛 = 𝑢𝑛(𝑥, 𝑦) depends on the real 𝑥, 𝑦 and the integer 𝑛.
In paper [5] we constructed Lax pair for this chain. We veri-
fied that the found Lax pair is not “fake” by studying the pe-
riodic reduction of the chain and the Lax pair. For the system
of the hyperbolic type equations obtained from the chain we
constructed generalized symmetry of the second order which
has unusual structure.
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In the field of mechanical engineering, conveyors and moving
belts are frequently used machine parts. In a lot of working
regimes they are subjected to sudden loading, which can be a
source of irregular motion of the impacting bodies and unde-
sirable behaviour of the working machine. This contribution
deals with a mechanical model where colisions between an im-
pact body and a moving belt takes place. The impact body
is constrained by a flexible rope, the upper end of which is
excited by a slider in the vertical direction. The behaviour of
the system was investigated in dependence of amplitude and
frequency of excitation given by the movement of the slider,
belt speed, and eccentricity of the centre of gravity of the im-
pact body (see [1-3]). Outputs of the computations indicate
that different combinations of the analysed parameters lead
to a high complexity of the system movement. The bifurcation
analysis shows multiple periodic areas changed by chaotic re-
gions. The carried out research provides more details about
the behaviour and properties of strongly nonlinear mechanical
systems coming from impacts and dry friction. The obtained
information will enable designers to propose parameters for
industrial machines that make it possible to avoid their work-
ing at undesirable operating levels.
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Graded Semigroup 𝐶*-Algebras and Banach Modules
E.V. Lipacheva

Kazan State Power Engineering University
elipacheva@gmail.com

Let 𝑆 be a cancellative semigroup with the identity. The ob-
ject of our investigation is the reduced semigroup 𝐶*-algebra
𝐶*
𝑟 (𝑆) generated by the left regular representation of the semi-

group 𝑆. We study the structure of 𝐶*
𝑟 (𝑆) which is considered

as a Banach module over its subalgebra.

Let 𝐺 be a group and 𝜎 : 𝑆 −→ 𝐺 be a surjective homo-
morphism of semigroups. Using the homomorphism 𝜎, we in-
troduce the notion of the 𝜎-index for an operator monomial.
The 𝜎-index is the main tool for the construction of topo-
logical grading over the group 𝐺 for the 𝐶*-algebra 𝐶*

𝑟 (𝑆).
Namely, for 𝑔 ∈ 𝐺, let A𝑔 be the closed linear hull for the set
of all operator monomials with the 𝜎-index 𝑔 in 𝐶*

𝑟 (𝑆). The
family of subspaces {A𝑔 | 𝑔 ∈ 𝐺} constitutes a topological
𝐺-grading for the reduced semigroup 𝐶*-algebra 𝐶*

𝑟 (𝑆). Note
that the Banach space A𝑒, where 𝑒 is the identity of the group
𝐺, is a 𝐶*-subalgebra of the 𝐶*-algebra 𝐶*

𝑟 (𝑆).

For each 𝑔 ∈ 𝐺, the space A𝑔 is a cyclic Banach A𝑒-module. In
order to get a generator of this module we take an arbitrary
element 𝑥𝑔 from the preimage set 𝜎−1(𝑔). Then one has the
equality

A𝑔 = A𝑒 · 𝑇𝑥𝑔 .

Let us consider a set 𝑋 ⊂ 𝑆 such that for every 𝑔 ∈ 𝐺 there
exists a unique element 𝑥 ∈ 𝑋 satisfying the condition 𝑋 ∩
𝜎−1(𝑔) = {𝑥}. We call 𝑋 a set of representatives for the
preimages 𝜎−1(𝑔), where 𝑔 runs over the group 𝐺. Then the
𝐶*-algebra 𝐶*

𝑟 (𝑆) is a Banach A𝑒-module with the generating
set {𝑇𝑥 | 𝑥 ∈ 𝑋}.
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In what follows, 𝐺 is a finite group. In this case the underlying
linear space of the 𝐶*-algebra 𝐶*

𝑟 (𝑆) is represented as the
finite direct sum of its subspaces:

𝐶*
𝑟 (𝑆) =

⨁︁
𝑔∈𝐺

A𝑔.

If there exists a set 𝑋 of representatives for the preimages
𝜎−1(𝑔), 𝑔 ∈ 𝐺, which is contained in a subgroup of the
semigroup 𝑆, then the A𝑒-module 𝐶*

𝑟 (𝑆) is topologically iso-
morphic to the free Banach A𝑒-module

𝐶*
𝑟 (𝑆) ∼=

⨁︁
1

A𝑒.

Here the number of summands in the direct 𝑙1-sum is equal
to the order of the group 𝐺.

We recall that for the topologically 𝐺-graded 𝐶*-algebra
𝐶*
𝑟 (𝑆) there is a conditional expectation 𝐹 : 𝐶*

𝑟 (𝑆) −→ A𝑒.
In the case of a finite group 𝐺, the conditional expectation
𝐹 is faithful. Therefore, one can define the A𝑒-valued inner
product on the 𝐶*-algebra 𝐶*

𝑟 (𝑆) by the formula

⟨𝐴,𝐵⟩ = 𝐹 (𝐴𝐵*),

where 𝐴,𝐵 ∈ 𝐶*
𝑟 (𝑆). Then the 𝐶*-algebra 𝐶*

𝑟 (𝑆) becomes a
finitely generated projective Hilbert A𝑒–module.

In the talk we shall discuss some results from [1-3].
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On Ergodic Theorems for Flows
and Generalized Lyapunov Exponents

M.E. Lipatov

Lomonosov Moscow State University
maxim.lipatov@gmail.com

The report considers asymptotic properties of measurable co-
cycles over measure preserving flows. The classical Oseledets
multiplicative ergodic theorem (MET) describes the asymp-
totic behaviour of 𝐺𝐿(𝑛,R)-valued cocycles 𝐴(𝑡, 𝑥) under the
condition

sup
06𝑡61

ln+ ‖𝐴(𝑡, ·)±1‖ ∈ 𝐿1.

In his work, V.I. Oseledets formulated the question of conver-
gence in Birkhoff’s theorem and MET for cocycles integrable
for each individual 𝑡. In the joint work of the speaker with
A.M. Stepin (2016) it was shown that, in general, such con-
vergence in all 𝑡 does not take place but it holds along time
subsets of density 1. In particular, almost everywhere with
respect to invariant measure, there exist exact Lyapunov ex-
ponents in the sense of convergence in density. Such general-
ized Lyapunov exponents seem to be natural from the applied
point of view since they are not affected by large but rare
measurement errors.

It turns out that the convergence in MET holds if one just
neglects subsets of time axis of finite measure. The same is
true for infinite-dimensional versions of MET and other gen-
eralizations of the Birkhoff theorem.
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Minimizing Properties of the Viscosity Solution
of the Eikonal equation in a singularly perturbed

variational problem
E. Marconi

EPFL, Lausanne
elio.marconi@epfl.ch

We are interested in the asymptotic behavior as 𝜀 → 0+ of
the following functionals introduced by Aviles and Giga [?]:

𝐹𝜀(𝑢,Ω) :=

∫︁
Ω

(︂
𝜀|∇2𝑢| +

1

𝜀

⃒⃒
1 − |∇𝑢|2

⃒⃒2)︂
𝑑𝑥, where Ω ⊂ R2.

It is conjectured in [?] that under appropriate boundary con-
ditions if Ω is smooth and convex, then the minimizers 𝑢𝜀 of
𝐹𝜀(·,Ω) converge to

𝑢̄ := dist(·, 𝜕Ω).

We answer positively to this conjecture when Ω is an ellipse
and for some other special domains.
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Decay of Solutions to Damped Kawahara Qquation
E.V. Martynov

RUDN University
e.martynov@inbox.ru

We will consider an initial-boundary value problem for the
damped Kawahara equation:

𝑢𝑡 − 𝑢𝑥𝑥𝑥𝑥𝑥 + 𝑏𝑢𝑥𝑥𝑥 + 𝑎𝑢𝑥 + 𝑔(𝑥)𝑢+ 𝛾𝑢𝑢𝑥 = 0, (1)

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑥 ≥ 0, 𝑢(𝑡, 0) = 𝑢𝑥(𝑡, 0) = 0, 𝑡 ≥ 0, (2)

where 𝑎, 𝑏 ∈ R and 𝛾 = ±1, is considered. Here 𝑔(𝑥) is a posi-
tive function, so 𝑔(𝑥)𝑢 is a damping term. The result on global
existence and large-time decay of solutions is established.

Define special weighted spaces: let for 𝛼 ∈ R

𝐿𝛼2 (R+) = {𝜙(𝑥) : (1 + 𝑥)𝛼𝜙 ∈ 𝐿2(R+)}.

For 𝑇 > 0 let Π+
𝑇 = (0, 𝑇 ) × R+. Solutions to the considered

problem are constructed in a space

𝑋𝛼
2 (Π+

𝑇 ) =
{︀
𝑢 ∈ 𝐶([0, 𝑇 ];𝐻2

0 (R+) ∩ 𝐿𝛼2 (R+)),

𝜕𝑗𝑥𝑢 ∈ 𝐶𝑏(R+;𝐻(4−𝑗)/5(0, 𝑇 )), 0 ≤ 𝑗 ≤ 4,

𝑢 ∈ 𝐿8(0, 𝑇 ;𝐶2
𝑏 (R+)), 𝑢 ∈ 𝐿2(R+;𝐶[0, 𝑇 ]),

𝑢𝑥𝑥 ∈ 𝐿2(0, 𝑇 ;𝐿
𝛼−1/2
2 (R+))

}︀
for 𝛼 > 0.

The main result is the following theorem.
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For a flow 𝜙 on a compact manifold 𝑋 with measure 𝜇, a
probability measure 𝜈 is called physical if there is a set 𝐵
with 𝜇(𝐵) > 0 such that for any 𝑥 ∈ 𝐵 and any continuous
function 𝑓 ∈ 𝐶(𝑋,ℛ) the Birkhoff time average over the orbit
of 𝑥 is equal to the space average w.r.t. 𝜈:

lim
𝑇→+∞

1

𝑇

∫︁ 𝑇

0

𝑓(𝜙𝑡(𝑥))𝑑𝑡 =

∫︁
𝑋

𝑓 𝑑𝜈.

A measure 𝜈 is called natural for a flow 𝜙 if there exists an
open subset 𝑈 ⊂ 𝑋 such that for any probability measure 𝜇̃
absolutely continuous with respect to 𝜇 and with supp(𝜇̃) ⊂ 𝑈
one has weak-* convergence

1

𝑇

∫︁ 𝑇

0

𝜙𝑡*𝜇̃ 𝑑𝑡→ 𝜈, 𝑇 → +∞.

Statistical and minimal attractors are supports of these
measures, respectively.

When constructing examples of dynamical systems with re-
quired properties, it is not uncommon to utilize, at least as a
piece of the construction, direct products of systems in lower
dimensions. It is tempting to think that the attractor of the
direct product of two systems always coincides with the di-
rect product of their attractors. Although this holds, indeed,
for so-called maximal attractors, this is not true for several
other types of attractors, namely, for Milnor, statistical, and
minimal attractors, and also for the supports of physical mea-
sures, when the latter exist. We present examples of smooth
flows on 𝑆2 that exhibit such non-coincidence. Our examples
are mostly Cartesian squares of flows. Although the square of
a flow is always a flow of infinite codimension, it is interesting
to find, for every type of attractor, the least codimension for
the flow itself in which one can have non-coincidence between
the attractor of the square and the square of the attractor.
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Topological Entropy of Bunimovich Stadium Billiards
M. Misiurewicz

Indiana University-Purdue University Indianapolis
mmisiure@math.iupui.edu

We estimate from below the topological entropy of the Buni-
movich stadium billiards. We do it for long billiard tables, and
find the limit of estimates as the length goes to infinity.
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On Non-Commutative Operator Graphs
Defined via Various Unitary Groups

A.S. Mokeev

Steklov Mathematical Institute of RAS
alexandrmokeev@yandex.ru

A non-commutative operator graph is a linear subspace 𝒱 in
the space of bounded linear operators on a Hilbert space with
the property 𝐴 ∈ 𝒱 ⇒ 𝐴* ∈ 𝒱; 𝐼 ∈ 𝒱. Those objects help to
determine the ability to encode quantum information in such a
way that it can be transmitted with zero error. In the context
of this problem, we are interested in graphs satisfying the
Knill-Laflamme condition, the graph 𝒱 and the orthogonal
projection 𝑃 satisfy that condition iff dim𝑃𝒱𝑃 = 1. The
projection 𝑃 is called a quantum anticlique.
We will discuss that problem for non-commutative opera-
tor graphs generated by positive operator-valued measures
(POVMs). It is possible to construct several examples of the
non-commutative operator graphs generated POVMs defined
via the groups determining the dynamics of quantum systems,
for that examples possible to show the existence of anticliques.
That problem is solved for the two-mode quantum oscillator,
Jaynes-Cummings model, and in the bosonic Fock space.
This work is performed in Steklov Mathematical Institute of
Russian Academy of Sciences and supported by the Ministry
of Science and Higher Education of the Russian Federation
(grant number 075-15-2020-788) and by the Russian Science
Foundation (Project No. 17-11-01388).
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Estimation of Reachable and Controllability Sets
for an Open Two-Level Quantum System

Driven by Coherent and Incoherent Controls
O.V. Morzhin1,*, A.N. Pechen1,2,3,**

1Department of Mathematical Methods for Quantum Technologies,
Steklov Mathematical Institute of Russian Academy of Sciences, Moscow, Russia;

2National University of Science and Technology “MISIS”, Moscow, Russia;
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Control of individual quantum systems is an important direc-
tion in modern quantum technologies [1]. In laboratory quan-
tum systems often interact with the environment which can
hinder the control. However, it can also be used for actively
controlling the system. A powerful method of incoherent con-
trol was proposed and studied in [2]. In this case, spectral
density of the environment, i.e., distribution of its particles
in momenta and internal degrees of freedom, is the control.
General method using combinations of coherent and incoher-
ent controls, either subsequent of simultaneous, was proposed
for any multilevel quantum systems [2]. Numerical simulations
were performed for an explicit example of four level systems
using global optimization by genetic algorithm. In [3], a sig-
nificant advance was made. It was shown that coherent and
incoherent controls combined together allow to approximately
steer any initial density matrix to any target density matrix.
This result has several important features. (1) It allows to ap-
proximately realize strongest possible degree of quantum state
control — controllability of open quantum systems in the set
of all density matrices. (2) It is obtained with a physical class
of GKSL master equations well known in quantum optics. (3)
It was obtained in the generic case — for 𝑛-level quantum
systems of arbitrary dimension and for almost all values of
system parameters. (4) This scheme provides an explicit ana-
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lytic solution for incoherent control. (5) The control method is
robust to variations of the initial state — the optimal control
steers simultaneously all initial states into the target state,
thereby physically realizing all-to-one Kraus maps previously
theoretically proposed for quantum control in [4].

In [5–9], this method was applied to analyze control in
a two-level open quantum system governed by the Gorini-
Kossakowski-Sudarshan-Lindblad master equation [2],

𝑑𝜌(𝑡)/𝑑𝑡 = −𝑖 [H0 + V𝑣, 𝜌(𝑡)] + ℒ𝑛(𝑡)(𝜌(𝑡)), 𝜌(0) = 𝜌0

for the case of 𝑁 = 2 levels, with various objective criteria,
classes of coherent 𝑣 and incoherent 𝑛 controls, constraints on
controls’ magnitudes and variations, in combination with var-
ious methods for optimization of controls and for estimating
reachable and controllability sets, and using machine learn-
ing. The constraint 𝑛(𝑡) ≥ 0 is obligatory. Time-minimal con-
trol problems (steering from 𝜌0 to 𝜌target in minimal time)
were considered in [5, 6]. In [6], we used machine learning
(kNN, neural networks) for generating suboptimal final time
and controls. The training dataset was formed using the dif-
ferential evolution and dual annealing optimization methods.
In [7], the goal was to maximize ⟨𝜌(𝑇 ), 𝜌target⟩ in minimal
time. In [8, 9], various tools (support hyperplanes, sections,
etc.) were used to numerical estimate reachable and controlla-
bility sets. An exact description of such sets for some class of
controls was obtained. An “underwater rock” was illustrated
by the example where the controls 𝑣 = 0 and 𝑛 = 0 satisfy
the Pontryagin maximum principle but they are not optimal.
Comparative results were obtained using the dual annealing
method, Krotov method, and Gradient Ascent Pulse Engi-
neering with one- and- two-step gradient projection methods
to illustrate (1) how zero controls 𝑣 and 𝑛 are far from the
optimized controls and (2) the importance of adjusting the pa-
rameters of the methods. This talk presents the work partially
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A Quasilinear Differential Game of Neutral Type
with Integral Constraints in a Hilbert Space

Yodgor Mukhsinov Mirzoevich

Tajik State University of Law, Business and Politics, Tajikistan
yodgor.mukhsinov@gmail.com

The paper considers the problem of pursuit in the sense of
L.S. Pontryagin for a quasilinear differential game of neutral
type in a Hilbert space. Two main theorems on the solvability
of the pursuit problem are proved.
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Dirichlet Problem in Half-Spaces
for Elliptic Differential-Difference Equations

A.B. Muravnik

JSC Concern Sozvezdie
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The Dirichlet problem in the half-space{︁
(𝑥, 𝑦)

⃒⃒⃒
𝑥 ∈ R𝑛, 𝑦 ≥ 0

}︁
is considered for the equation

𝜕2𝑢

𝜕𝑥21
(𝑥, 𝑦) + 𝑎

𝜕2𝑢

𝜕𝑥21
(𝑥1 + ℎ, 𝑥2, . . . , 𝑥𝑛, 𝑦)+

+

𝑛∑︁
𝑗=2

𝜕2𝑢

𝜕𝑥2𝑗
(𝑥, 𝑦) +

𝜕2𝑢

𝜕𝑦2
(𝑥, 𝑦) = 0 (1)

under the assumption that |𝑎| < 1, ℎ is an arbitrary real
parameter, and the boundary-value data is summable.

The Poisson kernel is constructed such that its convolu-
tion with the boundary-value function satisfies the consid-
ered Dirichlet problem in the sense of generalized functions
and satisfies Eq. (1) in

{︁
(𝑥, 𝑦)

⃒⃒⃒
𝑥 ∈ R𝑛, 𝑦 > 0

}︁
in the classical

sense.
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Efficient Semiclassical Asymptotics
Vladimir Nazaikinskii E.
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We give an overview of modern versions and modifications
of Maslov’s canonical operator permitting one to construct
efficient asymptotics easy to implement on technical comput-
ing systems like Wolfram Mathematica or MatLab in various
problems. The talk is based on the results of many years of
joint work by S. Yu. Dobrokhotov, A. I. Shafarevich, and the
author.
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